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Figure 1.1: Metal forming processes

a https://rail-wheels.com/...
(cropped, accessed: 25.10.2024)

b https://sourceint.com/...
(cropped, accessed: 25.10.2024)

c https://metallonline.ch/...
(accessed: 25.10.2024)

Introduction 1
1.1 Motivation

Metal forming processes A cornerstone of today’s engineering
achievements are, without question, metal forming processes, spanning
all application areas and offering a multitude of possibilities. In civil
engineering, metal forming processes such as rolling and forging play
a pivotal role in producing structural beams and columns. These com-
ponents serve as the structural foundation of modern infrastructure,
supporting the development of urban landscapes through essential el-
ements like buildings, bridges, and tunnels. Extrusion and stretching
processes are used to manufacture reinforcement bars (rebar), which
are essential in virtually any reinforced concrete structure. Extrusion
is used to manufacture freshwater and sewage pipes and oil and gas
pipelines.

In mechanical engineering, forging, and extrusion techniques are used
to produce blanks of machine components such as gears, shafts, and
bearings before machining is applied to obtain the final dimensions and
desired surface finishes. Roll-forming is used to manufacture a variety
of cross-section profiles with excellent attributes, such as low weights
due to thin walls and high strength due to being work-hardened. Die
forming is used to manufacture various components, including con-
sumer goods such as beverage cans, casings for electronic devices or
household items such as washing machines, and kitchenware like pots
and pans.

(a) Rail wheel forging [a] (b) Extrusion [b] (c) Hot-rolled rails [c]

In transportation engineering, rolling and forging are used to manufac-
ture train wheels (Fig. 1.1a), rails (Fig. 1.1c), and fasteners. Modern
train carriages are often manufactured from extruded aluminum pro-
files (Fig. 1.1b), and car bodies are made from deep-drawn metal sheets.
Global commerce as it exists today relies heavily on cargo ships and
shipping containers, both of which are constructed from rolled steel
plates and sheets, respectively.

Metal forming processes are typically characterized by plastic and rate-
dependent deformations, often involving large strains and, depending
on the specific process, also high strain rates. The majority of metals

https://www.rail-wheels.com/photo/rail-wheels/editor/20220111134652_56372.jpg
https://sourceint.com/wp-content/uploads/SI-Aluminum-Extrusion-2-1-1.jpg
https://metallonline.ch/fileadmin/_processed_/7/3/csm_m_07_24_gruene_schienen_04_720e35bce2.jpeg
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[1]: Cervera et al. (2004), “Shear
band localization via local J2 contin-
uum damage mechanics”

[2]: Koohbor et al. (2011), “Thermo-
mechanical behaviours of strip and
work-rolls in cold rolling process”

and alloys used in modern engineering applications (such as Steel, Alu-
minum, or Titanium) exhibit J2 plasticity, meaning that the plastic
behavior is independent of the hydrostatic pressure and is solely driven
by deviatoric deformations. It is well known that materials that expe-
rience softening exhibit strain localizations when subjected to mono-
tonic straining. In particular, the aforementioned J2 materials form
shear bands under the right conditions [1].

A considerable amount of metal processing is performed at elevated
temperatures. Either because the workpieces are intentionally preheated
above specific material-dependent temperatures, which facilitates re-
crystallization, for example, in hot-rolling, forging, and hot extrusion,
or because the plastic deformations dissipate enough energy, as in cold-
rolling. As a result, the workpiece heats up, and thermal strains (al-
though smaller than the mechanical strains) might not always be neg-
ligible [2]. Either way, thermal expansion and temperature-dependent
material properties such as Young’s Modulus, yield strength, and plas-
tic flow rates all influence the forming processes, and the obtained
grain structures have an enormous effect on the final components’ me-
chanical properties.

Manufacturing Processes Metal forming processes only represent
half of the equation. Many of the machines, devices, and structures we
rely on daily – from consumer goods such as kitchen appliances to train
carriages and spacecraft – are built using stock materials processed
through the above-mentioned metal forming processes. However, cre-
ating fully assembled products from these components often requires
joining techniques to bring together various parts and materials into a
cohesive whole. Next to riveting, which is somewhat outdated (except
for aerospace applications), and soldering, brazing, and gluing, which
are typically not used for load-bearing structures, welding stands out
as the most common and effective joining technique for metals.

Welding is a thermo-mechanical joining process that melts parts to-
gether, causing fusion. Typically a filler material is also added. The
process induces phase transformations in the material and substantial
thermal strains. During welding, the melt pool exhibits isochoric flow,
and residual stresses can appear that might impede the use of the man-
ufactured component. Ultimately, it shows very similar characteristics
to the above-mentioned metal forming processes.

Even comparatively novel manufacturing techniques share most of the
same characteristics. Friction Stir Welding (FSW, Fig. 1.2a) is a solid-
state joining process where two workpieces are welded together using
a rotating pin tool. FSW can have significant advantages over con-
ventional welding techniques but is ultimately governed by the same
aspects: strong thermo-mechanical coupling, plastic deformations, iso-
choric material flow, and large strains and strain rates. Even (metal) ad-
ditive manufacturing techniques like power bed fusion (PBF, Fig. 1.2b)
or direct energy deposition (DED, Fig. 1.2c) share the same profile, al-
though the occurring strains are typically much lower than in FSW.
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(a) Friction Stir Welding [a] (b) Powder Bed Fusion [b] (c) Direct Energy Deposition [c]

Figure 1.2: Emerging metal manu-
facturing techniques

a https://twi-global.com/...
(accessed: 25.10.2024)

b https://us.arrk.com/...
(accessed: 25.10.2024)

c https://pick3dprinter.com/...
(accessed: 25.10.2024)

Numerical Methods For any manufacturing technique, researchers
and engineers have conducted studies and experiments to determine
the best methods and processing parameters to obtain the most sat-
isfying results. While a lot of knowledge about a particular method
is gained through experiments, numerical simulations (and the Finite
Element Method in particular) are vital tools to accelerate this process
and deepen our understanding of it.

On the one hand, numerical simulations can visualize material flow
patterns, temperature distributions, strains, and stresses in ways that
are impossible to visualize by examining physical specimens. On the
other hand, simulations are typically cheaper, less time-consuming and
can be performed in parallel, testing hundreds of parameter combina-
tions to obtain an ideal extrusion ratio, the fastest possible welding
speeds or optimize grain sizes. In essence, simulations allow for the
digital design and optimization of products and manufacturing meth-
ods, therefore reducing development costs and time and helping to use
available resources more economically.

The critical aspects of any numerical simulations are accuracy, effi-
ciency, and robustness. Accuracy must always be considered in the
context of the complexity of the physical problem at hand. Metal form-
ing and manufacturing applications pose some unique challenges. The
large strains and strain rates, respectively, need to be addressed, as
well as the isochoric nature of the plastic deformations. The thermo-
mechanical coupling poses a further challenge, and novel manufactur-
ing techniques such as FSW and AM introduce complicated geometries
and boundary conditions. The former is characterized by enormous
strain rates close to the complex tool geometry and the latter allows
to precisely manufacture the most complex geometries.

Computational efficiency is essential to achieve accurate simulation
results quickly and with manageable resource use. This can involve de-
veloping adaptive refinement algorithms to concentrate computational
efforts on key areas while reducing mesh density, and thus cost, in less
critical regions. Alternatively, the numerical model can be tailored to
address specific questions rather than simulating an entire manufac-
turing process from start to finish.

Finally, robustness maximizes the chance of a numerical method con-
verging to a solution and ensures that the numerical method itself
depends as little as possible on problem-specific parameters.

Technology Transfer The significance of numerical simulations is
not only known to researchers and manufacturers but also law makers.

https://twi-global.com/image-library/hero/dual-rotation-friction-stir-welding.jpg
https://us.arrk.com/wp-content/uploads/2023/06/3d-printing-how-does-direct-metal-laser-sintering-work-768x384.webp
https://pick3dprinter.com/wp-content/uploads/2021/05/Directed-Energy-Deposition-3D-Printing.jpg
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[3]: European Commission (2018),
Council backs Commission’s plans to
invest €1 billion in world-class Euro-
pean supercomputers

Public-private partnerships such as the European High-Performance
Computing Joint Undertaking (EuroHPC JU) have gained traction
and enabled the pooling of resources across all of Europe to ...

“[...] support the development of a European supercomput-
ing ecosystem, stimulating a technology supply industry,
and making supercomputing resources in many application
areas available to a large number of public and private users,
including small and medium-sized enterprises.” [3]

The undertaking is jointly funded by its members and has a budget of
around € 7 billion from 2021 to 2027. Part of the EuroHPC JU is the
LUMI supercomputer, which (as of now, 2024) ranks number 5 in the
world’s most powerful non-distributed computer systems and number
1 in Europe.

In practice, the users of numerical methods can roughly be grouped
into two categories. On the one hand, there are researchers who try
to simulate very specific problems and who – out of necessity – de-
velop novel numerical methods to push out the frontier of what can
be simulated. On the other hand, there are simulation engineers who
use numerical methods (often well established ones, packaged in com-
mercially developed software) as a supporting tool to help make deci-
sions in solving everyday engineering problems. The accuracy of the
employed numerical method is typically equally important to both
groups. However, efficiency and robustness play a lesser role for re-
searchers in light of developing new methods to simulate problems
never approached before. The result is often research-oriented codes
developed at universities and research centers. While these codes are
typically open-source, they are not necessarily easy to use and often
require specific knowledge to operate or even install.

A crucial part of exploiting numerical methods to help develop new
products and manufacturing processes or to make existing ones more
efficient is the knowledge and technology transfer between research and
industry. When viewing simulations as the essential part of the devel-
opment and production chains that they are, this should be considered
a fourth critical aspect next to accuracy, efficiency, and robustness: ac-
cessibility.

1.2 Objectives

This thesis addresses the development and application of advanced
numerical methods for simulating metal forming and manufacturing
processes. The work aims to enhance the modeling of complex mate-
rial behaviors, such as isochoric plastic deformation, and the handling
of large strains and strain rates. Additionally, the study explores in-
novative approaches for dealing with complex geometries and moving
boundary conditions.

Effective technology transfer between research and industry is essen-
tial for translating cutting-edge numerical methods into practical tools
for industrial applications. Bridging this gap ensures that innovative
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academic advancements can be seamlessly implemented in real-world
settings, improving efficiency and accuracy in industrial simulations.

Friction Stir Welding is used as a representative case study, illustrating
the relevance and potential of said advanced numerical methods. All
methods validated both through numerical convergence studies and by
replicating and comparing experimental results.

The individual objectives are:

State-of-the-Art Perform an investigation of the numerical meth-
ods used for the simulation of metal forming and manufacturing
processes and identify challenges

Finite Element Technology Address isochoric material behavior, ob-
served in the plastic deformation of metals and large strains/s-
train rates, common to many metal forming processes by employ-
ing appropriate finite element technology.

Accuracy and Efficiency Balance numerical accuracy and compu-
tational efficiency by employing adaptive refinement schemes tar-
geting both the computational mesh and the finite element for-
mulation itself.

Complex Geometries Study the advantages and challenges of differ-
ent embedded domain methods to deal with complex and moving
boundary conditions and choose a candidate based on its suitabil-
ity to the mechanical problem at hand and its compatibility with
the other, previously introduced, numerical methods.

Industrial Application Apply the introduced methods to Friction
Stir Welding as an example of a challenging manufacturing pro-
cess. Justify the choice of methods by reviewing established ap-
proaches to simulating FSW and pointing out a gap between
existing methods.

Validation Validate the numerical methods through numerical con-
vergence analysis and comparison to experimental data.

Accessability Implement the complex numerical methods in a high-
performance computing environment to ensure applicability to
large-scale industrial problems. Make the generation of input files
and interpretation of results accessible enough to be used by
industrial simulation engineers rather than academic researchers.

1.3 Outline

The thesis is structured in three major parts. Sec. 2 introduces different
Finite Element technologies to deal with isochoric material behavior,
stress, and strain accuracy, and a novel adaptive refinement method
to enhance efficiency.

Sec. 3 analyses different embedded domain methods and investigates
which are most suitable for dealing with the complex geometries and
boundary conditions in FSW and other metal forming processes. The
previously developed adaptive refinement technique is combined with
adaptive mesh refinement to achieve maximum versatility and ensure
the highest degrees of accuracy and efficiency.
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Sec. 4 introduces Friction Stir Welding (FSW) as a metal joining tech-
nology and provides a state-of-the-art review of current simulation
approaches, motivating the approach taken in this work. Next a Fi-
nite Element framework is developed, designed to address the unique
complexities of FSW using an Embedded Domain Method (EDM). Nu-
merical results are presented, followed by experimental validation of
the method. Ultimately, the accessibility of the presented framework
is addressed, and efforts to facilitate problem specific pre- and post-
processing are discussed.

Finally, Sec. 5 highlights the contributions of this thesis, and future
lines of research are presented. This covers both opportunities to fur-
ther FSW simulation techniques and exploit the developed methods
for other metal forming and manufacturing applications.



Figure 2.1: Examples of the occur-
rence of isochoric flow and incom-
pressible materials

a https://radheshyaminvestmentcasting.com/...
(cropped, accessed: 02.05.2025)

b https://upload.wikimedia.org/...
(cropped, accessed: 02.05.2025)

c https://bridgebearing.org/...
(cropped, accessed: 02.05.2025)

d https://image.freepik.com/...
(cropped, accessed: 02.05.2025)

Element Technology 2
The first part of this work addresses incompressible material behavior
as well as strain and stress accuracy and presents existing and novel
finite element technologies to overcome challenges, such as numerical
instability.

2.1 Objectives

2.1.1 Isochoric Material Behavior

A common occurrence in mechanical problems are isochoric deforma-
tions or materials that exhibit isochoric behavior. This means that
during a deformation, the volume of a body (solid or fluid) is pre-
served. In fluid mechanics, this can occur due to the properties of the
fluid (Fig. 2.1a) or the flow conditions (Fig. 2.1b).

(a) Casting [a] (b) Landslide [b] (c) Rubber Damper [c] (d) Metal Forming [d]

In solid mechanics, certain materials are known to be incompressible,
such as bio-tissues or rubber (Fig. 2.1c). They exhibit a Poisson’s ratio
of ν → 0.5, or, in other terms, have much higher bulk modulus than
shear modulus κ ≫ G. Another common occurrence of isochoric be-
havior is the plastic flow of many metals. When deformed elastically,
they exhibit compressible behavior with Poisson’s ratios typically be-
tween 0.2 and 0.35 (see Tab. 2.1). However, once they start to yield,
they deform in a volume-preserving manner.

Unfortunately, standard irreducible finite elements do not work in the
incompressible domain. Consequently, the behavior of these materials
cannot be accurately simulated. Next, one example from linear elastic-
ity and one from J2 plasticity is presented to highlight the numerical
challenges.

Material Poisson’s Ratio ν

Magnesium 0.252 – 0.289
Titanium 0.265 – 0.34
Copper 0.33
Aluminum-alloy 0.32
Stainless Steel 0.3 – 0.31
Cast Iron 0.21 – 0.26

Table 2.1: Poisson’s Ratios of com-
mon Metals

https://www.radheshyaminvestmentcasting.com/wp-content/uploads/2018/06/abt-img.jpg
https://upload.wikimedia.org/wikipedia/commons/thumb/b/b2/Landslide_in_Cusco%2C_Peru_-_2018.jpg/800px-Landslide_in_Cusco%2C_Peru_-_2018.jpg
https://www.bridgebearing.org/img/lead-rubber-bearing-bridges.jpg
https://image.freepik.com/free-photo/process-bending-sheet-metal-hydraulic-bending-machine-metalworking-plant_347372-228.jpg
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Incompressible Linear Elasticity The three governing equations
of the linear elasticity problem are the Balance of Momentum Eq. (2.1),
the Constitutive Eq. (2.2), and the Kinematic Eq. (2.3).

∇ · σ + b = 0 (2.1)
σ − C : ε = 0 (2.2)
∇su − ε = 0, (2.3)

where σ is the symmetric Cauchy stress tensor, b is the body force
vector, C is the 4th order stiffness tensor, ε is the symmetric strain
tensor and ∇su denotes the symmetric gradient of the displacements.

In some situations, it is beneficial to split the stress and strain-related
variables into their deviatoric (shape-affecting) and volumetric (volume-
affecting) parts such that

σ = s + p1, (2.4)
ε = e + ε◦1, and (2.5)
C = C′ + C◦. (2.6)

The deviatoric parts of the strain and the stress are denoted by e and
s, respectively. The volumetric part of the stress, denoted as p, is also
known as the hydrostatic pressure and ε◦ denotes the volumetric strain.
The symbol 1 denotes the second order unity tensor δij .

In linear elasticity, the stiffness tensor C can be expressed as a function
of either Young’s Modulus and Poisson’s Ratio C(E, ν) or of the shear
and bulk modulus C(G,κ). The relationship is as follows.

κ =
2G (1 + ν)

3 (1− 2ν)
(2.7)

For high Poisson Ratios (0.49 < ν < 0.5, i.e., nearly incompressible),
the bulk modulus is orders of magnitudes larger than the shear modu-
lus κ ≫ G and for Poisson’s Ratio ν = 0.5 (fully incompressible), the
bulk modulus becomes infinity κ = ∞. The problem becomes apparent
when showing the constitutive matrix C (here in Voigt notation) used
in the definition of the element stiffness matrix of the linear elasticity
problem

Kh =

∫
Ωe

B⊤CB dV with

C =



κ+ 4G/3 κ− 2G/3 κ− 2G/3 0 0 0

κ− 2G/3 κ+ 4G/3 κ− 2G/3 0 0 0

κ− 2G/3 κ− 2G/3 κ+ 4G/3 0 0 0

0 0 0 G 0 0

0 0 0 0 G 0

0 0 0 0 0 G


.

(2.8)

As entries of the above matrix become infinite, solving the problem
using the standard irreducible finite element method becomes impos-
sible.

The problem with nearly incompressible material behavior is the ap-
pearance of volumetric locking (discussed in the next paragraph), which
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[4]: Borja (2013), Plasticity

results in an un-physically stiff response to volumetric deformations
and pressure oscillations. Additionally, the linear system becomes ex-
tremely ill-conditioned, which degrades the performance of iterative
solvers.

J2 Plasticity Isochoric behavior can also occur during plastic defor-
mation. In the following, this demonstrated for perfect J2 plasticity.

It is widely understood that the yielding of metals is governed by
the second invariant of the deviatoric stress tensor J2 = 1

2 s : s. Von
Mises popularized this approach over a century ago, and it is still used
today [4]. In plasticity, an additive decomposition of the infinitesimal
strain tensor is considered such that

ε = εel + εpl, (2.9)

and the elastic constitutive equation is written as

σ = Cel : εel = Cel : (ε− εpl). (2.10)

The yield surface f(σ, σY) = 0 defines whether a given stress state σ

causes the material to yield. This depends on the specific yield criterion
and a material parameter σY. In von Mises’ model, yielding occurs
when the second invariant of the deviatoric stress tensor reaches a
material-dependent threshold

f(s, σY) =
√
2 J2(s)− σY = 0. (2.11)

Hence it is also called J2 plasticity.

Once the material yields, the plastic flow rule determines the evolution
of the plastic strain

ε̇pl = λ̇
∂f

∂σ
= λ̇

s
||s|| , (2.12)

where s/||s|| determines the flow direction and λ̇ determines the mag-
nitude of plastic deformation. It becomes evident from Eq. (2.12) that
the evolution of the plastic strain solely depends on the deviatoric
stresses, and, therefore, the plastic strain is deviatoric itself.

tr(ε̇pl) =
λ̇

||s|| tr(s) = 0 (2.13)

Typically, plastic strains dominate the total strains, and as a conse-
quence, the elastic strain can be neglected. Unfortunately, finite ele-
ment interpolation functions cannot properly approximate an isochoric
strain field. This is because the displacement field is overconstrained
by the additional constraint of preserving the volume throughout the
deformation. This effect is commonly known as volumetric locking.

Sec. 2.2 introduces different approaches to alleviate the effects of volu-
metric locking and address fully incompressible materials.
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Figure 2.2: Mesh dependent crack
evolution

Figure origin: [8] (rearranged)

2.1.2 Strain & Stress Accuracy

Strains and stresses are important engineering measurements, and stres-
ses especially play a vital role in predicting plastic deformations and/or
failure. In the standard finite element method for solid mechanics prob-
lems, displacements are the primary unknown. It is widely known that
for a smooth solution, the expected rate of convergence of the global
error of the displacements in the L2 norm is p + 1, where p is the
polynomial order of the FE interpolation functions (see Tab. 2.2) [5].
However, locally, only a convergence rate of p can be guaranteed. Sim-
ilarly, the convergence rate of a derivative of the primary unknown,
e.g., the strain, is additionally reduced by one.

Order p Global u Local u Global ∇ · u Local ∇ · u
3 4.0 3.0 3.0 2.0
2 3.0 2.0 2.0 1.0
1 2.0 1.0 1.0 —

Table 2.2: Local and global conver-
gence rates for the primary unknown
and a 1st order derivative

Consequently, the local convergence of strains and stresses cannot be
guaranteed when using elements of order one, i.e., linear elements.

On the one hand, the approximation of strains and stresses is simply
less accurate than the displacements, not least because they become
constant within simplicial elements (i.e., triangles, tetrahedra). On the
other hand, the non-guaranteed local convergence can have devastating
effects when dealing with quasi-singular points such as crack-tips. In
fracture mechanics, the stress field determines the direction of crack
growth. If local convergence cannot be guaranteed, their evaluation
and, ultimately, the crack trajectories can become spuriously mesh
dependent, as shown in Fig. 2.2 [6, 7].

Sec. 2.2 introduces different approaches to improve strain and stress
accuracy and ensure local convergence.

2.2 State Of The Art

In the previous section, three critical limitations of the standard fi-
nite element method were identified: coefficient matrix entries tending
toward infinity in fully incompressible materials, non-guaranteed lo-
cal convergence of stresses leading to mesh bias in fracture mechanics,
and volumetric locking in cases where the strain field is primarily de-
viatoric.

Numerous approaches have been developed to address these challenges
over recent decades. This section provides an overview of these meth-
ods, outlining their contributions, advantages, and limitations.
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2.2.1 h, p and hp-refinement

A finer discretization of the computational domain is required to in-
crease the overall solution accuracy. Traditionally, this is achieved by
two means. The most straightforward way is to increase the number of
elements while keeping the type of element and order of interpolation
unchanged. This is known as h-refinement and is depicted in Fig. 2.3b.
If the problem is well posed, refining the mesh causes the simulation to
converge to the exact solution. However, the finer the mesh, the higher
the computational cost. Furthermore, in a previous section (Sec. 2.1.2),
it was already established that h-refinement of linear (order 1) elements
cannot guarantee the local convergence of strains and stresses. Addi-
tionally, it is known that h-refinement can, in specific circumstances,
alleviate shear locking but never volumetric locking.

(a) Unrefined mesh (b) h-refinement (c) p-refinement
Figure 2.3: Refinement approaches

A different approach is increasing the interpolation function order p. In
this case, quadratic, cubic, or even higher order polynomials are used
to approximate the solution, which generally leads to more accurate
results. As established in Tab. 2.4, quadratic interpolation is already
sufficient to ensure local convergence of strains and stresses.

The number of elements may not change, but increasing p also increases
computational costs as the number of unknowns and integration points
per element rises. Increasing the polynomial order is a good approach
if the solution varies smoothly because few coarse, high-order elements
are sufficient to capture the solution accurately. However, an excessive
increase of the interpolation order can cause effects of over-fitting and
oscillations of the solution, especially if the solution is not particularly
smooth. Furthermore, the bandwidth of the linear system increases for
every additional polynomial order, which is not the case for additional
levels of h-refinement. Ultimately, high-order elements can experience
a form of hourglassing when subjected to isochoric deformations.

Typically, a combination of h and p-refinement (known as hp-refinement)
is used, depending on the problem. Most commercial codes offer quadratic
elements, and the rest of the required accuracy is gained through mesh
refinement. However, for some specific applications it is very conve-
nient to have linear elements, e.g., when lumping mass matrices, or
when employing specialized sub-integration rules. In those cases, the
shortcomings of linear elements need to be addressed in other ways.

2.2.2 Reduced and Selective Reduced Integration

Volumetric locking arises from an overconstrained displacement field,
but this suggests a straightforward solution: reducing the number of
integration points reduces the total number of constraints per element.
Zienkiewicz, Taylor, and Too [9] showed that this method could allevi-
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ate the volumetric locking and, today, this method is known as reduced
integration. For linear elements, this results in a single integration point
located at the center of the element.∫

Ω

∇sδu : C : ∇su dV︸ ︷︷ ︸
reduced integration

=

∫
Ω

δu · b dV +

∫
ΓN

δu · t dA (2.14)

However, reduced integration comes not only at the price of less ac-
curate integration, but it also encourages an effect called hourglassing.
Since the only remaining integration point is located at the element’s
center, the resistance against deformation into a trapezoidal shape is
greatly reduced. Consequentially, the elements collapse in a particu-
lar pattern resembling an hourglass shape, also called a zero-energy
mode, as the deformation does not contribute to the elements strain
energy.

p

Figure 2.4: Hourglassing in a cylin-
der under internal pressure due to re-
duced integration.

Fried [10] and Naylor [11] discovered that only the volumetric part of
the total deformation needed to be addressed by reduced integration to
overcome the locking problem. By splitting the stiffness contribution
of the weak form of the mechanical problem (LHS of Eq. 2.14) into
its volumetric and deviatoric part, it is possible to only use reduced
integration on the volumetric part, recovering the full integration for
the deviatoric part.∫

Ω

∇sδu : C′ : ∇su dV︸ ︷︷ ︸
deviatoric/full int.

+

∫
Ω

∇sδu : C◦ : ∇su dV︸ ︷︷ ︸
volumetric/reduced int.

=

∫
Ω

δu · b dV+

∫
ΓN

δu · t dA

(2.15)

This approach, known as selective reduced integration, leads to an
equally locking-free solution with the benefit of a less pronounced
hourglassing effect as the fully integrated deviatoric part remains a
resistance against the trapezoidal deformation form.

2.2.3 B̄-Methods

Separating the volumetric and deviatoric parts has proven to be a
reliable strategy to address nearly incompressible material behavior.
However, the selective reduced integration method relies on splitting
the constitutive equation into their respective volumetric and devia-
toric parts as shown in Eqs. (2.6) and (2.15). Unfortunately, splitting
the constitutive law might not always be possible. This is, for exam-
ple, the case for anisotropic materials or in some instances of plasticity
where the yield criterion and flow rule do not solely depend on the
deviatoric stress tensor, as is the case for J2 plasticity.
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The so-called B̄-Method, which was proposed by Hughes [12], follows
the same idea of splitting volumetric and deviatoric parts. However,
instead of the constitutive law, the strain definition is split.

In practical terms, this means splitting the B-operator,

Ba(ξ) =



Ba1 0 0

0 Ba2 0

0 0 Ba3

Ba2 Ba1 0

0 Ba3 Ba2

Ba3 0 Ba1


with Bai =

∂Na(ξ)

∂xi
at Node a,

(2.16)

which is responsible for mapping nodal displacements ua to strains
in Voigt notation εV at the integration points. ξ denotes the natural
coordinates.

εV(ξ) =



ε11
ε22
ε33
ε12
ε23
ε13


= Ba(ξ) · ua (2.17)

The volumetric-deviatoric split can be shifted from the constitutive
law to the strain definition because volumetric and deviatoric parts
are orthogonal to each other. Building on Eqs. (2.4) to (2.6), it can be
shown that

s = C′ : ε = C : e and 0 = C′ : ε◦1 = C◦ : e. (2.18)

Consequentially, the B-operator can be split as follows

Ba = Bvol
a + Bdev

a (2.19)

Bvol
a =

1

3



Ba1 Ba2 Ba3

Ba1 Ba2 Ba3

Ba1 Ba2 Ba3

0 0 0

0 0 0

0 0 0


, Bdev

a =
1

3



2Ba1 −Ba2 −Ba3

−Ba1 2Ba2 −Ba3

−Ba1 −Ba3 2Ba3

3Ba2 3Ba1 0

0 3Ba3 3Ba2

3Ba3 0 3Ba1


(2.20)

Ultimately, the volumetric part Bvol
a is modified to alleviate locking.

This can be achieved in several ways, which is why the B̄-Method is
known as a generalization of other methods. Depending on the modi-
fication applied to Bvol

a , different approaches are replicated. By evalu-
ating the shape functions at the center of the element

B̄ai(ξ) = Bai(0) =
∂Na(ξ)

∂xi

∣∣∣∣
ξ=0

, (2.21)

the selective reduced integration is recovered.

An alternative approach replicates what is known as the Mean Dilata-



2 Element Technology 15

[13]: Hughes et al. (1974), Finite El-
ement Formulation and Solution of
Contact-Impact Problems in Contin-
uum Mechanics
[14]: Simo et al. (1985), “Variational
and projection methods for the vol-
ume constraint in finite deformation
elasto-plasticity”

[15]: Duchêne et al. (2011), “As-
sessment of the Enhanced Assumed
Strain (EAS) and the Assumed Nat-
ural Strain (ANS) techniques in the
mechanical behavior of the SSH3D
Solid-Shell element”
[16]: Simo et al. (1990), “A class of
mixed assumed strain methods and
the method of incompatible modes”

tion Formulation. Here, the value of Bai, evaluated at each integration
point, is replaced by its element average

B̄ai =

∫
Ωe

Bai dV ·
(∫

Ωe

dV
)−1

(2.22)

The weak form of the small strain solid mechanics problem can be
expressed as follows∫

Ω

δuh (Bdev + B̄vol)⊤ : C : (Bdev + B̄vol)uh dV

=

∫
Ω

δuh · b dV +

∫
ΓN

δuh · t dA,
(2.23)

which, crucially, leaves the constitutive tensor C unmodified.

B̄-Methods have been generalized for hyperelastic finite-deformation
formulations by Hughes, Taylor, and Sackman [13] and Simo, Taylor,
and Pister [14], where the target of the volumetric split is the defor-
mation gradient F; hence they are known as F̄-Methods.

2.2.4 Enhanced Assumed Strain (EAS)

As established before, the underlying problem of locking is overcon-
straining available degrees of freedom. While methods based on re-
duced integration address this problem by reducing the number of
integration points, which consequentially reduces the total number of
constraints per element, the enhanced assumed strains (EAS) method
takes a different approach. The EAS method artificially introduces ad-
ditional DOFs α to the element, which represent different deformation
modes of the element linked to different strain configurations. A lin-
ear 3D hexahedral element with eight nodes and 24 total degrees of
freedom can amount to up to 30 additional EAS modes [15]. Each
mode adds additional flexibility to the element, overcoming the over-
constraining.

Simo and Rifai [16] proposed to amend the classical, compatible strains
by an additional strain such that

ε = εcom + ε̃. (2.24)

The classical compatible strain is computed as usual from the displace-
ments using the symmetric gradient or, in discretized form, the B-
operator.

εcom = ∇su = B · U, (2.25)

where U is the vector of the nodal unknowns. The enhanced assumed
strains are computed in a similar fashion

ε̃ = G ·α =
J0
J(ξ)

· F−⊤
0 · M(ξ) ·α, (2.26)

where J is the Jacobian determinant of the transformation matrix
between spacial and intrinsic coordinates, J0 is said determinant, eval-
uated at the element center, F0 is a 6× 6 spacial-intrinsic-coordinate-
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transformation matrix for strains [17] and, finally, M(ξ) a matrix con-
taining potential EAS modes for each of the six independent strains.

In practice, it is up to the user to decide which modes to consider.
Note that the actual number of unknowns does not change since the
additional DOFs (α values) are eliminated at the element level by
means of static condensation before assembly.

2.2.5 Q1P0

The overarching theme of methods to address isochoric behavior is
splitting the volumetric and deviatoric parts. In the Selective Reduced
Integration approach, the split is applied to the constitutive law, whereas
in the B̄-method, the strain operator is split. Both methods then treat
the volumetric component, which causes the locking effects in nearly
incompressible materials, differently from the deviatoric component.

The following method takes this approach further and splits all gov-
erning equations. This results, among other things, in the splitting of
the stress into its deviatoric part and the pressure, see Eq. (2.4). The
novelty of this method is that it treats the pressure as a primary un-
known next to displacements. The complete derivation is omitted at
this point and shown instead in Sec. 2.3, for reasons that become clear
shortly.

The displacements are then interpolated using linear shape functions,
whereas the pressure is assumed constant within the element. This
type of element is commonly known as Q1P0 (for quadrilaterals) or
P1P0 (for triangles). This element is the first representative of a class of
mixed finite elements, which refers to having more than one primary un-
known (remember, the additional unknowns of the EAS method were
eliminated through static condensation). However, the Q1P0 element
is prone to instabilities for fully isochoric materials, a problem it shares
with many mixed formulations, as will be addressed in Sec. 2.4.

The reason the Q1P0 element was introduced separately (as opposed to
as part of the general mixed two-field formulation) is the fact that, for
nearly incompressible problems, the element is equivalent to Selective
Reduced Integration, as was shown by Hughes [18].

2.3 Mixed Formulations

The volumetric-deviatoric split of the governing equations is the start-
ing point for developing a mixed finite element formulation, free of
volumetric locking and capable of dealing with fully isochoric material
behavior.

The volumetric and deviatoric parts of the strain, stress, and constitu-
tive tensors can be easily extracted using the 4th-order volumetric and
deviatoric operators

V =
1

3
I ⊗ I, (2.27)

D = I− V, (2.28)
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where I is the 4th-order identity [δikδjl] and I is the 2nd-order identity
[δij ], with δij being Kronecker’s delta. Note that I⊗I can be expressed
as [δijδkl] ̸= I and is not an identity.

Using these operators, it is possible to extract the volumetric and de-
viatoric parts of 2nd and 4th-order tensors such that

σ = V : σ + D : σ

= pI + s
(2.29)

and
ε = V : ε+ D : ε

=
1

3
ε◦I + e.

(2.30)

Finally, the constitutive tensor can be split in an equal fashion

C = V : C+ D : C
= C◦ + C′.

(2.31)

Note that in linear elasticity the volumetric and deviatoric constitutive
tensors can be expressed in terms of their respective operators and
associated moduli (bulk and shear)

C = 3κV+ 2GD. (2.32)

After a series of operations, the governing Eqs. (2.1) to (2.3) can now
be expressed as

∇ · s +∇p+ b = 0 (2.33)
s − C′ : e = 0 (2.34)

D : ∇su − e = 0 (2.35)
∇ · u − p/κ = 0, (2.36)

where Eq. (2.33) is the balance of momentum equation in mixed form,
Eq. (2.34) is the deviatoric part of the constitutive equation, Eq. (2.35)
is the deviatoric part of the kinematic equation and Eq. (2.36) is the
volumetric part of the kinematic equation where the term p/κ origi-
nates from the volumetric part of the constitutive equation.

In the incompressible limit (κ = ∞), Eq. (2.36) is known as the kine-
matic or incompressibility constraint and enforces volume preservation
(∇ · u = 0). Furthermore, the constitutive tensor no longer contains
infinite values in its coefficient matrix, because it no longer depends
on κ. In Voigt notation, it can be expressed as

C′ =



4G/3 −2G/3 −2G/3 0 0 0

−2G/3 4G/3 −2G/3 0 0 0

−2G/3 −2G/3 4G/3 0 0 0

0 0 0 G 0 0

0 0 0 0 G 0

0 0 0 0 0 G


. (2.37)
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2.3.1 Two-field u/p Formulation

Derivation By introducing Eqs. (2.34) and (2.35) into the balance
of momentum Eq. (2.33), the strong form of the mixed u/p problem is
obtained. It consists of finding the unknowns u and p to satisfy

∇ · (C′ : ∇su) +∇p+ b = 0 (2.38)
∇ · u − p/κ = 0. (2.39)

The problem is complemented by the boundary conditions

u = ū on ΓD, (2.40)
s · n + pn = t̄ on ΓN, (2.41)

where n is the outward normal vector of the boundary Γ = ΓD ∪ ΓN.
Dirichlet and Neumann boundaries do not intersect ΓD ∩ ΓN = Ø.

The weak form of the mixed u/p problem is obtained after multiplica-
tion with the corresponding test functions δu and δp and integration
by parts. It reads∫

Ω

∇sδu : C′ : ∇su dV +

∫
Ω

(∇ · δu) pdV

+

∫
Ω

δp (∇ · u) dV −
∫
Ω

δp p/κdV

=

∫
Ω

δu · b dV +

∫
ΓN

δu · t̄ dA,

(2.42)

The Galerkin discrete version of the above problem is obtained by in-
troducing the approximated unknowns uh = NuUh and ph = NpPh,
where Uh and Ph are the nodal values of the velocity and pressure
fields. The test functions are defined using the same set of shape func-
tions (i.e., Galerkin’s Method), hence δuh = NuδUh and δph = NpδPh.
Note that the equal-order polynomial shape functions are assumed for
all unknowns. Hence, from hereon, the index of N is omitted. The
discretized problem reads∫
Ω

∇sδuh : C′ : ∇suh dV +

∫
Ω

(∇ · δuh) ph dV

+

∫
Ω

δph (∇ · uh) dV −
∫
Ω

δph ph/κdV

=

∫
Ω

δuh · b dV +

∫
ΓN

δuh · t̄ dA.

(2.43)

The elemental stiffness matrix and corresponding right-hand side read

Kh =

∫
Ωe

[
B⊤C′B GN
N⊤G⊤ −N⊤N/κ

]
and (2.44)

Fh =

∫
Ωe

[
N⊤b + N⊤

ΓN
t̄
0

]
, (2.45)

where B and B⊤ are the symmetric gradient and divergence operators
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and G and G⊤ are the (regular) gradient and divergence operators,
respectively. N⊤

ΓN
signals integration over the element’s boundary.

Unfortunately, the mixed u/p formulation is not naturally stable in the
incompressible limit for arbitrary orders of polynomial shape functions.
This includes linear/linear (Q1Q1/P1P1) elements, which would be a
convenient choice for their simplicity, as well as the aforementioned lin-
ear/constant (Q1P0/P1P0) elements (see Sec. 2.2.5). Sec. 2.4 addresses
the reason for this lack of stability and methods to restore it.

Assuming the stability problem is dealt with, it becomes clear why the
u/p formulation is a powerful tool for addressing isochoric problems.
By adding an additional primary unknown, a higher number of degrees
of freedom enhances the “flexibility” of the element, which alleviates
the volumetric locking effects of nearly incompressible problems. At
the same time, by choosing the pressure as this additional unknown
(rather than, e.g., a strain measure), the bulk modulus appears in the
denominator of Eqs. (2.39) and (2.42–2.45). Hence, in the incompress-
ible limit, this term disappears.

Equivalences in Fluid Mechanics Incompressible fluid mechanics,
typically modeled using the Navier-Stokes Eqs. (2.46) and (2.47), faces
the exact same problem. In fact, the approach to treat the pressure
as an independent variable (and stabilizing the resulting instabilities)
originated from fluid mechanics and is only “recently” (that is, since
the 2000 s) used in solid mechanics.

The Navier-Stokes equations read

−∂u̇
∂t

− u̇ · ∇u̇ +∇ · s +∇p+ b = 0 (2.46)

∇ · u̇ = 0. (2.47)

with the constitutive law

s = 2µ∇su̇. (2.48)

The balance of momentum equation (2.46) shares the reaction term
(∇ · s+∇p) with the solid mechanics problem in Eq. (2.49). The coun-
terpart of the kinematic or incompressibility constraint of the solid me-
chanics problem is often referred to as the continuity equation (2.47)
in incompressible fluid mechanics.

Remark 2.3.1. Note that the same convention for splitting the stress
in deviatoric and volumetric parts has been maintained as for the solid
mechanics problem: σ = s+p1. Typically the pressure is introduced with
the opposite sign in fluid mechanics, however, to keep the introduced
expressions consistent the same convention as in solid mechanics is
kept.

When omitting the transient (∂u̇/∂t) and convective terms (u̇ · ∇u̇),
so-called Stokes flow is obtained. The temporal derivative is typically
omitted when looking for a steady state solution and the convective
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term when dealing with flow conditions where the viscous forces domi-
nate, i.e., low Reynolds numbers occur. The Stokes flow problem, there-
fore, reads

∇ · (2µ∇su̇) +∇p+ b = 0 (2.49)
∇ · u̇ = 0. (2.50)

From a numerical point of view, this problem is equivalent to incom-
pressible small strain elasticity, with only a small difference. The con-
stitutive law, Eq. (2.48), relates strain rates and stresses with a scalar
(the dynamic viscosity µ) rather than the 4th order tensor in incom-
pressible solid mechanics that relates strains and stresses (compare to
Eq. (2.34)).

The derivation of the Galerkin discrete version of the stated problem
is straightforward.∫

Ω

∇sδu̇h : 2µ∇su̇h dV +

∫
Ω

∇ · δu̇h ph dV

+

∫
Ω

δph ∇ · u̇h dV

=

∫
Ω

δu̇h · b dV +

∫
ΓN

δu̇h · t̄ dA,

(2.51)

The elemental stiffness matrix and corresponding right-hand side read

Kh =

∫
Ωe

[
2µB⊤B GN
N⊤G⊤ 0

]
and (2.52)

Fh =

∫
Ωe

[
N⊤b + N⊤

ΓN
t̄
0

]
. (2.53)

Application The mixed and stabilized displacement/pressure (u/p)
formulation has proven to be a useful tool for simulating isochoric prob-
lems. Examples include simple incompressibility in linear elasticity [19],
poroelastic materials [20], incompressible plasticity [21], specifically
shear-band localization in J2 plasticity [1, 22], studying of structural
size effect in J2 plasticity [23], in non-linear solid mechanics, including
shear-localization [24, 25], topology optimization in the incompressible
domain [26–28], in conjunction with phase-field models for finite strain
fracture of nearly incompressible hyperelastic materials [29], hyperelas-
ticity [30, 31], friction stir welding [32, 33] and multi-material problems
with compressible and incompressible material models [34].

2.3.2 Three-field u/p/e Formulation

Derivation The starting point of developing the mixed u/p formula-
tion was the introduction of Eqs. (2.34) and (2.35) into the balance of
momentum Eq. (2.33). By only introducing the constitutive Eq. (2.34)
into the balance of momentum equation and keeping the kinematic
equation separate, the strong form of the three-field u/p/e problem is
obtained [35]. It consists of finding the unknowns u, p and e (deviatoric



2 Element Technology 21

[34]: Kadapa (2024), “Mixed
displacement–pressure formulations
and suitable finite elements for multi-
material problems with compressible
and incompressible models”
[35]: Chiumenti et al. (2021), “Stress,
strain and dissipation accurate 3-
field formulation for inelastic iso-
choric deformation”

strains) to satisfy

∇ · (C′ : e) +∇p+ b = 0 (2.54)
D : ∇su − e = 0 (2.55)
∇ · u − p/κ = 0. (2.56)

The weak form of the mixed u/p/e problem is obtained after mul-
tiplication with the corresponding test functions δu, δp and δe and
integration by parts. It reads∫

Ω

(∇ · δu) pdV +

∫
Ω

∇sδu : C′ : e dV

+

∫
Ω

δp (∇ · u) dV −
∫
Ω

δp p/κdV

+

∫
Ω

δe : C′ : ∇su dV −
∫
Ω

δe : C : e dV

=

∫
Ω

δu · b dV +

∫
ΓN

δu · t̄ dA,

(2.57)

The Galerkin discrete version of the above problem is obtained by in-
troducing the approximated unknowns uh = NuU, ph = NpPh and
eh = NeEh, where Uh, Ph and Eh are the nodal values of the dis-
placement, pressure and strain fields. The test functions are defined
using the same set of shape functions (i.e., Galerkin’s Method), hence
δuh = NuδUh, δph = NpδPh and δeh = NeδEh. Note that the equal-
order polynomial shape functions are assumed for all unknowns. Hence,
the index of N is omitted from hereon. The discretized problem reads

∫
Ω

(∇ · δuh) ph dV +

∫
Ω

∇sδuh : C′ : eh dV

+

∫
Ω

δph (∇ · uh) dV −
∫
Ω

δph ph/κdV

+

∫
Ω

δeh : C′ : ∇suh dV −
∫
Ω

δeh : C : eh dV

=

∫
Ω

δuh · b dV +

∫
ΓN

δuh · t̄ dA.

(2.58)
The elemental stiffness matrix and corresponding right-hand side read

Kh =

∫
Ωe


0 GN B⊤C′N

N⊤G⊤ −N⊤N/κ 0
N⊤C′B 0 −N⊤CB

 and (2.59)

Fh =

∫
Ωe


N⊤b + N⊤

ΓN
t̄
0
0

 . (2.60)

Similar to the u/p problem, the three-field problem is not stable for
arbitrary orders of shape functions. Sec. 2.4 explains the source of this
instability and methods to stabilize the formulation. The benefits of
the u/p/e formulation are three-fold:

1. By treating the deviatoric strain as a primary unknown, the accu-
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racy of its approximation is increased, as it is no longer computed
by postprocessing the displacements. Therefore, the same is true
for the deviatoric stresses, as they are now computed from more
accurate strains. This becomes important for problems where not
only high strains occur but they are also localized (e.g., softening
or shear-thinning).

2. Closely related is the fact that the convergence rate of the de-
viatoric strain is increased. This means that even for linear ele-
ments, it is now possible to ensure local convergence of stresses
and strains, which is essential for eliminating the mesh bias in
cracking problems. The actual obtained rate of convergence can
vary depending on the stabilization (see Sec. 2.4), but with the
right approach, a convergence rate larger than one is achievable.

3. The ability to tackle fully isochoric problems is preserved due to
the pressure being a primary unknown.

Equivalences in Fluid Mechanics The same approach can be used
to solve the Navier-Stokes equations, as well as the Stokes problem [35].
The derivation of the discrete Galerkin version of the three-field Stokes
flow problem is straightforward and reads∫

Ω

(∇ · δu̇h) ph dV +

∫
Ω

∇sδu̇h : 2µ ėh dV

+

∫
Ω

δph (∇ · u̇h) dV

+

∫
Ω

δėh : 2µ∇su̇h dV −
∫
Ω

δėh : 2µ ėh dV

=

∫
Ω

δu̇h · b dV +

∫
ΓN

δu̇h · t̄ dA.

(2.61)
The elemental stiffness matrix and corresponding right-hand side read

Kh =

∫
Ωe


0 GN 2µB⊤N

N⊤G⊤ 0 0
2µN⊤B 0 −2µN⊤B

 and (2.62)

Fh =

∫
Ωe


N⊤b + N⊤

ΓN
t̄
0
0

 . (2.63)

Application Including a strain-based measure as a primary unknown
has proven useful in addressing strain and stress accuracy, especially
for linear elements. However, the u/p/e formulation is only one exam-
ple, next to u/ε (displacement-strain) [24], u/σ (displacement-stress)
[24, 36] and u/p/s (displacement-pressure-deviatoric stress) [37]. These
formulations all serve a similar purpose; however, typically, the (devi-
atoric) strain is chosen over the (deviatoric) stress since most con-
stitutive laws are strain-driven. As mentioned before, including the
pressure allows approaching the incompressible limit but requires the
constitutive law to be split into volumetric and deviatoric parts. Hence
for non-J2 plasticity applications the u/ε formulation is the obvious
choice.
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Mixed and stabilized formulations which include a strain or stress mea-
sure, have been used in the past to address various problems. A typical
application field for the mixed u/ε formulation are cracking problems
including seismic responses to masonry structures [38], multi-cracking
[39] and the studying of the size effect [40] and the u/p/e formulation
has been used to study structural failure under incompressible condi-
tions [41]. Trinh et al. [42] use the mixed u/ε formulation to predict the
flexural behavior of laminated composite beams. Aguirre, Codina, and
Baiges [43] have applied the u/σ formulation to solid-shell elements to
study thin structures and have extended the analysis to hyperelasticity
[44]. Codina, Castañar, and Baiges [31] have used the u/σ and u/p/s

formulations in the context of finite strain hyperelasticity and Moreno
et al. [45] and Moreno, Codina, and Baiges [46] have used the u/p/s
formulation for viscoelastic flow and Itou, Kovtunenko, and Rudoy [47]
to predict non-penetrating cracks.
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2.4 Numerical Stability and Stabilization

Naturally Stable Elements Unfortunately, mixed finite element
formulations are only naturally stable (i.e., they satisfy the inf-sup
condition) for a particular combination of orders of polynomial shape
functions. This condition was first formulated by Brezzi and Fortin
[48] and is also known as the Ladyzhenskaya-Babuška-Brezzi (LBB)
condition. From a purely mathematical point of view it is a sufficient
condition for a saddle point problem (such as linear elasticity or Stokes
flow in mixed form) to have a unique solution and that the resulting
problem is stable.

As mentioned in previous sections, the linear/linear and linear/con-
stant displacement-pressure u/p formulations do not satisfy the inf-sup
condition. A commonly used alternative is the quadratic/linear (Q2Q1

or P2P1) element (also known as the Taylor-Hood element) [49], as it
is naturally stable. Fig. 2.5 gives an overview of stable and unstable
elements.

Velocity u Pressure p

Q1Q1 P1P1

Q2Q2 P2P2

Q1P0 P1P0

Q2Q1 P2P1 Crouzeix-Raviart

Mini

In the past, researchers have developed elements that were specifically
engineered to be naturally stable [50]. One example is the so-called
Mini element by Arnold, Brezzi, and Fortin [51], a continuous linear/-
linear element where the displacement interpolation is enhanced with
a cubic bubble function (i.e., the enhancement vanishes on the bound-
ary). Another example is a member of the Crouzeix-Raviart element
family [52], which uses continuous quadratic displacement interpola-
tion together with a cubic bubble function and discontinuous linear
pressure.

Stabilization As demonstrated, there are several stable mixed fi-
nite element formulations. However, it can be cumbersome to prove
any possible combination of orders of shape functions—a task that
gets even bigger when considering other mixed formulations, including
three-field formulations. Furthermore, the possibility of using arbitrary
combinations of polynomial orders is desirable, as this opens up the
possibility of choosing the order of shape functions depending on other
factors posed by the specific problem at hand. Actively stabilizing the
mixed finite element formulation can achieve this.
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Hughes [53] proposed the sub-grid approach to stabilize mixed finite el-
ement formulations that do not satisfy the inf-sup condition. Later, the
variational multiscale method (VMS) [54] was presented as a paradigm
for subgrid-scale modules. The underlying assumption is that the solu-
tion of the problem in its non-discretized form consists of two parts: one
that can be captured by the finite element approximation and one that
cannot. The idea of the VMS approach is to enlarge Galerkin’s space
of approximation by a space of finer resolution (scale) and, since the
missing component cannot be calculated, to approximate its effect.

Following this approach, the unknowns are expanded by the so-called
sub-grid scales such that

u ≃ uh + ũ (2.64)
p ≃ ph + p̃, (2.65)

and, in case of the three-field u/p/e formulation

e ≃ eh + ẽ. (2.66)

The approximation of the subscales is obtained by introducing Eqs.(2.64–
2.66) into the corresponding weak forms of the respective problems,
Eqs. (2.42) and (2.57). The subscales can then be expressed in terms
of the projections of the residuals of the finite element components onto
the finer solution space. For the two-field u/p problem this concludes
to

ũ ≈ τuP̃u
[
Rh

u
]
= τuP̃u [∇ · (C′ : ∇suh) +∇ph + b] (2.67)

p̃ ≈ τpP̃p
[
Rh

p
]
= τpP̃p [∇ · uh − ph/κ] (2.68)

and for the three-field u/p/e formulation the subscales are approxi-
mated as

ũ ≈τu P̃u
[
Rh

u
]
= τu P̃u [∇ · (C′ : eh) +∇ph + b] (2.69)

p̃ ≈τp P̃p
[
Rh

p
]
= τp P̃p [∇ · uh − ph/κ] = (2.68) (2.70)

ẽ ≈ τe P̃e
[
Rh

e
]
= τe P̃e [D : ∇su − e] , (2.71)

where τu, τp and τe are the stabilization parameters and P̃u, P̃p and P̃e
are the projection operators, which can take different shapes.

The simplest choice is to take the projection operator as the 2nd order
unity tensor P̃u = P̃p = P̃e = I. This method is referred to as the alge-
braic sub-grid scales method or ASGS [55]. A more complex approach
is based on selecting the space of the unknown sub-grid solution or-
thogonal to the finite element space. In this case, the projections are
taken as P̃u = P̃p = P̃e = P⊥

h = I − Ph, where Ph denote a projection
onto the finite element space. This approach is referred to as orthogonal
subscale stabilization or OSS [56].

The choice of stabilization parameter [57] impacts the obtained con-
vergence rates of the different unknowns. The lengths-scales used and
whether they depend on the mesh size (and therefore decrease upon
mesh refinement) are of particular interest. Tab. 2.3 summarizes the dif-
ferent stabilization parameter choices, where C◦ = (1/2G+ 2/3κ)

−1
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is the compressibility modulus that reduces to C◦ = 2G in the incom-
pressible limit (κ → ∞). The stabilization parameters originate from
a Fourier analysis of the problem for the subscales and depend on h

(element size), L0 (characteristic length of geometry) or a combination
of both [35, 57].

Tab. 2.4 summarizes the obtained convergence rates for the different
primary unknowns for a linear/linear/linear u/p/e formulation.

Parameter h2-Stab. hL0-Stab.
τu cuh

2/2G cuhL0/2G

τp cpC̃
◦ cpC̃

◦h/L0

τe ce ceh/L0
Table 2.3: Different stabilization ap-
proaches

Error h2-Stab. hL0-Stab.
Global u 2.0 1.5
Global p 1.0 1.5
Global e 1.0 1.5
Local u 1.0 0.5
Local p — 0.5
Local e — 0.5

Table 2.4: Global and local conver-
gence rates for displacement, pres-
sure and strain for different stabiliza-
tion approaches (linear/linear/linear
elements)

Projections The idea of VMS stabilization is to enlarge Galerkin’s
space of approximation by a space of finer resolution, which allows the
approximation of the part of the continuous solution that the finite
element approximation cannot capture. These subscales are based on
the residuals of the finite element components, which are computed at
the element’s integration points.

If the subscales are directly used to build the stabilized element stiff-
ness matrix without further modification, the method is referred to as
ASGS. However, it has proven to be beneficial to only use those parts
of the subscales that belong to a space orthogonal to that of the finite
element approximation. This approach was introduced as OSS. To ex-
tract the orthogonal component of the subscales, they are projected
onto the finite element space and this part is then subtracted from the
original subscales approximation. The remaining subscales are there-
fore entirely defined in a space orthogonal to that of the finite element
approximations.

From an implementational point of view, this operation requires pro-
jecting the subscales from the integration points (where they are com-
puted) to nodes (where the finite element approximation is defined),
which effectively projects them onto the space of the finite element ap-
proximation. The projection can either be carried out by assembling
and solving a linear system, including a consistent mass matrix, or by
performing a lumped mass matrix projection, which is less computa-
tionally expensive, but also less accurate.

Either way, since the subscales depend on the unknowns, and said
unknowns are arguments of the projection operations (see Eq. (2.67–
2.71)), it becomes difficult to isolate the unknowns in order to solve
the linear system. In practice, one of four approaches can be taken:
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1. In the case of ASGS, the subscales are used directly without
projecting them first. In this case, the unknowns can be isolated
easily, and the linear problem can be solved straightforwardly. If
the mechanical problem was linear initially, the system remains
linear, and the solution can be obtained without iterating.

In the case of OSS, the projections onto the finite element space prevent
an isolation of the unknowns.

2. The projections of the residuals can be treated as unknowns
themselves. However, it severely increases the number of un-
knowns, which becomes unsustainable quickly.

3. The projections can be computed using the previous iteration’s
solution. This approach is also very accurate but does not in-
crease the number of unknowns further. It, however, forces the
solver to iterate several times to reach equilibrium.

4. The projections can be computed using the previous step’s solu-
tion. This is the least accurate approach. However, assuming that
the subscales only marginally change between time steps, this is
a good approach since no (additional) non-linearity is introduced
to the system.

Stabilized two-field u/p formulation The fully stabilized u/p for-
mulation is obtained after introducing the scale-split approximations
of the unknowns, stated in Eq. (2.68) into the weak form of the mixed
u/p problem, stated in Eq. (2.42). The Galerkin discrete version of the
stabilized problem reads∫

Ω

∇sδuh : C′ : ∇suh dV +

∫
Ω

∇ · δuh ph dV

+

∫
Ω

δph ∇ · uh dV −
∫
Ω

δph ph/κdV

+
∑
K

∫
K(Ω)

−∇δph · ũ dV

+
∑
K

∫
K(Ω)

(−∇ · δuh + δph/κ) p̃dV

=

∫
Ω

δuh · b dV +

∫
ΓN

δuh · t̄ dA.

(2.72)

Remark 2.4.1. Assuming linear shape function, a selection of stabi-
lization terms can be ignored such as

∑
K

∫
K(Ω)

−∇sδu : C′ : ∇sũ dV
since they would include 2nd order derivatives of the linear approxima-
tion of unknowns.

A key property of the OSS stabilization is the orthogonal projections
onto the finite element space, which keep the consistency of the for-
mulation in a weak sense despite only including a minimum number
of terms to stabilize the solution (see [58]). For this particular formu-
lation only the term

∑
K τu

∫
K(Ω)

∇δph · P⊥
h [∇ph] dV is required to

achieve stability.

Following this approach, the final form is obtained. Further mentions
of the stabilized u/p formulation refer to this equation.



2 Element Technology 28

∫
Ω

∇sδuh : C′ : ∇suh dV +

∫
Ω

∇ · δuh ph dV

+

∫
Ω

δph ∇ · uh dV −
∫
Ω

δph ph/κdV

−
∑
K

τu

∫
K(Ω)

∇δph · P⊥
h [∇ph] dV =

∫
Ω

δuh · b dV +

∫
ΓN

δuh · t̄ dA.

(2.73)

Bup([δuh, δph], [uh, ph])

Bup
oss(δph, ph) = L(δuh)

(2.74)

Stabilized three-field u/p/e formulation The fully stabilized u/p/e
formulation is obtained after introducing the scale-split approxima-
tions of the unknowns, stated in Eq. (2.71), into the weak form of the
mixed u/p/e problem, stated in Eq. (2.57). The Galerkin discrete ver-
sion of the stabilized problem reads

∫
Ω

∇ · δuh ph dV +

∫
Ω

∇sδuh : C′ : eh dV

+

∫
Ω

δph ∇ · uh dV −
∫
Ω

δph ph/κdV

+

∫
Ω

δeh : C′ : ∇suh dV −
∫
Ω

δeh : C : eh dV

+
∑
K

∫
K(Ω)

(C′ : ∇δeh −∇δph) · ũ dV

+
∑
K

∫
K(Ω)

(−∇ · δuh + δph/κ) p̃dV

+
∑
K

∫
K(Ω)

(∇sδuh : C′ + δeh : C) : ẽ dV

=

∫
Ω

δuh · b dV +

∫
ΓN

δuh · t̄ dA.

(2.75)

As for the u/p formulation, the necessary stabilization terms can be
reduced, either because they vanish, assuming linear elements or be-
cause they are not required to achieve stability (requires OSS). For this
particular formulation, only the terms

∑
K τu

∫
K(Ω)

∇δph·P⊥
h [∇ph] dV

and
∑

K τe
∫
K(Ω)

∇sδuh : C′ : P̃⊥
h [D : ∇suh] dV are required to achieve

stability.

Following this approach, the final form is obtained. Further mentions
of the stabilized u/p/e formulation refer to this equation.
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∫
Ω

∇ · δuh ph dV +

∫
Ω

∇sδuh : C′ : eh dV

+

∫
Ω

δph ∇ · uh dV −
∫
Ω

δph ph/κdV

+

∫
Ω

δeh : C′ : ∇suh dV −
∫
Ω

δeh : C : eh dV

+
∑
K

τe

∫
K(Ω)

∇sδuh : C′ : P⊥
h [D : ∇suh] dV

−
∑
K

τu

∫
K(Ω)

∇δph · P⊥
h [∇ph] dV =

∫
Ω

δuh · b dV +

∫
ΓN

δuh · t̄ dA.

(2.76)

Bupe([δuh, δph, δeh], [uh, ph, eh])

+Bupe
oss ([δuh, δph], [uh, ph]) = L(δuh)

(2.77)

2.5 Adaptive Formulation Refinement

The three-field u/p/e formulation is a powerful tool to approach the
incompressible limit, address locking in nearly incompressible cases and
guarantee local convergence of stresses and strains. However, there are
some drawbacks which explain why the formulation is not used as the
standard in finite element simulations.

2.5.1 Motivation

Ultimately, the additional accuracy originates from the increased num-
ber of unknowns. Tab. 2.5 shows the number of unknowns per node
and the number of entries in element stiffness matrices of different el-
ement types. Higher numbers of nodal DOF increase the size of the
linear system and lead to increased solution times.

Formulation DOF per Node Entries Ktri Entries Kquad

2D standard FE 2 36 64
u/p 3 81 144
u/p/e 6 324 576

Formulation DOF per Node Entries Ktet Entries Khex

3D standard FE 3 144 576
u/p 4 256 1024
u/p/e 10 1600 6400

Table 2.5: Number of degrees of
freedom and size of elemental stiff-
ness matrices for tetrahedral and hex-
ahedral elements.
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Figure 2.6: Global error of displace-
ments, pressure and deviatoric strain
over element length h (top) and de-
grees of freedom (bottom), markers
are ■ u/p, • u/p/e (h2-stabilization)
and ■ u/p/e (hL0-stabilization)

The trade-off between computational effort and accuracy for the u/p
and u/p/e formulations can be assessed through a mesh convergence
study. The error norms are computed as follows.

||u − uh||L2 =

∫
Ω

(u − uh) · (u − uh)dV
1/2

(2.78)

||p− ph||L2 =

∫
Ω

(p− ph) · (p− ph)dV
1/2

(2.79)

||e− eh|| =

∫
Ω

(s − sh) : (e − eh)dV
1/2

(2.80)

The error of the displacement and pressure are evaluated in the global
L2 norm, whereas the third error is the energy error, which is evaluated
in the global energy error norm, which, assuming linear elasticity, gives
identical convergence rates as the deviatoric strain error in the L2

norm.

Plotting the errors relative to the element size h and the number of de-
grees of freedom reveals clear trends. For any element size (see Fig. 2.6,
top), the error of every unknown is lower for the u/p/e formulation
than for the u/p formulation. This is to be expected since adding the
additional unknowns increases the accuracy of the formulation. How-
ever the analysis must be done with respect to the number of DOFs,
since this is a much better indication of the computational effort than
the element size h. Fig. 2.6 (bottom) clearly shows that for a given
number of DOF, the error is always lowest for the u/p/e formulation
– or, for a given target error, fewer DOFs are required, i.e., a coarser
mesh is sufficient. This effect is even stronger when the convergence
rate is increased (see ■ u/p/e hL0-stabilization).

The study of convergence rates shows the superiority of the thee-
field u/p/e formulation. However, similarly to a very fine mesh (h-
refinement) or higher order interpolation functions (p-refinement), there
might be areas of the computational domain that do not require a very
accurate solution. The most common case might be when the solution
is very smooth in one part of the computational domain. Adaptive
refinement schemes are widely used to balance accuracy and computa-
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Figure 2.7: Displacement and
strain interpolation at AFR inter-
face.

tional efficiency.

2.5.2 Methodology

The proposed adaptive formulation refinement method aims to pro-
vide flexibility when using mixed formulations to dynamically switch
between the u/p and u/p/e. The used refinement criteria can be ge-
ometrically predefined, based on physical parameters, or based on a
posteriori error estimation.

u/p u/p/e Parent Element

Child Element

u/p/e Node
u/p Node
Hanging Node
Integration Point

St
ra

in
 ∇

s u
 \

 e
D

isp
. u

At the start of each time step, the refinement criterion is evaluated,
defining the u/p and u/p/e subdomains. Element stiffness matrices
are then computed according to the subdomain to which each element
belongs.

At the interface between u/p and u/p/e elements, all three-field vari-
ables (u, p, and e) are retained. The interface between two-field and
three-field elements is shown in Fig. 2.7, where all nodes at the inter-
face are u/p/e nodes.

In the u/p subdomain, the strain is calculated by computing the sym-
metric gradient of the displacement (which is C0-continuous) at the
integration points, resulting in a C−1-continuous (i.e., discontinuous)
strain field. In contrast, within the u/p/e subdomain, the strain is
directly obtained as a nodal solution and then interpolated to the in-
tegration points, resulting in a C0-continuous strain field. This setup
allows for the stresses and energy dissipation to be computed at the
integration points, regardless of the subdomain.

Remark 2.5.1. From an implementational point of view, it is benefi-
cial to allocate the entire linear system and the element stiffness ma-
trices as u/p/e and deactivate the corresponding, strain-related terms
if the element has been flagged as u/p.

Remark 2.5.2. Special attention must be paid to the computation
of the strain subscales ẽ when using orthogonal sub-grid stabilization
(OSS). The computation of the projection onto the space of subscales P̃
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involves the nodal projection of the subscales of the affected variables.
This poses no problem for the displacement and pressure subscales since
both fields are defined on the whole domain. However, the strain sub-
scales only exist in the u/p/e subdomain. Consequently, the nodes at
the interface lack a contribution from adjacent u/p elements when the
nodal projection of the strain subscales is performed. As a remedy, the
nodal strain in the u/p subdomain is approximated as a nodal projection
of the symmetric displacement gradient.

2.5.3 Combination with h-refinement

Adaptive formulation refinement adds additional degrees of freedom,
depending on the accuracy required in specific regions of the compu-
tational domain. However, only a single “level of refinement” can be
applied. If the u/p/e formulation, in conjunction with the current mesh
size, is not sufficiently accurate, further mesh refinement is required.

The combination of adaptive formulation and mesh refinement is straight-
forward and requires no special adjustments. The process begins with
h-refinement, during which the mesh is refined, the solution fields are
interpolated onto the new mesh and hanging nodes are addressed. Sub-
sequently, the AFR refinement criterion is re-evaluated on the refined
mesh to determine the optimal u/p and u/p/e subdomains. Recalcu-
lating the domain partitioning yields better results than relying on the
interpolation of the previous partitioning information onto the refined
mesh.

2.5.4 Refinement Criteria

However, the development of suitable refinement criteria is a more
intricate task. Refinement criteria can be divided into two main cat-
egories: a priori and a posteriori. The former is not very practical in
most cases, as it requires prior knowledge of where the mesh and/or
formulation need refinement – information that is typically unavail-
able in real-world applications. By contrast, a posteriori criteria are
far more practical. These criteria rely on data derived from the simu-
lation results to determine where refinement is required. A posteriori
criteria can also be classified into several distinct groups.

Error estimation based Error Estimators (EE) serve as a valu-
able tool to locate regions in need of refinement. The challenge lies
in creating a metric that reliably approximates the local error with-
out knowledge of the exact solution. A critical requirement for such
estimators is that the predicted error must diminish according to the
refinement in a manner consistent with the reduction of the actual
error.

One example is the well-known Zienkiewicz-Zhu (ZZ) error estimator
([59]), which compares the discontinues strain field ed = ∇su

∣∣
ξ=0 with

its projection onto the space of finite element functions (thus contin-
uous) ec = Ph [∇su]

∣∣
ξ=0, as the latter one is assumed to be a more
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accurate measure of the strain. Typically the comparison is carried
out at the element’s center (ξ = 0).

E =

∫
Ωe

(ec − ed) : (ec − ed)dV (2.81)

For linear, C0-displacement-continuous elements, the ZZEE approxi-
mately quantifies the difference between the strain field obtained by
computing the symmetric gradient of the displacement field in the u/p
formulation and the strain field that would be obtained using the u/p/e
formulation (which is naturally C0-continuous). It is therefore a good
choice to drive the formulation change.

A different approach is based on the VMS framework, used to stabilize
mixed finite element formulation. The subscales were introduced as
the part of the continuous solution that the finite element approxima-
tion could not capture and are approximated using the projection of
the residuals of the finite element components onto the finer solution
space, see Eqs. (2.67-2.71). It turns out that these estimated subscales
can be utilized as error estimators. Baiges and Codina [60] demon-
strated that the proposed error estimator accurately approximates the
energy norm error and is effective for both simple linear constitutive
models and complex nonlinear cases. VMS-based error estimators have
been used in multiple applications such as anisotropic fluid mechanics
simulations [61] or compressible flow simulations [62].

The estimated error is ultimately compared against user-defined error
threshold values. It is good practice to define two criteria to avoid
oscillating around the threshold. A robust refinement criterion should
have an upper refinement threshold Emax and a lower de-refinement
threshold Emin, with Emax > Emin.

E ≥ Emax → refinement
E < Emin → de-refinement

(2.82)

Physics based Physics-based refinement criteria utilize problem-
specific measures to identify regions requiring refinement. For instance,
in J2 plasticity, plastic (i.e., isochoric) strains develop in certain parts
of the computational domain. In these areas, a FE formulation capa-
ble of handling isochoric deformations must be employed. Similarly, in
fracture mechanics, the crack tip is of particular interest, necessitating
an enhanced strain/stress accuracy formulation near the crack tip to
mitigate mesh bias. In both scenarios, the advanced formulation is ac-
tivated when approaching the yield surface. In the context of plasticity
this means switching from u→ u/p and in fracture mechanics it means
switching from u→ u/ε.

A useful refinement criterion can be derived from the ratio R between
the equivalent stress σeq and the material property that dictates the
onset of inelastic deformation. For plasticity, this is the yield stress
(R = σeq/σY), while for damage models (assuming mode I cracking),
the tensile strength (R = σeq/fT ) is a good choice. Threshold values



2 Element Technology 34

(0 < αde−ref < αref < 1) can then be used to define the refinement cri-
terion, determining where refinement or de-refinement is necessary.

R ≥ αref → refinement
R < αde−ref → de-refinement.

(2.83)

Remark 2.5.3. A third category are geometry based refinement cri-
teria but they play a subordinate roll regarding formulation refinement
and are discussed instead in Sec. 3.3 in the context of embedded domain
methods.

Multi-target criteria The challenge in combining multiple refine-
ment methods (e.g., formulation and mesh refinement) lies in design-
ing a unified criterion that governs the refinement and de-refinement
of both methods. The selection of refinement and de-refinement thresh-
olds is critical, as it determines the prioritization between the two ap-
proaches. Given that adaptive formulation refinement (AFR) provides
only a single “level of refinement”, it is logical to set its thresholds
lower than those of adaptive mesh refinement (AMR). This approach
ensures that the enhanced accuracy of the mixed formulation is utilized
first. If the desired accuracy is still not achieved, mesh refinement is
then applied as an additional measure.

2.5.5 Solver Strategies

The driving idea of the adaptive formulation refinement approach is to
be able to deactivate the degrees of freedom (DOFs) associated with
the strain in the u/p subdomain to reduce memory requirements and
computational time. However, special attention must be given to the
structure of the system matrices.

In large numerical simulations, matrices are typically stored in a Com-
pressed Sparse Row (CSR) format. The reason for the spareness of the
matrix is that FE nodes only interact with their immediate neighbors.
When ordering the nodes in a beneficial manner, only a narrow band
of non-zero entries appears in the matrix, while the overwhelming ma-
jority of the matrix is empty. To avoid storing the empty parts of the
matrix, the CSR format relies on a matrix graph to track the non-zero
entries only.

To further enhance the efficiency of the CSR format, the graph can
be “built by nodes” rather than “by DOF”. Typically, within a given
element, all DOFs of a particular node are connected to all other DOFs
of all other nodes. Therefore, it makes sense to consider all DOFs of a
node as a whole. Hence, in many Finite Element applications, it is com-
mon to build the graph by nodes. This means that all DOFs associated
with a node are treated as non-zeroes and assembled together. This
approach suits standard cases where all nodes have the same number
of DOFs.

However, for the AFR method, the strain components in the u/p sub-
domain are not utilized, resulting in zero entries in the corresponding
positions of the elemental stiffness matrices. Without adjustments, the
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graph would mirror that of the default u/p/e formulation, leading to
the unnecessary assembly of numerous zeroes into the system matrix.
This not only slows down matrix build times but also impacts solve
times, as the solver initially treats these entries as non-zero due to
their presence in the matrix graph.

To address this, the graph must be constructed by DOFs rather than
nodes. This approach includes the displacement and pressure DOFs in
the u/p subdomain, along with a unitary value on the main diagonal
for the strain components. Crucially, all off-diagonal entries in the rows
and columns associated with the strain DOFs are completely removed
from the graph.

As a result, the unitary values on the main diagonal become the only
non-zero entries for these rows and columns, which significantly im-
proves the solving times. The optimization also preserves a consistent
matrix size, eliminating the need for renumbering DOFs. The activa-
tion and deactivation of DOFs are managed at runtime.
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Fig. 2.9 illustrates the zero and non-zero values of the system matrix for
an example case of four elements with seven DOF per node (Fig. 2.8).
Zero entries are represented by white and gray squares and non-zero
entries are represented by red and blue squares. When building the sys-
tem by nodes, the gray entries (although being zeroes) are assembled
to the system regardless, slowing down build and solve times. When
building the system by DOF, they are eradicated from the graph, thus
speeding up build and solve times.
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Remark 2.5.4. In practice, the PETSc library ([63]) is used to con-
struct and solve the linear system of equations arising from the FE
analysis. In PETSc, a ‘BAIJ-matrix’ (B for ‘blocked’) allows for mul-
tiple DOFs to be assembled as one block in a single operation (i.e.,
graph built by nodes). To allow a variable number of DOFs per node,
the ‘AIJ-matrix’ option must be chosen in PETSc.

2.5.6 Results

Convergence Study Sec. 2.5 showed the convergence rate of the
u/p/e formulation, compared to the u/p one. This has motivated the
development of the AFR approach. Fig. 2.10 shows the optimal conver-
gence rate obtained using the AFR method with respect to the used
DOF. The detailed description of the problem is omitted at this point.
See Venghaus et al. [64][Appx. A]

It can be clearly seen that the displacement error (Fig. 2.10, left) de-
creases with the same convergence rate regardless of the formulations.
Thus, for a given mesh size h, the u/p/e (■) and AFR (■) solutions
yield similar results (Fig. 2.10, top-left). However, when the error is
displayed over the number of DOFs (Fig. 2.10, bottom-left), the AFR
(■) solution always yields the highest accuracy for a given number of
DOFs.

This effect can only be achieved when the computational domain is
reasonably partitioned into u/p and u/p/e subdomains. The principle
guiding adaptive formulation refinement mirrors that of mesh refine-
ment: the refinement must be directed toward regions that derive the
greatest benefit, which, in this case, means areas where the three-field
formulation is most advantageous. When implemented effectively, the
AFR approach can achieve the same level of accuracy as a uniformly
applied three-field formulation but at a reduced computational cost.

A slightly different behavior can be observed when the energy error
(i.e., deviatoric strain error) is studied (Fig. 2.10, right). The u/p/e

(■) formulation yields both the highest convergence rate and the most
accurate results. In contrast, the u/p (■) formulation yields a lower
convergence rate and less accurate results. The AFR solution initially
follows the solution of the u/p/e formulation (large h) and, therefore,
performs marginally better when displayed over DOF. However, for
smaller h, the convergence rate aligns more with that of the u/p (■)
formulation, although still yielding much more accurate results.
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Figure 2.10: Global error of dis-
placements (left) and deviatoric
strain (right) over element length h
(top) and degrees of freedom (bot-
tom), markers are: ■ u/p formula-
tion, ■ u/p/e formulation and ■
AFR.

[65]: Barbat et al. (2022), “Objectiv-
ity in quasi-brittle structural failure
via adaptive formulation and mesh
refinement”

A possible explanation for this phenomenon is that, as the mesh gets
finer, and the solution in the u/p/e subdomain converges with a rate
of 1.5 (as expected, see Tab. 2.4), the solution in the u/p subdomain
only converges with a rate of 1.0. As h further decreases, the error
in the u/p subdomain begins to dominate, causing the overall conver-
gence rate to gradually decrease from 1.5 to 1.0. This effect could be
countered or prolonged by increasing the size of the u/p/e subdomain.
Ultimately, the same considerations must be made as if adaptive mesh
refinement was used. AMR aims to enhance the versatility of finite el-
ement formulations and tackle problems that cannot be addressed by
uniformly refining the mesh. AMR is not used to prove convergence
rates. Similarly, the intent of the AFR approach is to allow the use
of mixed FE formulations in cases where it would be unfeasible to use
the more computationally expensive formulation everywhere.

Cracking Application The following example demonstrates how
AFR and AMR can be used together to tackle cracking phenomena.
The detailed description of the problem is omitted at this point. See
Barbat et al. [65][Appx. B] for more details.

The results depicted in Fig. 2.12 show the interaction of mesh and
formulation refinement. Physics-based refinement criteria were used
for both refinement strategies. The thresholds for refinement and de-
refinement are listed in Tab. 2.6.
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Figure 2.12: Crack evolution in
branching test at different stages

AFR AMR
refinement (R ≥) αref = 0.75 βref = 0.75

de-refinement (R <) αde-ref = 0.50 βde-ref = 0.50 Table 2.6: Refinement and de-
refinement thresholds

The refinement threshold is typically higher than the de-refinement
threshold to avoid oscillations. Here both AFR and AMR use identical
values. Consequentially the refined subdomains look very similar. Both
mesh and formulation are refined at the crack tip, where the highest
stresses occur. After the crack progressed and the stresses are relaxed,
the mesh and formulation are de-refined. However, an additional con-
straint prevents the elements affected by the crack to return to their
original, un-refined state. Thus, de-refinement is prohibited in both
strategies when elements have experienced damage (d > 0).
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It is noticeable that the fine-mesh subdomain is slightly larger than
the u/p/e subdomain, even though both refinement methods use iden-
tical thresholds. This phenomenon arises because the process begins
with mesh refinement, as was previously discussed in Sec. 2.5.3. Once
the displacements, strains, and stresses are interpolated to the newly
generated nodes and elements, the formulation refinement criterion is
reevaluated. The increased mesh resolution allows the AFR criterion to
be evaluated more precisely, resulting in a slightly smaller u/p/e subdo-
main since de-refinement happens at a lower threshold mesh coarsening
does not catch up immediately.

2.6 Concluding Remarks

This first part of the thesis addresses the numerical difficulties that
arise when dealing with isochoric material behavior. These difficulties
exist in both solid and fluid mechanics, either because the material
is intrinsically incompressible or because the plastic flow is isochoric.
Furthermore, the necessity of strain- and stress-accurate formulations
is demonstrated in the context of fracture mechanics.

Early attempts to deal with isochoric material behavior are presented,
alongside an examination of the possibilities and limitations of mesh
size (h) and polynomial order (p) refinement. Mixed formulations are
introduced as an effective way to address isochoric behavior (two-field
u/p formulation) and to boost strain and stress accuracy, ensuring lo-
cal strain and stress convergence in linear elements (three-field u/p/e

formulation). Stability issues are addressed using the variational mul-
tiscale framework and, in particular, the method of orthogonal sub-
scales.

Next, the idea of adaptive formulation refinement is presented as a
means of applying the accurate but computationally expensive three-
field formulation only in selected subdomains, balancing accuracy and
efficiency. Different refinement criteria are considered, including multi-
target criteria that drive both mesh and formulation refinement simul-
taneously. The convergence rate of the AFR method is compared to
those of the u/p and u/p/e formulations.

Finally the AFR method, in combination with adaptive mesh refine-
ment, is used in the context of fracture mechanics.



Figure 3.2: Mesh generation from
geometry: body fitted and non-body
fitted

Unfitted FEM / Embedded
Domain Methods 3

The second part of this work addresses complex geometries and mov-
ing boundary conditions that arise in industrial applications. Different
methods are introduced, allowing for unfitted meshes and (material)
discontinuities. A method suitable for simulating metal forming and
manufacturing processes is chosen, complementing the techniques for
isochoric behavior and strain and stress accuracy presented in the pre-
vious chapter.

3.1 Objectives

The Introduction to this work (Sec. 1) addressed the importance of
numerical simulations as parts of development and production chains.
Consequently, the capabilities and directions of development of these
numerical methods must also be assessed in terms of their applica-
bility to day-to-day engineering problems. Novel numerical methods
are often tested on well-studied, academic benchmarks. However, the
transfer of such developed methods to large-scale applications is often
challenging.

The distinction between academic examples and real-world applica-
tions extends beyond the sheer size of the finite element problem,
defined by the number of degrees of freedom (DOF). Efficient pro-
gramming, specialized solution strategies, and optimized solvers are
typically used to manage problem size. However, an equally critical
yet often overlooked challenge is handling complex and highly detailed
geometries. Additionally, the incorporation of intricate (sometimes dy-
namically changing) boundary conditions presents further difficulties
that must be addressed.

(a) Geomery (b) Triangle Mesh (c) Quadrilateral Mesh (d) Embedded Domain

The standard finite element method typically adopts body-fitted meshes,
as shown in Figs. 3.1b and 3.1c. This means that the boundary of the
computational domain is represented by element boundaries. However,
the more complex the domain is, the less likely structured meshes
can be used. The generation of unstructured meshes using tetrahedral
meshes is quite robust and has been available for a long time. These
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meshing algorithms are typically based on Delaunay triangulation. See
Green and Sibson [66] and Anglada [67] for original works and Si [68]
for a modern C++ implementation. However, good quality hexahe-
dral meshes are a much more recent development, see Shepherd and
Johnson [69] and Gregson, Sheffer, and Zhang [70]. Regardless of the
mesh type, the process of importing geometry (typically from CAD for-
mats such as STEP, IGES, or STL) into a FEM software requires the
use of a mesh generator. However cleaning and meshing, are laborious
tasks and verifying mesh integrity and applying boundary conditions
are tasks that are rarely fully automated and often require the FEM
user’s supervision. Matters are worse when the computational domain
moves.

Another problem occurs when often performing the same simulation
(meaning the same applied methods, material parameters and solution
strategy) but for different geometries. As an example: designing a new
product often involves an optimization loop where the CAD model
must be adapted, cleaned again, and a new mesh must be generated.
These steps can take up a significant portion of the entire process, even
if all other simulation parameters remain unchanged.

The alternative are methods that allow for unfitted meshes (see Sec. 3.2.6).
All these methods share the same idea: the boundary of a physical do-
main, or a discontinuity within a physical domain (such as a crack), no
longer needs to align with the mesh. Although there exist a large num-
ber of different methods, they can be grouped into two categories:

— Methods that typically use body-fitted meshes to discretize the
physical domain but allow for extremely high gradients or discon-
tinuities to appear within the elements. In solid mechanics, these
could be cracks, shear bands, inclusions, or voids; in fluid me-
chanics, shocks, and boundary layer effects. Special enrichment
functions are then used to capture these gradients or discontinu-
ities.
These methods are generally known as extended or generalized
finite element methods (XFEM/ GFEM).

— Methods where the simulation is performed on a background
mesh that is typically structured. The physical object is then
embedded into this domain. The embedded boundary might sep-
arate materials with different properties (e.g., a stiff inclusion
in a soft matrix) or describes voids in the material. However, in
some cases the concept of embedding is primarily employed to
facilitate handling complex geometries, see Fig. 3.1d.
Examples of this group are the fictitious domain method (FDM),
the immersed boundary method (IBM), the finite cell method
(FCM) or Cut-FEM.

On the one hand, methods using unfitted meshes alleviate some of the
restrictions of the standard finite element method. On the other hand,
they create a set of new challenges. The different methods mentioned
above originated from distinct approaches to solving these new chal-
lenges. However, nowadays, these methods are partially overlapping.
Therefore, the following section focuses on discussing the challenges
and possible solutions rather than specific methods. After establishing
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the challenges and approaches to address them, the different methods
are credited.

The challenges faced are:

1. Geometry description Whether it is an embedded object, a void,
or a crack, its geometry must somehow be described. Different
approaches to this problem include analytical descriptions of em-
bedded domains, level-set functions or the CAD representations
of the embedded objects themselves.

2. Integration methods The integration of elements cut by the im-
mersed boundaries requires special care. Custom integration rules
must be applied to properly reflect how the discontinuity inter-
sects with the element. Different approaches such as boundary-
conform sub-integration, octree integration, or moment-fitting
can be used.

3. Boundary condition application The application of boundary
conditions to cut elements, especially Dirichlet boundary condi-
tions, is not as straightforward as in the standard finite element
method and requires specific approaches, such as penalties, La-
grange multipliers or Nitsche’s Method.

4. Stabilization methods Numerical instability due to small cut
elements results in unphysically steep gradients, harming both
the solution itself and the performance of iterative solvers. Dif-
ferent approaches to stabilize the problem are the α-Method,
eigenvalue-based stabilization, or the Ghost Penalty method.

5. Material-Material-Interfaces and Enrichment If the immersed
boundary separates two materials, jumps in the unknowns and/or
their derivatives appear. Special enrichment functions can be
used to enrich the space of approximation functions, beyond what
standard shape functions can offer, to capture the effect of the
discontinuity on the unknowns and/or their derivatives.

The following section outlines the state of the art and popular methods
to address the presented challenges. One method is then selected as
a suitable candidate to be applied to metal forming processes and is
subsequently used in Sec. 4 to simulate Friction Stir Welding processes.
Finally, adaptive mesh refinement is further discussed in the context
of embedded domain methods.

3.2 State Of The Art

3.2.1 Geometry Description and Element
Classification

All unfitted methods require a geometrical description of the embedded
domain or discontinuity. This section gives an overview of two different
approaches: explicit Boundary Representations (BREPs) and implicit
level-set functions.

A classification of elements is required to identify which elements are
inside the embedded object, which ones are outside, and which ones
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Figure 3.3: Element Classification
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Figure 3.4: Selection of domain de-
scription methods
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[73]: Gibou et al. (2018), “A review
of level-set methods and some recent
applications”

are cut, as shown in Fig. 3.3. When a crack is formed, the classifica-
tion requires marking those elements effected by the crack and those
which harbor the crack tip. The classification is later used to assign
the appropriate material properties to all elements and a customized
integration rule to the cut elements. A description of the geometry is
required to carry out this classification.

outside inside cut

Explicit Geometry Description The BREP approach provides an
explicit and precise description of the embedded domain’s shape. This
is typically achieved by importing geometry data in formats such as
STL, STEP, or IGES (see Figs. 3.4a, 3.4b). The finite element algo-
rithm can then directly access the imported geometry and check each
element to determine if it intersects with the BREP [71]. In practice,
this means testing all elements against the facets of the utilized STL (or
NURBS surfaces of an STEP or IGES) geometry to determine which
elements are cut and how. Because this approach directly utilizes the
original geometry of the embedded domain, it achieves exceptional ac-
curacy.

—— Explicit —— —— Implicit ——

(a) STL Facets (b) CAD Spline
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However, the explicit nature of this method introduces significant im-
plementation challenges. The embedded domain’s geometric complex-
ity often translates directly into equally complex sub-integration cells.
Thus, while the BREP approach offers unparalleled accuracy, it de-
mands sophisticated algorithms to handle these complexities and only
delivers fully if the integration rule is based on the same explicit ge-
ometry description.

Implicit Geometry Description In contrast, implicit methods pro-
vide a more robust way to describe the domain boundary without
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Figure 3.5: Use of Level-set Func-
tions for the Description of an Inclu-
sion (a) and a Crack (c-d)

explicitly defining its geometry. The most common implicit represen-
tation is the level-set function λ(x) [72, 73]. A level-set function is an
implicit geometry description because it makes no direct statement
about where the boundary is but where the points of the domain lay
in relation to the boundary – typically in terms of their distance from
the boundary. The boundary itself is then implicitly represented by
the isosurface (e.g., λ(x) = 0) of the level-set function.

A simple example of a level-set function is the signed distance function,
where the value at each point corresponds to the shortest (orthogonal)
distance to the domain boundary. Positive values indicate points out-
side the domain; negative values indicate points inside, and a value of
zero denotes a point on the boundary. The same approach can be used
to describe a crack within a domain. One level-set function indicates
the crack path, and a second one indicates the location of the crack
tip.
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Level-set functions can be defined globally across the entire compu-
tational domain (Fig. 3.4c) or discretely at specific points in space
(Fig. 3.4d). On the one hand, global level-set functions are very pre-
cise, but the complexity of the geometry they describe is rather limited
since a global continuous function must be found to fully describe the
embedded domain or crack.

On the other hand, discrete level-set functions are computed by in-
terpolating discrete level-set values Λ, defined at nodes i ∈ I within
each finite element using the element’s shape functions N, used to in-
terpolate unknowns and spatial coordinates in the isoparametric finite
element concept. Thus, the level-set function within an element is given
by

λh(x) =
∑
i∈I

Ni(x)Λi.

and is therefore defined in the same space as the finite element approx-
imation, typically L2.

Since the boundary description is based on interpolation using stan-
dard shape functions, the resulting sub-integration cells have relatively
simple topologies, especially when considering linear elements. There-
fore, the discrete level-set method is a pragmatic choice for applications
requiring reliable and efficient domain representation.

Using discrete level-set values opens up the possibility of working with
CAD files without the challenges of directly handling the CAD geom-
etry. The discrete signed distance values of the finite element nodes
can be pre-computed using 3D modeling software, particularly CAD
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Figure 3.6: Integration Rule for
boundary-conform integration of two
triangle elements.

kernels such as OpenCascade [74]. While less accurate than the BREP
method, this approach offers greater robustness and simplicity and
allows for a completely automated description of the embedded do-
main.

Remark 3.2.1. The terminology for functions used to compute nodal
signed distance values may vary depending on the chosen library. How-
ever, the essential operations typically required include calculating the
shortest orthogonal distance from a point to a surface and conducting
point membership classification (PMC) to ascertain whether a given
point is located inside or outside a closed surface. The PMC process
provides the sign for the signed distance calculation.

3.2.2 Integration Method

The second challenge when dealing with unfitted meshes is the inte-
gration of cut elements. This involves not only the integration of the
(potentially discontinuous) volume but also the integration on the im-
mersed boundary, when imposing boundary conditions. Two distinct
sets of integration points are necessary: one for the volume and another
for the boundary. Various techniques can be employed to determine
the appropriate number, placement, and weights of these integration
points. Depending on the type of interface (material-void or material-
material) one or two sets of volume integration points are required.

Boundary-Conform Integration The boundary-conform integra-
tion is typically based on a discrete level-set description of the em-
bedded domain (Fig. 3.6a) and is most often applied for linear ele-
ments (though not exclusively, see Rem. 3.2.2), especially for triangles
and tetrahedra. The intersection points are computed on the element
boundaries (Fig. 3.6b). Next, each resulting sub-element is subdivided
into sub-integration cells of known topology (i.e., triangles 2D, see
Fig. 3.6c, tetrahedra in 3D), and finally Gauss-Legendre integration
points are placed in the sub-integration cells. The weights of the vol-
ume integration rule are adjusted according to the ratio between the
size of the sub-integration cells and the original element size.
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0.15
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Level Set(a) Sub-Inte-
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Similarly, integration points can be placed on the cut to obtain a sur-
face integration rule to apply boundary conditions (Fig. 3.6e). Note
that shape functions evaluated at these “surface” integration points
contribute to all element nodes, as the integration points are located
inside the element.
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Figure 3.8: Octree refinement of
sub-integration cells.

The benefits of the boundary-conform integration approach are its low
computation cost and the relatively low number of integration points.
However, this benefit only holds if the application is restricted to linear
simplicial elements (triangles and tetrahedra). As soon as non-linear
shape functions are permitted, the resulting cut is no longer a straight
line, and more than two intersection points might appear. This dras-
tically complicates the algorithmic construction of boundary-conform
sub-integration cells.

However, for linear quadrilaterals and hexahedra a possible workaround
exists. A decomposition into simplicial shapes can be performed. Next
the previously described integration rule is then applied to each simpli-
cial [75, 76]. A quadrilateral can be decomposed into two triangles and
a hexahedron can be decomposed into, e.g., five tetrahedra, as shown
in Fig. 3.7.

(4)

(2)

(1)

(1)

(2) (3)
(5)

Figure 3.7: Decomposition of a
quadrilateral into two triangles and
a hexahedron into five tetrahedra.

Unfortunately, the creation of the integration rule is ambiguous be-
cause the orientation of the decomposition products (triangles and
tetrahedra) influences how the level-set function is approximated. Imag-
ine a quadrilateral where the discrete level-set values of adjacent nodes
have alternating signs. Depending, how the quadrilateral is decom-
posed (bottom left to top right → , as in Fig. 3.7, or top left to
bottom right → ), the resulting iso-surface of the interpolated
level-set function and its normal surface will look differently. However,
by reducing the mesh size, the impact of this ambiguity diminishes.

Quadtree/Octree Integration This second approach to defining
an integration rule for cut elements aims to subsequently refine the in-
tegration cell based on a space-tree algorithm, i.e., octree, or quadtree.
After each level of refinement, the newly created sub-integration cells
are tested to determine whether they are cut by the boundary. The cut
sub-integration cells are then further refined until the desired accuracy
is reached.

      Boundary       Subsequent Levels of Refinement Placement of
Integration Points(c)(a) (b)

Quadtree/Octree integration is a very robust method that works well
with arbitrarily high- or low-orders shape functions and different meth-
ods of boundary description. However, it generally results in a large
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number of integration points, as is already evident from Fig. 3.8c. Dif-
ferent approaches were proposed to reduce the final number of inte-
gration points by either merging sub-integration cells [77] or hierarchi-
cally overlaying differently fine sub-integration meshes and performing
boolean operations on their outcome [78].

This method of integration is generally only used for volume integrals.
A parametric description of the boundary needs to be constructed to in-
tegrate boundary terms. One option is to represent the boundary with
a triangulation (either constructed or taken from an explicit boundary
description such as an STL file) and integrate the triangulation using
numerical integration methods [79].

Remark 3.2.2. The differences between apparently distinct approaches
to integrate cut elements, are rather blurry. One example is the Smart
Octree method by Kudela et al. [80]. See also reference [81]. Like
the quadtree/octree procedure, the cut element is subdivided into four
or eight parts. The newly created nodes are moved onto the inter-
face, allowing for a more accurate and boundary-conform integration.
Most importantly, this also applies to higher-order elements, result-
ing in higher-order, boundary-conform sub-integration cells. Therefore,
the methods can be seen both as a modification of the quadtree/octree
approach and as an extension of the previously described boundary-
conform integration to higher-order elements.

Moment Fitting Boundary-conform integration is easy to imple-
ment for linear elements. It yields a relatively low number of integra-
tion points but is cumbersome to implement for higher-order elements.
On the other hand, space-tree integrations are very robust and work
well regardless of the order of shape functions and complexity of the
immersed boundary. They, however, yield much higher numbers of
integration points.

Moment fitting [81, 82] is a method that aims unify the benefits of
both methods: a general algorithm that applies regardless of the order
of shape functions yet yields a moderate number of integration points
and is applicable to define both volume and surface integration rules.
The only limitation is that the geometry must be described using a
level-set function. Though, as introduced above, an embedded CAD
geometry can be easily converted into a discrete level-set function using
a CAD library.

The idea of moment fitting is to construct a custom integration rule
(i.e., location and weights of integration points) for each cut element
based on how it is cut. The custom numerical integration rule is man-
ufactured to give the same result as an analytical integration over the
same domain

N∑
i=1

fj(xi)wi =

∫
Ω

fj(x)dV, j = 1, . . . ,M (3.1)

where xi are the positions of the N integration points, wi are the
corresponding weights and fj are a set of M integrants, also called
moments.
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Figure 3.9: Volume and Surface In-
tegration Rules obtained with Mo-
ment Fitting.
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The integration rule can be obtained by solving the moment-fitting
equations f1(x1) · · · f1(xN )

... . . . ...
fM (x1) · · · fM (xN )

 ·

w1

...
wN

 =


∫
Ω
f1 dV
...∫

Ω
fM dV

 (3.2)

Ajiwi = bj (3.3)
Aw = b. (3.4)

The system is linear with respect to the weights but non-linear concern-
ing the positions of the integration points. For this reason, solving for
both the weights and positions is computationally expensive. It is only
used when the level-set function does not change over time. A cheaper
approach is to adapt to a set of integration points (typically standard
Gauss-Legendre integration points) and solely determine the weights.
The right-hand side of Eq. 3.2 cannot be evaluated as is, however,
through a series of transformations, the volume integral

∫
Ω
fj(x)dV

can be replaced by a number of surface integrals over its boundary.
The same hierarchal replacement is performed until the original inte-
gral is expressed by a set of line integrals, evaluated using numerical
integration. A surface integration rule is constructed analogously.

Typically, the number of nodes exceeds the number of moments N >

M , resulting in an under-determined system. The resulting optimiza-
tion problem

minwiwi s.t. Eq. (3.3) (3.5)

is solved using a least squares approach.

Ultimately, three integration rules are obtained: two volume integra-
tion rules (one for either side of the cut), and a surface integration
rule. The curiosity of this method is that all three integration rules
might share the same integration point locations, and none of them
are located on the cut, nor exclusively on the side of the cut that is
sub-integrated.

      Boundary       Volume Int. Rule 1      Volume Int. Rule 2       Surface Int. Rule(a) (b) (c) (d)

Remark 3.2.3. If not further constrained, Eq. (3.5) permits negative
solutions, which results in negative weights. This in itself is not a
problem. However, negative weights can harm the convergence of many
iterative solvers. Instead, a non-negative least squares solver can be
used to ensure only positive weights are obtained [83].
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3.2.3 Boundary Condition Application

To explain the different methods of applying boundary conditions in
cut elements, it is useful to recall the weak form of the mixed u/p

problem shown in Eq. (2.75).

Bup([δu, δp], [u, p]) +Bup
oss(δp, p)

−
∫
ΓD

δu · C′ : ∇su · n dA −
∫
ΓD

δu · n pdA

−
∫
ΓD

δp u · n dA = L(δu)

(3.6)

The additional terms do not appear in the standard finite element
method since they are solely defined on the Dirichlet boundary (u =

ū on ΓD), where the test functions δu and δp vanish if the Dirichlet
boundary conditions are prescribed strongly at the boundary nodes.
However, this is no longer true if the boundary conditions are applied
weakly. This might be the case when the boundary doesn’t adhere
to the (non-conforming) mesh and the weak imposition of Dirichlet
boundary conditions becomes the only option.

Remark 3.2.4. On the contrary, the application of Neumann bound-
ary conditions (σ ·n = t̄ on ΓN) is straight forward and is accomplished
by integrating the prescribed tractions on the surface integration points
that were defined in the previous section.

Penalty Method The easiest method to apply the Dirichlet bound-
ary condition is to add an additional term that enforces u = ū on ΓD
using a penalty, α [84, 85]. The problem then reads

Bup([δu, δp], [u, p]) +Bup
oss(δp, p) + Bup

ΓD
([δu, δp], [u, p])

+

∫
ΓD

δu · α(u − ū) = L(δu),

(3.7)

where BΓD refers to the bilinear form of the additional terms intro-
duced in Eq. (3.6). The drawback of this method is that the correct
value of the penalty α is unknown and depends both on the problem
(e.g., Young’s modulus or viscosity) and the mesh size h. A penalty that
is too low does not fully enforce the boundary condition and a penalty
that is too large harms the conditioning and can cause oscillations or
locking.

Nitsche’s Method To remedy this problem, a study of coercivity
is conducted to determine a suitable value for α [86]. In the context of
linear elasticity, this amounts to

α > 2k Cinv/h, (3.8)

where k is a measure related to the material stiffness, e.g., Young’s
modulus E, Cinv > 0 is a constant to be chosen by the user and
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originates from the application of the inverse inequality [87]. It depends
on the elements shape and polynomial degree; h is the element size.

The problem is also symmetrized and ultimately reads

Bup([δu, δp], [u, p]) +Bup
oss(δp, p) + Bup

ΓD
([δu, δp], [u, p])

−
∫
ΓD

C′ : ∇sδu · n · (u − ū)dA +

∫
ΓD

δu · α(u − ū) = L(δu).

(3.9)

Lagrange Multiplier An alternative method of applying Dirichlet
boundary conditions in weak form is adding an additional equation to
enforce the boundary condition and an additional unknown, called a
Lagrange multiplier λ – together with its corresponding test function
µ [88].

Bup([δu, δp], [u, p]) +Bup
oss(δp, p) + Bup

ΓD
([δu, δp], [u, p]) = L(δu)∫

ΓD

δu · λdA+

∫
ΓD

µ · (u − ū)dA = 0

(3.10)

The resulting system closely resembles the mixed u/p problem, where
the pressure effectively acts as a Lagrange multiplier enforcing the in-
compressibility constraint ∇ · u = 0. As in the mixed u/p formulation,
the system takes the form of a saddle-point problem, which is inher-
ently unstable for arbitrary combinations of approximation function
spaces and may therefore require stabilization.

3.2.4 Small Cut Stabilization

Interfaces that separate a physical domain from a non-physical one
(e.g., voids) are a common occurrence in embedded domain methods.
When dealing with such an interface, a choice must be made regarding
the integration strategy of cut elements. One option is to integrate
over the entire element, encompassing both physical and non-physical
parts. While this approach enhances numerical robustness, it compro-
mises consistency, as the integration over the non-physical parts can
influence the solution within the physical domain. Alternatively, inte-
gration can be restricted solely to the physical parts. This approach
preserves accuracy, but the condition number of the finite element
matrix now depends on how the mesh is cut. Small cuts can lead to ill-
conditioned matrices and threaten the stability of the discrete scheme
[89]. This issue becomes particularly critical when imposing Dirichlet
boundary conditions or performing domain decomposition on unfitted
meshes, where the inf-sup condition must be satisfied, as is the case
for the mixed problems presented in Secs. 2.3.1 and 2.3.2 [90].

α-Method This first approach, also known as the material stabiliza-
tion technique [79, 91], addresses the problem by applying a soft ma-
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terial to the non-physical domain, thus stabilizing the problem. The
application is realized by multiplying the material properties with

α(x) =
{
1, if x ∈ Ωphy,

10−q, otherwise.
(3.11)

According to Garhuom, Usman, and Düster [92], the q value should
be chosen in a range of q = 5, . . . , 9 to achieve reasonable results
without losing too much accuracy. The major advantage of this method
is its simple implementation since it only relies on a few additional
integration points in the non-physical sub-integration cell to achieve
stability.

Eigenvalue Stabilization The underlying problem of small-cut in-
stabilities are close-to-zero eigenvalues of the corresponding (element)
stiffness matrix. These close-to-zero eigenvalues cause linear dependen-
cies, ultimately leading to an ill-conditioned problem. However not all
deformation modes are equally affected. By factorizing the element
stiffness matrix into an eigenvalue and -vector decomposition, it be-
comes possible to selectively stabilize the affected eigenmodes [92–
94].

The stabilized stiffness matrix reads

Kstab = K +

n∑
i=1

ϵi ṽi ⊗ ṽi, (3.12)

where K is the original stiffness matrix, ṽi are the eigenvectors (i =
1, ..., n) of near-zero eigenmodes of K and ϵi is a stabilization factor
that needs to be chosen. Alternatively, the stabilization factor can be
defined as a function of the corresponding near-zero eigenvalue and a
set of constants ϵi = f(λi, c).

Remark 3.2.5. Note that every element stiffness matrix naturally has
a number of zero eigenvalues due to rigid body motions. The eigenvalue
stabilization method described above does not address this issue but only
close-to-zero eigenvalues caused by the small cuts.

Ghost Penalty The idea of the Ghost Penalty (GP) approach is to
apply a penalty in the interface zone that extends the coercivity of the
physical domain. Without the GP, coercivity is only satisfied in the
physical domain; hence, it is also satisfied only in the physical part
of the cut elements. The GP approach extends the coercivity also to
the non-physical parts of the cut elements [89]. Typically the penalty is
applied to the cut elements and the first two layers of physical elements,
as shown in Fig. 3.10. In the following this selection of elements is
denoted as K(Ω1st2).

This increases the robustness of the problem without sacrificing accu-
racy. In particular, it removes the dependence of the condition number
on the boundary orientation with respect to the mesh. The condition
number instead scales the same as for the standard (i.e., body fitted)
finite element method.
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Non-Physical Physical

Cut Ghost Stabilization

Figure 3.10: Cut elements and two
layers of physical elements, stabilized
using the Ghost Penalty method.

The conditioning is enhanced by stabilizing the gradients of the un-
knowns (i.e., ∇u and ∇p) using a penalty term. In the original method,
the penalization is applied to the jumps of the gradient across the ele-
ment faces (or edges in 2D), though an equivalent method of perform-
ing the penalization exists utilizing orthogonal projections,

Bup([δuh, δph], [uh, ph]) +Bup
oss(δph, ph)

+Bup
ΓD

([δuh, δph], [uh, ph])

+
∑
K

γu

∫
K(Ω1st2)

∇δuh · P⊥
h [∇uh]dV

+
∑
K

γp

∫
K(Ω1st2)

∇δph · P⊥
h [∇ph − b]dV = L(δuh),

(3.13)

with the stabilization parameters

γu = χu 2G and γp = χp
h2

2G
, (3.14)

where χu and χp are (user defined) stabilization constants.

Remark 3.2.6. The Ghost Penalty stabilization terms resemble the
OSS stabilization terms introduced in Eq. 2.72. Both include projec-
tions of the gradients of the unknown, orthogonal to the finite element
approximation space. Both are applied on a by-element basis. However,
the Ghost Penalty terms are only applied to a small number of ele-
ments (the cut elements plus the first two layers). In contrast, the OSS
stabilization is applied to the entire physical domain.

3.2.5 Enrichment

In the standard finite element method, high gradients require h- or
p-refinement, and actual discontinuities require the mesh to conform
to it. However, a different approach exists by enriching the polyno-
mial approximation space in a way that non-smooth solutions can be
modeled independently from the mesh.

In practice, this means either replacing original shape functions with
enriched ones (intrinsic enrichment) or adding the enrichment to the
original ones (extrinsic enrichment). Enrichment can either be global
(i.e., enrichment is applied at all nodes, I) or local (e.g., at particular
points of interest, such as cracks and crack-tips or material interfaces),
restricting the enrichment to a subset of nodes I⋆.

Eq. 3.15 shows the augmented approximation of the the unknowns. Ni

and N⋆
i are standard finite element shape functions for node i, which
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Figure 3.11: Local enrichment of
approximation space

are often (but not necessarily) the same. Ui are the standard FE nodal
unknowns and Ai is a set of additional nodal unknowns.

uh(x) =
∑
i∈I

Ni(x)Ui︸ ︷︷ ︸
std. FE approx.

+
∑
i∈I⋆

N⋆
i (x) · [ψ(x)− ψ(xi)] Ai︸ ︷︷ ︸

enrichment

(3.15)

An important aspect of the enrichment terms is that they (same as in
the standard FEM) need to respect the partition of unity, meaning∑

i∈I

Ni(x) =
∑
i∈I⋆

N⋆
i (x) = 1. (3.16)

The resulting contour of the unknown is qualitatively shown in Fig. 3.11.

The function ψ(x) is the actual enrichment function that holds the
special information about the kind of high gradient or discontinuity
present in this part of the computational domain. For example, by in-
troducing an absolute value function, weak discontinuities (i.e., kinks,
see Fig. 3.11, top) can be approximated and by introducing a step
function, such as the Heaviside function, strong discontinuities are in-
troduced (see Fig. 3.11, bottom).

Base Mesh and Solution
u

Abs Function Enrichment
uabs

Enriched Solution
u + uabs

Step Function Enrichment
ustep

Enriched Solution
u + ustep
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3.2.6 Established Methods

Over the past 30 years, a multitude of methods that allow for unfitted
meshes have been proposed. As mentioned initially, a clear distinction
is not always possible.

The Extended Finite Element Method (XFEM) [95, 96], Generalized
Finite Element Method (GFEM) [97, 98] and Partition of Unity Method
(PUM) [99–101] were all developed with the idea in mind to deal with
crack formations and material discontinuities. Typically, the physical
domain is described using a body-fitted mesh, and only the discontinu-
ities do not conform to the mesh. Over time, the distinction between
these methods has become less clear, and Fries and Belytschko [102]
argue that they are almost identical today. These methods typically
deal with material-material interfaces, hence enrichment is an integral
part of these methods.

Immersed Boundary Methods (IBM) [103, 104], Fictitious Domain
Methods (FDM) [105, 106], the Finite Cell Method (FCM) [79, 107]
and CutFEM [108–110] form the other big group of methods. They
typically focus more on embedding inclusions or voids in physical do-
mains or the entire physical domain in a fictitious one with the aim of
using a regular mesh. As a result, the interfaces are often material-void
interfaces (though not exclusively). Thus, enrichment is often optional
since the solution in the non-physical domain is of no interest. However,
enrichment can be used also with these methods (e.g., local enrichment
in FCM [78]).

Today, the most used methods are the Finite Cell Method and Cut-
FEM. FCM is particularly popular in the engineering community and
typically uses higher-order shape functions. As a result, boundary-
conform integration is rather complicated, and the methods of choice
are either quadtree/octree integration or Moment Fitting. Further-
more, the preferred methods of stabilization are the α-method and
eigenvalue stabilization. Enrichment is used when necessary. The Spec-
tral Cell Method (SCM) [111] is very closely related to the Finite Cell
Method and resembles the “unfitted version” of the Spectral Element
Method (SEM) [112].

The latter method (CutFEM) has a very strong mathematical back-
ground and enjoys great popularity in the fluid-dynamics community
(although not exclusively), where linear elements are preferred. Ghost
Penalty stabilization is strongly linked with this approach, and thanks
to linear (or low-order) elements, boundary-conform integration of cut
elements is the norm. (Adaptive) mesh refinement is often used to bet-
ter capture the embedded boundary. Again, enrichment is used when
necessary.

Regarding the application of boundary conditions, no specific pref-
erence exists. However, one notable unfitted approach is the Shifted
Boundary Method (SBM) [113, 114], which was specifically developed
to strongly enforce Dirichlet boundary conditions on non-mesh-aligned
interfaces by projecting them onto nearby nodes.

The description of the embedded domain or interface is typically cho-
sen independently from the employed method. However, implicit geom-
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etry description based on level-set functions (especially in a discretized
manner) is very popular because the interface is expressed using the
same shape functions as the solution of the problem. Furthermore, it is
easy to generate a discretized level-set function from an explicit CAD
geometry.

3.3 Mesh Refinement and
Multi-Refinement Criteria

An accurate representation of the immersed boundary is crucial for
both geometric fidelity and solution accuracy. In the Finite Cell Method
(FCM), high-order shape functions are typically employed, ensuring a
precise geometry description, when using a discrete level-set function.
Alternatively the geometry could be described using an explicit rep-
resentation or a global level-set function. All these options yield high
geometric accuracy. As a result, the integration method must also be
sufficiently precise to fully exploit this advantage; otherwise, the ben-
efits of an accurate geometry representation are lost. In contrast, Cut-
FEM typically assumes linear elements and a discrete level-set function.
In this case Boundary-Conform Integration, as described in Sec. 3.2.2,
already yields the most accurate integration possible. However, the
geometry description is less accurate due to the approximation with
linear shape functions. As a result, in CutFEM, the mesh needs to be
refined, not the integration scheme.

Adaptive mesh refinement (as briefly mentioned in Sec. 2.5.3), in par-
ticular quadtree/octree refinement, is a good tool to address this is-
sue. Similar to the hierarchical subdivision of integration cells of the
quadtree/octree integration scheme, a parent element marked for re-
finement is split into four or eight child elements. Like any other adap-
tive refinement scheme, the quadtree/octree method needs to be driven
by a refinement criterion. In the context of unfitted methods, the focus
lies on approximating the immersed boundary as precisely as possi-
ble to reduce the geometrical approximation error. However, the area
close to the immersed boundary is usually of significant interest, and
adequate discretization is required even at some distance from the im-
mersed boundary.

A suitable refinement criterion is the Layers-and-Levels approach [115],
designed to achieve a specified number of subdivisions for cut elements
(levels) and a defined number of the small elements adjacent to the
interface (layers), see Fig. 3.12.

Cut 2 Levels Physical

4 Layers

Non-Physical
Figure 3.12: Refinement levels and
layers

Additionally a two-one balancing condition ensures that the refinement
levels of neighboring elements differ by no more than one, limiting the
number of hanging nodes.



3 Unfitted FEM / Embedded Domain Methods 56

Cut Physical

Hanging Node

Non-Physical Cut PhysicalNon-Physical

two-one-BalancingNo Balancing

Hanging Parent Node
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If hanging nodes are not constrained, the result is a non-conform in-
terpolation of the unknowns. To remedy this, the shape functions can
be modified to become conforming [115, 116]. The hanging nodes are
eliminated from the finite element equations, and the contribution of
their test and shape functions is added to the corresponding hanging
parent node (hp). The shape functions are updated as follows,

N⋆
hp(x) = Nhp(x) +

nchild∑
i=1

Nnp(xi)Nhc i(x), (3.17)

where Nhp and Nhc i denote the original shape and test functions for
the parent and children nodes respectively, N⋆

hp(x) denotes the mod-
ified hanging parent shape function, and xi denotes the position in
space of the ith hanging child node. The values of the unknowns at the
hanging nodes are obtained by interpolation from nodes of the parent
element.

Fig. 3.14 depicts the full workflow from CAD geometry (here STL) to
obtain the computational domain of the physical in the Finite Element
framework. Octree mesh refinement is used together with the levels and
layers refinement criterion.

(a) STL Geometry Embedded into Do-
main

(b) Level-Set Function with Iso-Zero
Surface

(c) Mesh and Element Classifiaction (d) Physical Domain

Figure 3.14: Workflow of Embed-
ding CAD Geometry into Computa-
tional Domain, Computing Level-Set
Function and Classifying Elements
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3.4 Concluding Remarks

The final step is to determine which unfitted finite element method is
most suitable to be used for metal forming and manufacturing appli-
cations. This decision must be made taking into account the methods
presented in Sec. 2 (Element Technology) to deal with locking, isochoric
behavior and strain and stress accuracy.

For the given problem, the best choice is the CutFEM approach, which
means using linear elements, a discrete level-set function based on a
CAD geometry and the Ghost Penalty approach to stabilize small cut
elements. Adaptive refinement based on the layers-and-levels refine-
ment criterion is used to enhance the accuracy of the geometry de-
scription. The reasoning leading to this choice is as follows.

Sec. 2.3 (Mixed Formulations) introduced the mixed two-field u/p and
mixed three-field u/p/e formulations as very robust methods to tackle
fully isochoric problems, eradicate volumetric locking and ensure local
convergence when using linear elements. Unfortunately the resulting
problems are not inf-sup stable. Sec. 2.4 (Numerical Stability and Sta-
bilization) introduced the Variational Multiscale Method (in particular
Orthogonal subscales, OSS) to stabilize the problems. However OSS
requires projecting the approximated subscales onto a space orthogo-
nal to the space of finite element approximations. The most accurate
method of resolving the projections, which does not add yet more un-
knowns, is to evaluate the projections using the previous iteration’s
solution, i.e., a fixed-point iteration. This effectively introduces “a non-
linearity” to the problem. However, in the context of metal forming
and manufacturing applications, this hardly matters since kinematic
and strong material non-linearities are present anyway. The introduced
non-linearity from the orthogonal projections simply adds to the exist-
ing non-linearities.

Although their origin is entirely different, the Ghost Penalty terms bear
a strong resemblance with the OSS stabilization terms since they also
rely on said orthogonal projections, which facilitates implementation.
Furthermore the non-linearity caused by the Ghost Penalty projections
also simply adds to the existing non-linearity. In both cases, linear el-
ements allow for the use of lumped mass matrix projections without
risking negative mass matrix entries. Ultimately the same considera-
tions regarding the projections that are required for OSS apply for the
Ghost Penalty method.

This means the application of the Ghost Stabilization is relatively easy
and blends in well with the OSS stabilization. Furthermore the use of
linear elements highly benefits the OSS stabilization approach since
this reduces the number of stabilization terms required to satisfy the
inf-sup conditions.

The need to describe geometry using a discrete level-set function, a
requirement in the CutFEM approach, poses no significant challenge,
as this function can be efficiently computed from the CAD geometry,
as previously discussed. In fact, this approach is more robust compared
to directly working with the CAD file, making it a more reliable choice
for complex geometries.
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All things considered, the CutFEM approach is the most suitable
method for metal forming and manufacturing applications. Sec. 4 (Fric-
tion Stir Welding) covers different approaches to simulating Friction
Stir Welding and argues that the use of unfitted meshes can open up
new possibilities.

The question of how to apply the boundary conditions is deliberately
left unanswered at this point and is picked up in Sec. 4.3.3 (Boundary
Conditions), since it must be viewed in conjunction with the modeling
of FSW problems. Further mentions of the stabilized u/p formulation
on an unfitted mesh refer to the following problem:

∫
Ω

∇sδuh : C′ : ∇suh dV +

∫
Ω

∇ · δuh ph dV

+

∫
Ω

δph ∇ · uh dV −
∫
Ω

δph ph/κdV

−
∑
K

τu

∫
K(Ω)

∇δph · P⊥
h [∇ph] dV

−
∫
ΓD

δuh · C′ : ∇suh · n dA

−
∫
ΓD

δuh · n ph dA−
∫
ΓD

δph uh · n dA

+
∑
K

γ1K

∫
K(Ω1st2)

∇δuh · P⊥
h [∇uh]dV

+
∑
K

γ2K

∫
K(Ω1st2)

∇δph · P⊥
h [∇ph − b]dV

+ [Boundary Condition Terms] =
∫
Ω

δuh · b dV +

∫
ΓN

δuh · t̄ dA.

(3.18)

Bup([δuh, δph], [uh, ph])+B
up
oss(δph, ph)

+Bup
ΓD

([δuh, δph], [uh, ph])+B
up
gs ([δuh, δph], [uh, ph]) = L(δuh)

(3.19)



Figure 4.1: Friction Stir Welding
Process

Friction Stir Welding 4
The third part of this work addresses Friction Stir Welding (FSW)
as an emerging solid-state joining technique and different approaches
to simulate the process. FSW is a very complex and sensitive process
characterized by a strong thermo-mechanical coupling, temperature de-
pendent material properties, isochoric material flow, very high strains
and strain rates, and complex geometries and boundary conditions.
The previous sections about Element Technology (Sec. 2) and Unfit-
ted FEM / Embedded Domain Methods (Sec. 3) laid the groundwork
to address this complex manufacturing process and develop a suitable
numerical framework to simulating it.

However, before developing the numerical framework, the process itself
and its state of the art are described. Furthermore, the state of the art
of FSW simulations is presented to justify why the previously presented
advanced finite element technologies are a valuable addition.

4.1 State of the Art FSW Technology

Friction Stir Welding is a solid-state joining process in which two facing
workpieces are welded together using a rotating, non-consumable pin-
tool that is first plunged into the materials, moved along their interface,
and extracted after completing the weld, see Fig. 4.1.

Start Rotation

Stop Rotation

Exit Hole

Advancing Side

Retreating Side
Plunging

Extraction

Plunging
Phase

Processing
Phase

Extraction
Phase

The joining process is achieved because of the softening of the material
due to heating caused by plastic dissipation of the workpiece materials
and friction between tool and workpiece. Typically, the material is
not melted, which constitutes the first big advantage of FSW over
conversational (i.e., light-beam based) welding techniques. The process
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was developed at The Welding Institute (TWI) in Cambridge, UK, in
1991 and has been patented by Thomas et al. [117]. Following, the
process is explained in greater detail, and advantages and challenges
are presented to motivate the necessity of numerical simulations to
advance the process and help engineers produce high-quality welds.

Remark 4.1.1. There are several related processes that are not the
focus of this work. However, certain aspects of these processes, such
as heat generation or microstructure evolutions, are also relevant to
FSW. Therefore, these related processes are occasionally mentioned.
Examples include Rotary Friction Welding (RFW), Linear Friction
Welding (LFW), Friction Stir Spot Welding (FSSW), and Friction
Stir Processing (FSP).

Remark 4.1.2. A substantial portion of FSW research is experimen-
tal. Consequently, studies frequently concentrate on the impact of one
parameter at a time, occasionally two or three in more extensive studies.
However, the combinations of tool shapes, process parameters, weld di-
mensions, and materials (including dissimilar pairings) are practically
limitless. Due to the process’s highly interconnected and non-linear na-
ture, it is challenging to generalize findings. This section provides a
fundamental overview of various aspects of FSW, such as the influence
of tool shapes, process parameters, applicability to different materials,
and the advantages over conventional welding techniques. The aim is
not to review specific experimental findings, which is why this section
primarily references review publications.

Welding Process The to-be-welded workpieces are placed on a solid,
supporting surface (backplate), butted together, and rigidly clamped
to suppress any movement. The non-consumable pin-tool is rotated at
a constant speed and plunged into the welding line between the two
workpieces [118]. When coming into contact, the material is heated up
due to the occurring friction, is initially displaced, and finally stirred
in place. The tool remains rotating with a constant speed but other-
wise remains stationary for some amount of time (tool dwell time) for
the temperature to reach a sufficient level [119]. The primary cause of
the heating is friction between the tool’s shoulder, which rests on the
workpiece’s surface. The (featured) pin of the tool is responsible for
mixing the material. Through a combination of heating and stirring,
the material close to the tool is plastified at very high strain rates [118].
This concludes the plunging phase.

In the welding or processing phase, the still rotating tool moves along
the weld line, continuously heating and stirring the material. The mate-
rial is moved by the pin, aided by the features of the tool (see Par. Tool
Shape), forced around the tool to its backside and fills the hole in the
tool’s wake [118]. After cooling, a solid and continuous joint between
the two workpieces is obtained with the characteristic surface state,
depicted in Fig. 4.2.

It is important to note that FSW is not a symmetric process. Due to
the simultaneous rotation and advancement of the tool, the material
flow differs on both sides. The side where the direction of the tool’s
rotational velocity aligns with the advancing direction is commonly
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Figure 4.2: Completed, sound weld.
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Figure 4.3: Different zones obtained
after FSW
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referred to as the advancing side. The other side, where both velocity
components are opposed, is typically called the retracting side.

Affected Zones The welded region is classified into distinct zones
based on the thermal and mechanical effects induced by the rotating
and translating tool, see Bastier et al. [121] and Mishra et al. [122].

The Stir Zone (SZ), also known as the Weld Nugget (WN), is the area
directly affected by the tool pin. Due to the frictional and stirring
action of the tool, it undergoes intense plastic deformation and ex-
periences high temperatures. This leads to dynamic recrystallization,
resulting in the formation of fine, equiaxed grains that are significantly
smaller than those in the base material.

Adjacent to the SZ is the Thermo-Mechanically Affected Zone (TMAZ),
which is mechanically and thermally influenced. The deformation in
this region occurs due to the forging action of the tool shoulder, caus-
ing the grains to align along the welding direction. The grain size in
the TMAZ is larger than in the SZ but is still affected by the welding
process.

AS RSAS RS

SZ/WN

TMAZ

TMAZ

HAZ HAZ BMBM

AS RS

Beyond the TMAZ lies the Heat-Affected Zone (HAZ), which is ex-
posed to elevated temperatures but experiences no plastic deformation.
While the mechanical properties of this region are altered due to the
generated heat, the metallurgical changes resemble those observed in
traditional fusion welding processes. The grain size in the HAZ is larger
than in the TMAZ.

Finally, the Base Material (BM) or Parent Material Zone remains un-
affected by the welding process, retaining its original mechanical and
metallurgical properties.

Machines Friction Stir Welding (FSW) can be performed on both
conventional milling machines and CNC machines (Fig. 4.4a), provided
that an appropriate tool and suitable process parameters are used [119].
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Figure 4.4: FSW machines
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However, specialized machines are typically preferred for large-scale
operations. The most commonly used systems include gantry-based
systems (Fig. 4.4b), which offer higher rigidity and minimal deflection,
and robotic arm systems (Fig. 4.4c), which provide greater versatility
but are more prone to deflection.

(a) Milling machine, modified for friction stir welding [a]

(b) ESAB SuperStir™ FSW equipment [b] (c) KUKA KR FORTEC 500 R2830 MT [c]

To ensure process stability and weld quality, modern FSW installations
integrate advanced sensing and control systems, including real-time
temperature distribution monitoring, force feedback, and adaptive con-
trol algorithms that enable precise process adjustments [119].

Tool Shape The tool (Fig. 4.5) is the central part of the welding
setup. Its shape and dimensions have a huge impact on the resulting
weld quality. The tool serves three primary functions [118]:

Heating of the workpiece During the welding process a vertical force
or prescribed plunging depth presses the shoulder against the top
surface of the workpiece. Due to this pressure and the relative
movement of the shoulder and workpiece, friction occurs. The
friction is one of the two sources of heating.

https://bil-ibs.be/sites/default/files/lasprocessen/fsw/fsw_machine.jpg
https://www.t-welding.com/images_2021/Friction%20Stir%20Welding%20Handbook.pdf
https://www.kuka.com/-/media/kuka-corporate/images/industries/case-studies/fsw-portugal/fsw_portugal_welding_friction-stir-welding.jpg?rev=-1&w=767&hash=A32D0B027A02B6D330FD944B8075DD08
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Figure 4.5: Pin-tool
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Containment The shoulder is also responsible for containing the ma-
terial flow during the welding process and preventing it from
being forced out of the weld.

Stirring material The pin is responsible for stirring the material and
ultimately producing the joint. This motion is heavily influenced
by the shape of the pin (dimensions and distinctive features like
threads, flats, or flutes). The energy dissipated due to the plastifi-
cation of the material is also converted to heat and is the second
source of heating.

The tool is typically manufactured from hard and durable materials
such as tungsten carbide, hot work tool steels, Ni-Co alloys, or refrac-
tory materials. It must withstand high compressive loads, resist creep,
fatigue, and various forms of wear at different temperatures, maintain
fracture toughness, be machinable for fabrication, and remain chemi-
cally stable with both the workpiece and environment [124]. The thick-
ness of the to-be-welded material dictates its overall dimensions. Most
importantly, the length of the pin has to be slightly shorter than the
thickness of workpieces to ensure that the material is properly joined
over the entire thickness [118, 119].

The shape of the tool has a huge impact on the characteristics and
quality of the weld, and many different shapes and features have been
proposed in recent times. This brief overview only covers classical tools
(as shown in Fig. 4.5), which consist of one shoulder and one pin, and
which are permanently fixed together.

Pin

Shoulder

Workpieces

Remark 4.1.3. There are a number of new inventions, such as ad-
justable tools, where the pin can be retracted after completing the weld –
filling out the exit-hole [125], and the so-called Bobbin tool [126], where
a second shoulder is pressed against the bottom of the workpieces in-
stead of a rigid backing plate.

Within the group of classical tools, different aspects can vary. The
shoulder end surface can be flat, concave, or convex and contain fea-
tures such as scrolls, ridges, knurling, grooves, or concentric circles
(see Fig. 4.6). The pin tip can be flat or domed, and the outer sur-
face’s general shape can be cylindrical or tapered. Regardless of the
general shape, the cross-section profile of the pin can either be circular
or polygonal; the pin can be flatted or contain flutes, and it can be
threaded or not (see Fig. 4.7).
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Figure 4.6: Shoulder Types

Figure 4.7: Pin Types
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Different features affect the material flow, plastification, heat genera-
tion, surface finish, affinity to defect formation, reaction forces, torque,
and many more. It is impossible to give a comprehensive explanation
of all relations since the number of possible combinations is too large.
The effects vary based on the tool size (in conjunction with the material
thickness), the to-be-welded Materials and the Process Parameters.

However, a few findings can be stated regardless. Flat shoulder end
surfaces can lead to excessive flash. Concave shoulders are a good solu-
tion to addressing this problem, as the displaced material is contained
by the concave shoulder cavity. Furthermore, shoulder features like
scrolls or groves facilitate material movement from the shoulder edge
towards the pin, further preventing flash [124].

Fluted or flattened pins increase material flow by trapping material
and partially acting like a cutter, increasing plastification and causing
finer grains. Threaded pins further increase material flow and facili-
tate pore elimination and breaking of the oxide layer. Tools with left-
handed threads are rotated clockwise and vice versa [124]. This motion
“unscrews” the tool, pushing down the material (see Fig. 4.5, right).

However, featured pins are subject to higher wear than featureless pins
and might not be suitable for highly abrasive or high-strength alloys
[124]. The ratio between pin length and shoulder diameter is important
to obtain a defect-free weld and depends on the plate thickness and
conductivity of the material. Studies have also shown that the torque
and advancing forces increase with a decreasing number of flats [124].

Process Parameters The process parameters of FSW are

— rotation speed or tool rotation rate,
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— tool travel rate, advancing speed or welding speed,
— plunging depth or – as a different means of a pushing the tool

into the workpiece – axial force or plunging force, and
— tool tilt angle.

The rotation speed strongly influences the total heat [118], were larger
rotational speeds cause higher temperatures [119] due to increased fric-
tion and plastic deformation in the material. Furthermore, the rotation
speed affects the size of the stirred area, the microstructure, and ulti-
mately, the tensile strength of the welds [127]. Too low rotation speeds
can lead to a significant reduction in micro hardness in the SZ [127]
and too high rotation speeds can cause the creation of tunnel defects
[119].

The advancing speed also influences the total heat [118], though in an
opposite manner. Higher advancing speeds lead to lower temperatures
along the welding line [119], because the tool remains less time at
the same positions, giving the material less time to heat up. Too high
advancing speeds have been associated with the formation of wormhole
defects [119].

A tilt angle is introduced to influence the contact pressure under the
shoulder. The typical angles range between 1° and 3°. The tool is tilted
backward (with respect to the welding direction), causing the rear edge
of the shoulder to produce deeper into the material while lowering the
pressure under the leading edge of the shoulder or even causing in-
complete contact [118]. Tool tilt helps prevent internal void formation,
such as tunnel defects [128], and reduces flashing.

FSW systems typically operate under either force control or displace-
ment control. In force control, the machine maintains a constant axial
force throughout the welding process, ensuring stable pressure at the
weld interface. This enhances material flow and weld quality, making it
particularly beneficial for welding materials with varying thicknesses
or properties. In displacement control, the tool’s plunging depth is
prescribed, ensuring consistent penetration into the material. Accord-
ing to ESAB [129], force-controlled FSW processes are always to be
preferred over displacement-controlled processes due to the possible
appearance of welding defects, as shown in Fig. 4.8.

Figure 4.8: Possible weld defects
due to displacement controlled setup
(right), compared to force controlled
process (left).

Temperatures The peak temperatures typically range between 80%
and 95% of the melting temperature of the workpiece material [119].
This means that while the material is significantly softened to facilitate
the stirring, it is not melted. These lower temperatures (compared to,
e.g., arc welding) minimize the HAZ, which leads to more durable welds
[119]. Due to the unsymmetric nature of the process, the temperatures
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on the advancing side are slightly higher than on the retreating side
[130].

The temperature evolution has a large impact on the precipitates dis-
solution and re-precipitation, thus influencing the welds hardness.

Materials Over the past decades FSW has been widely used for join-
ing aluminum alloys [118], which are especially difficult to weld using
traditional welding techniques such as arc welding. Aluminum rapidly
oxidizes when exposed to the atmosphere, and the resulting oxide layer
has a much higher melting point than the unoxidized material. Further-
more, molten aluminum absorbs high amounts of hydrogen, weakening
the joint, and, as a remedy, shielding gas might be required. Further-
more, hot cracking can occur due to high levels of thermal stress. The
combination of being a (comparatively) soft material, which allows
for tools manufactured from regular tool steel, and being especially
affected by the phase change occurring in traditional welding, makes
aluminum a perfect candidate for FSW.

Magnesium is another (comparatively) soft material, which is also
known to be difficult to weld for similar reasons as aluminum. This
includes high oxidation tendency, high thermal conductivity, low melt-
ing point, and susceptibility to hot cracking. FSW has been used to
weld magnesium alloy components [131] with great success and yields
a number of benefits over conventional welding, such as improved mi-
crostructure, absence of cracking, non-requirement of shielding gas,
and reduced energy consumption [132].

Copper and its alloys (e.g., bronzes, brasses, and beryllium cooper) are
important industrial materials due to their high thermal and electri-
cal conductivity, good mechanical and corrosion resistance, as well as
ductility [133]. Unfortunately, the otherwise advantageous property of
high thermal conductivity causes difficulties in welding. To maintain
a temperature above the melting point, more heat must be input com-
pared to materials with lower thermal conductivity. This can lead to
increased oxidation and a generally larger HAZ [134, 135]. In FSW, the
heat is generated very locally, and the material is not melted. Hence,
it is also a good choice for copper alloys and has been used in this way
[136–138].

Steels are undoubtedly one of the most important construction ma-
terials, and traditional steel welding techniques are well established.
However, the phase change can also cause problems in traditional steel
welding, although the problem is not as pronounced as for other ma-
terials. Nevertheless, the advantages of FSW can also be capitalized
for steel welding. Similar to the above examples, the main advantages
are the reduced HAZ size and excellent mechanical and corrosion resis-
tance properties of the welds [139]. The main obstacles for steel FSW
are the increased material properties of the base material, the resulting
tool damage, and insufficient heat generation. To overcome these diffi-
culties, different in-situ heating solutions have been proposed, such as
laser or induction heating [140].

Titanium is typically well weldable using conventional techniques. How-
ever, workpiece distortion and generally poor weld quality can be an is-
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sue. Other possible problems include overheating, excess grain growth,
and high residual stresses due to low heat conductivity [141, 142]. The
main problems faced in titanium FSW are the fast wear of the tool
and the intermixing of wear particles into the weld [142].

Dissimilar material joints are particularly challenging and complicated
to achieve using conventional welding techniques. The main problems
are the different melting points of the materials (leading to uneven flow
in the weld zone) and different thermal expansion coefficients (leading
to residual stresses and weld deformations). Since joining materials
below their melting points, FSW can prevent these problems and has
been proven as suitable for creating dissimilar aluminum-to-aluminum
joints [143] and even aluminum-to-non-aluminum joints [144].

Joint Properties The main properties to which FSW joints are
optimized are tensile strength, ductility, hardness, fatigue strength,
and residual stresses.

The tensile strength of load-bearing structures is very important, and
research regarding the optimization of FSW joints in this regard is an
ongoing topic. The strength of the joint is affected by many factors,
including process parameters and tool design [119]. Typically, FSW
welds perform very well in this regard, reaching weld efficiencies∗ of
75% to 100% [119]. The high joint strength can be attributed to the
smaller grain sizes in the dynamically recrystallized zone (SZ/WN,
[145]).

The change in ductility of an FSW joint, compared to the BM, is not
uniform and varies depending on the different zones: HAZ, TMAZ,
and WN/SZ (see [134]). Mahoney et al. [146] studied the mechani-
cal properties of FSW joints in 7075Al-T651 aluminum, both in the
longitudinal direction (i.e., within the weld nugget) and transverse to
the weld direction. Within the WN, elongation did not change signifi-
cantly compared to the BM. However, for the specimen cut transverse
to the weld direction (thus containing microstructures from all four
zones), elongation was reduced by almost 50%. A study by Sato and
Kokawa [147] on the transverse tensile properties of friction stir welds
in 6063-T5 aluminum also showed a similar reduction of 50%.

Hardness is typically linked to the size and distribution of precipitates.
The FSW process involves temperature-related precipitate dissolution
and re-precipitation, which largely depend on the obtained tempera-
tures and cooling rates, which, in turn, depend on the welding speed
[145].

Cyclic loading can cause FSW-manufactured components to fail due
to fatigue cracking. As is typical for fatigue, the failure can occur at
stresses much smaller than the static strength limit and without sig-
nificant deformation prior to the failure. According to Li, Gao, and Li
[148], when welding with optimized process parameters (i.e., when no
internal defects or flaws are present), the fatigue crack initiation gener-
ally starts at the weld surface, and typically between TMAZ and HAZ.
Apart from defects, the fatigue performance of FSW joints is mainly
affected by process parameters, stress ratio, and residual stresses.

∗ Weld efficiency is defined as the ratio between joint strength and BM strength
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Although friction stir welded components are subjected to lower peak
temperatures compared to arc-welded ones, the total power input is,
in fact, similar. In fusion welding, despite the higher peak tempera-
tures, the molten material cannot carry any load. As a result, the
residual stresses in FSW and arc welding are quite similar [149]. As
in conventional welding, the residual stresses can cause performance
degradation and distortions. Furthermore, it is very well known that
residual stresses negatively impact the fatigue strength of materials
[150]. The manipulation of process parameters only provides limited
control over the resulting residual stresses. However, traditional tech-
niques to reduce residual stresses post-weld, such as peening and, es-
pecially, rolling, have proven to be effective [149].

Advantages FSW has several advantages over conventional welding
techniques – many of which have been mentioned when FSW’s applica-
bility to different Materials was discussed. To summarize: FSW allows
for welding a wide range of materials (or dissimilar material pairs),
some of which have been viewed as un-weldable with traditional meth-
ods. Many of these difficult-to-weld materials are characterized by a
high susceptibility to oxidation, together with the formation of oxide
layers with a significantly higher melting point, which are strong ther-
mal conductors. In both cases, conventional welding requires a higher
heat input, leading to an enlarged HAZ and other associated prob-
lems. In FSW, the overall heat input is lower, mitigating some of the
aforementioned problems.

FSW does not meld the to-be-welded workpiece, entirely avoiding the
formation of Hot Cracking phenomena such as Solidification Cracking
or Liquation Cracking, as these are directly linked to phase change. For
the same reason, problems associated with porosity and degradation
are avoided [119].

Further advantages are the excellent joint properties, such as high
strength, fatigue resistance, and toughness, and relatively fast process
speed, which allows for efficient production of components [119]. These
properties can be largely attributed to the dynamic recrystallization
in the stir zone and the excellent microstructure obtained in the final
weld.

Finally, FSW is a sustainable manufacturing process for multiple rea-
sons [151]. First, the environmental impact and possible health implica-
tions are minimized due to the absence of shielding gases, fluxes, filler
materials, and electrode coatings, all of which can generate hazardous
fumes. Second, FSW is an energy-efficient process, consuming less en-
ergy than gas metal arc welding for comparable welds. Shrivastava,
Krones, and Pfefferkorn [152] showed an energy reduction by 40% for
aluminum 6061-T6 plates and Dawood, Mohammed, and Rajab [153]
showed a fourfold reduction for aluminum 1030 plates.

Applications FSW is actively used in a variety of engineering ap-
plications. Although there is still a lot of research to be done, and
numerous Challenges to be faced, FSW is an established manufactur-
ing technique for certain applications.
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(a) Falcon 9 booster tank made of aluminum lithium alloy
with FSW joints [a]

(b) Welding underway on orion for first artemis mission landing
astronauts on the moon [b]

(c) FSW train panel of Bombardier’s trains for London Underground [c] (d) Extruded aluminum panels
joined with FSW [d]
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Figure 4.9: Application of FSW
transportation.
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In spacecraft engineering [154], FSW has been successfully used to weld
fuel tanks since the late 1990s and early 2000s. This includes the Delta
II, IV and Atlas V rockets. More recent examples are the NASA Space
Launch System (SLS) Core Stage, Falcon 9 booster tanks (Fig. 4.9a)
and the Orion spacecraft (4.9b). A non-US example for the use of
FSW in spacecraft manufacturing is the H-IIB launch vehicle jointly
developed by Japan Aerospace Exploration Agency and Mitsubishi
Heavy Industries, Ltd. [155].

In rail transportation systems, FSW is used to manufacture structural
components made of aluminum. Examples include roof panels for Al-
stom LHB trains for the Danish State Railways manufactured at Ma-
rine Aluminium under a contract with Sapa (now Hydro), DB (German
Railway) Class 423 Trains, side Panels for the carriages of London Un-
derground (Bombardier) and car bodies (walls, roof and floor) of the
A-Train by Hitachi made of aluminum extrusions that are joined using
FSW [156–158]. A case study was conducted to test if components of
the Medellín metro can be manufactured using FSW instead of tradi-
tional arc welding [159]. The part was manufactured on a conventional
milling machine.

https://en.m.wikipedia.org/wiki/File:SpaceX_factory_Falcon_9_booster_tank.jpg
https://www.nasa.gov/image-article/welding-underway-orion-first-artemis-mission-landing-astronauts-moon/
https://image.jimcdn.com/app/cms/image/transf/dimension=624x10000:format=png/path/seae8da23f0f34385/image/id717e6ed3cf3c46f/version/1614758436/seitenwand-einer-bei-bombardier-aus-fsw-paneelen-hergestellten-zugs-der-londoner-u-bahn.png
https://image.jimcdn.com/app/cms/image/transf/dimension=301x10000:format=jpg/path/seae8da23f0f34385/image/i7a8c1fa1727d24c7/version/1614758453/am-twi-ausgestelltes-teil-einer-bei-bombardier-aus-fsw-paneelen-hergestellten-londoner-u-bahn.jpg
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In the automotive industry, FSW is used to manufacture different com-
ponents. Examples include spot-joined rear doors and bonnet of the
Mazda RX-8 [160], the center tunnel of the Fort GT [161], and wheels
of the Volvo XC90 SUV [162] where a cast wheel hub is joined to a
wrought rim.

FSW has also been used to manufacture consumer products such as
the Apple MacBook frame [163].

Tang et al. [164] investigated FSW as an approach for fabricating and
repairing components of nuclear power plants, and the Swedish Nuclear
Fuel and Waste Management Company (SKB) has evaluated FSW as
a method to seal the 5 cm thick copper canisters containing spent
nuclear fuel [137].

Challenges FSW is a promising joining technique capable of welding
various metals, including dissimilar metal pairs. However, it comes with
certain challenges.

One frequently cited issue is the variation in material properties across
different weld zones and the presence of residual stresses parallel to
the weld. Additionally, post-weld inspections can be challenging, as
non-destructive testing methods often prove inadequate [119]. However,
these challenges are not unique to FSW but are also encountered in
traditional welding techniques.

A distinct challenge specific to FSW is the need for specialized ma-
chinery – either dedicated FSW equipment or at least appropriately
adapted milling machines – both of which are large and heavy ma-
chines. Moreover, the process requires high clamping forces to securely
hold the workpieces in place. This restricts FSW applications to larger,
industrial use cases, making handheld operation impossible. Further-
more, the initial cost of setting up an FSW production line is signifi-
cantly higher than that of conventional welding methods.

Another major challenge is the process’s sensitivity to its parameters.
Tool design, advancing and rotational speed, and plunging depth and
force all profoundly impact weld quality. Optimizing these factors is
crucial not only for refining the weld’s microstructure but also for pre-
venting defects such as voids, lack of bonding, and tunnel formation.

This sensitivity stems from the complex thermo-mechanical coupling
and the highly nonlinear material behavior of the process. Multiple
interacting phenomena co-occur, making it nearly impossible to isolate
the effect of a single process parameter or tool feature on a specific joint
characteristic.

Many studies have attempted to experimentally quantify the impact
of welding parameters on weld quality and defect formation. However,
these experiments are costly, and their findings are not easily transfer-
able across different materials, workpiece thicknesses, or tool geome-
tries. Since FSW applies to a vast range of material combinations, the
number of potential variations is virtually limitless.

This combination of (1) the highly nonlinear nature of the process, (2)
the narrow operating range for most parameters, and (3) the countless
possibilities in terms of materials, workpiece shapes, and optimization
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Figure 4.10: FSW mesh detail

goals makes FSW a difficult technique to master. Numerical modeling
offers a valuable solution, helping researchers deepen their understand-
ing of the process while allowing engineers to accelerate production by
reducing the time required for parameter optimization.

4.2 State of the Art FSW Simulations

Finite element simulations have proven valuable tools for simulating
different aspects of FSW. Early thermo-mechanical FEM models were
proposed by Chao, Qi, and Tang [165] and Chen and Kovacevic [166].
They were used to study the thermal history, stress distribution, and
resulting mechanical forces.

Most recently, particle methods such as Smoothed-Particle Hydrody-
namics (SPH) [167, 168] and the Movable Cellular Automata Method
(MCA) [169] have gained traction. Notable examples of FSW simula-
tions using these particle methods include the works of Pan et al. [170],
Jamshidi Aval [171], and Shishova et al. [172], who utilized SPH to
study temperature distributions, microstructures, and bonding mech-
anisms, respectively. Additionally, Smolin et al. [173] employed MCA
to investigate optimal ratios of advancing and rotation velocities.

Although particle methods are an emerging numerical approach, the
vast majority of published studies still rely on thermo-mechanically
coupled FEM simulations to predict material flow, thermal evolution,
metallurgy, and potential defects. Rather than providing a broad overview
of the various aspects of FSW explored through numerical methods,
this section focuses specifically on the different mechanical frameworks
used for thermo-mechanically coupled FSW simulations. The goal is to
outline the existing frameworks, highlight their advantages and disad-
vantages, and clarify when the choice of framework dictates the scope
of analysis versus when it remains relatively independent.

The different frameworks studied in this section are

1. Lagrangian,
2. Eulerian,
3. Arbitrary-Lagrangian-Eulerian (ALE),
4. the Apropos Kinematic Framework (AKF) or Rigid-ALE, and
5. Non-Body Fitted approaches.

All frameworks lead to different kinds of mesh movement during the
simulation. To illustrate the movements, a circular portion of the mesh
close to the tool is studied, as shown in Fig. 4.10.

n,k
Mesh Section
of Interest 
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Due to high temperatures close to the melting point, the workpiece
material softens significantly. However, it is not melted and, therefore,
not a liquid in the classical sense. From a modeling point of view, the
problem can be addressed as both a fluid or a solid mechanics problem.
Although it is technically possible to use a Lagrangian frame of refer-
ence (FoR) to solve the (Navier-)Stokes equations of fluid dynamics
and to use an Eulerian FoR to solve Navier’s equation of solid mechan-
ics – in the context of FSW, the FoR dictates the overall approach.
Using a Lagrangian FoR means treating FSW as a solid mechanics
problem, and using an Eulerian FoR means treating FSW as a fluid
mechanics problem.

Lagrangian In a Lagrangian FoR, FSW is treated as a solid mechan-
ics problem, where the primary unknowns are displacements and pres-
sure, the latter being mandatory to allow for fully isochoric material
deformation. While elastic deformations in the base material are non-
isochoric, the continuous plasticization in the thermo-mechanically af-
fected zone (TMAZ) and stir zone (SZ) is an isochoric process (see
Sec. 2.1.1).

The constitutive model required for Lagrangian FSW simulations is
thermo-elasto-visco-plastic, capturing both temperature-dependent elas-
tic deformations and temperature-dependent isochoric visco-plastic de-
formations. With the mesh fixed to material particles, this approach al-
lows precise tracking of material movement and enables residual stress
analysis – an important aspect of FSW (see Par. Joint Properties).

However, contact modeling between the tool and workpiece is neces-
sary, with friction laws based on contact pressure (e.g., Coulomb fric-
tion). Modeling contact can be a difficult task that can cause stability
problems. However, a benefit of this approach is that the tool can be
of arbitrary shape, and tilting the tool is no problem.

The advancement of the tool is modeled in a straightforward manner,
and homogeneous Dirichlet boundary conditions are applied as shown
in Fig. 4.11 (left). The Lagrangian approach is technically capable of
simulating all three phases of FSW (plunging, welding, and extraction).
However, the non-linear iterative process does not converge to a steady
solution, even if the physical process has reached a steady state during
the welding phase.

The major disadvantage of the Lagrangian framework is the severe
mesh distortions that occur (Fig. 4.11, right). The reason is the strain
localization close to the tool. Only a few degrees of tool rotation com-
pletely distort the interface elements. Frequent re-meshing is unavoid-
able and becomes computationally expensive. Even worse, frequent
projection of unknowns and, especially, historical variables can harm
the solution accuracy.
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Figure 4.11: Lagrangian framework
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Isolated examples of the Lagrangian framework being used to simulate
FSW are Guerdoux et al. [174], who concluded that the method may
not be optimal for the translation phase, and Bussetta et al. [175], who
compared both solids and fluids approaches and concluded that, while
yielding comparable solutions, the fluids approach is computationally
more efficient.

Eulerian In an Eulerian FoR, FSW is treated as a fluid mechanics
problem, where the primary unknowns are velocity and pressure. Given
that the plastic flow of metals drives the process, the incompressibility
constraint must also be enforced.

By neglecting the elastic response entirely, the fluid approach simpli-
fies the constitutive model, replacing the thermo-elasto-visco-plastic
model with a thermo-visco-plastic one. Common visco-plastic models
include the Sheppard-Wright model [176], the (regularized) Bingham
model [177], the Carreau model [178], and the Norton-Hoff model [179,
180]. These models can describe a non-linear stress-strain rate relation-
ship, with parameters dependent on temperature. A key advantage of
thermo-visco-plastic models is the relatively easy material characteriza-
tion. The required parameters can be obtained through simple torsion
tests performed at various temperatures and strain rates.

Another advantage of the Eulerian approach is the absence of contact
modeling. Interaction between the tool (i.e., a moving wall) and the
workpiece material (i.e., the fluid) is modeled as viscous friction, in-
dependent of normal contact pressure. In 2D, the problem resembles
a flow-over-rotating-cylinder scenario, and in 3D, it is a very similar
problem except for a more complex shape of the “cylinder”.

Unlike the Lagrangian approach, the mesh remains undeformed, and
the tool remains stationary. The advancement is modeled by material
inflow on one side (inlet) and outflow on the opposite side (outlet),
using homogeneous Dirichlet boundary conditions on the remaining
faces (Fig. 4.12, left).

However, the Eulerian approach has two main limitations. First, the
entire tool (shoulder and pin) must have axial symmetry† to keep the
mesh unchanged. Second, like all fluid-based frameworks, it cannot
predict residual stresses due to neglecting elastic strains.

A major advantage of the Eulerian framework is that the simulations
converge to steady-state solutions, making them particularly useful for
predicting temperature and pressure fields, as well as reaction forces

† also called rotational symmetry of infinite order
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Figure 4.12: Eulerian framework
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and torque during welding. However, they cannot simulate plunging
or extraction phases. Tilting can be modeled without any problem.

While the velocity field accurately describes material flow, visualizing
it intuitively can be challenging. However, streamlines and particle
tracing methods can be employed to present the material flow in a
more “Lagrangian” manner.

Inflow

Outflow

x
y z

Time

Unchanging Unchanging

Examples of an Eulerian framework being used include works by De
Vuyst and D’Alvise [181], who used their model to predict heat gen-
eration and material flow around simple tool geometries, Assidi and
Fourment [182], who studied different friction laws and parameters,
and Saracibar et al. [33] and Agelet de Saracibar et al. [183], who
pioneered the use of VMS stabilized methods to simulate FSW prob-
lems.

Arbitrary-Lagrangian-Eulerian (ALE) The main drawback of
the Eulerian framework is its limitation to axisymmetric tools. As dis-
cussed in Par. Tool Shape and shown in Figs. 4.6 and 4.7 (shoulder and
pin types), a wide variety of tools is used in the industry and the
overwhelming majority is threaded and/or has flutes or flats, respec-
tively. Furthermore, the majority of shoulder features do not satisfy
axial symmetry either.

The solution for this problem is the Arbitrary-Lagrangian-Eulerian
(ALE) framework. This framework is still based on the fluids approach.
However, unlike the Eulerian framework, it allows for mesh movement.
As the tool rotates, the mesh is consequently deformed, as shown in
Fig. 4.13. The deformed mesh is obtained by solving an elasticity or
Poisson problem to which the tool position acts as a Dirichlet boundary
condition.

On the one hand, the ALE framework overcomes a main limitation of
the Eulerian framework; however, on the other hand, the old problem
of the Lagrangian approach re-appears: strongly deformed meshes. As
a result, re-meshing is required, and solutions must be mapped between
meshes. Although it seems like nothing much has been gained, there
are two noteworthy differences between the ALE and the Lagrangian
frameworks with respect to re-meshing. First, since the mesh distor-
tions are not fixed to the material movement, the distortions are less
localized at the tool-workpiece interface. Therefore, re-meshing is not
as frequent. Second, since thermo-visco-plastic material laws do not
rely on history variables, the mapping between meshes is less prone to
deteriorate the solution.
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Apart form the non-axisymmetric tools, the same possibilities and re-
strictions apply for the ALE framework as for the Eulerian framework.
This means the constitutive law is thermo-visco-plastic, material flow
visualization is realized through stream lines and particle tracing, ex-
plicit modeling of tilting is possible and residual stresses cannot be
predicted.

Time Figure 4.13: ALE framework

The ALE approach is used by most researchers nowadays and examples
are studies conducted by Guerdoux and Fourment [184], who simulated
all three phases of the FSW process. They treated the top surface as
a free surface, thus fully modeling the flash and permitted tool and
workpiece to dynamically loose and recover contact. Further exam-
ples are works by Myung et al. [185] who investigated the coupling
of simulation-based temperature histories into a strength prediction
model, which is formulated on the basis of precipitation kinetics and
precipitate-dislocation interaction.

Apropos Kinematic Framework (AKF) The previous frameworks
are all general concepts that can be used for a number of different appli-
cations. However, the following approach was developed by Chiumenti
et al. [32] and Dialami et al. [186] specifically for FSW. The idea is to
divide the computational domain into three parts: (1) the rigid tool,
modeled in a Lagrangian framework; (2) a circular zone surrounding
the tool, roughly the size of the HAZ, modeled in an ALE framework;
and (3) the rest of the workpiece, modeled in an Eulerian framework.

Both the tool and HAZ rotate in unison at a constant speed (the ro-
tational velocity) around the tool’s axis of rotation. It is crucial to
understand that the elements remain undeformed. The tool’s elements
do not deform since they are assumed to be rigid, and the HAZ’s ele-
ments remain undeformed because the mesh movement (independent
from the material flow!) is a purely circular, rigid motion. The tool
and HAZ subdomains are effectively decoupled to allow for jumps in
material velocity, pressure, and temperature. However, a heat flux is
modeled between the two subdomains to allow for thermal contact via
conduction.

The interface between the HAZ (ALE) and the rest of the workpiece
(Eulerian) is of a different nature. Here, all fields (material velocity,
pressure, temperature) have to be continuous, while the mesh veloc-
ities are different: the Eulerian part does not move while the ALE
part rotates. To solve this problem, all interface nodes are duplicated,
a node-to-node link is established, and a coupling between the two
subdomains – similar to that of a periodic boundary condition – is
achieved. The setup is shown in Fig. 4.14.
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Figure 4.14: AKF framework
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The AKF allows for non-axisymmetric tools, thus maintaining the ben-
efits of the ALE framework while also preserving the undeformed ele-
ments from the Eulerian framework.

However, there is one significant limitation to the AKF. Since the HAZ
(ALE) subdomain has to rotate in unison with the (Lagrangian) tool,
no tilt angles are permitted. As shown in Fig. 4.15, it is impossible to
match the interface between the Eulerian and ALE subdomain if the
normal vector of the workpiece n is not aligned with the tools rotation
axis k, i.e., if the tilt angle is larger than 0°. To address this issue,
Dialami, Cervera, and Chiumenti [187] modified the friction law to
account for the effect introduced by the tilt angle. However, it remains
desirable to account for the tilt angle using geometric modeling rather
than by modifying the friction law.

n,k kn

ALE

Eulerian
Figure 4.15: AKF framework

Apart from the tilting restriction and the possibility of simulating non-
axisymmetric tools, the AKF framework has the same possibilities and
restrictions as the ALE and Eulerian frameworks. This means the con-
stitutive law is thermo-visco-plastic, material flow visualization is re-
alized through streamlines and particle tracing, and residual stresses
cannot be predicted. The framework was deliberately developed to
simulate the welding phase. Plunging and extraction cannot be simu-
lated.

Examples of the AKF being used are works by Dialami et al. [188, 189]
and Dialami et al. [190] who – within the AKF framework – devel-
oped enhanced friction models to better predict transversal forces and
method to reach a steady state solution with less computational effort.
Other examples include works by Feulvarch, Roux, and Bergheau [191]
and Robe et al. [192], who used their model to predict the temperature
evolution of dissimilar aluminum joints. Their method is called Rigid-
ALE, though the fundamental approach is the same. Bussetta et al.
[193] follow a similar approach. However, they introduce a transition
zone instead of directly coupling the ALE and Eulerian domains.
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Non-body fitted methods The most important phase of FSW is
the actual welding phase. For this reason, and because of their en-
hanced computational efficiency, fluids-based frameworks are generally
preferred. However, none of the above approaches can provide all of
the following features simultaneously:

1. Undeformed mesh/elements,
2. Geometrical modeling of tilting,
3. Non-axisymmetric tools.

The absence of a fluids-based framework that simultaneously addresses
all the above points motivates using non-body fitted methods. As in-
troduced in Sec. 3 (Unfitted FEM / Embedded Domain Methods), these
methods enable simulations on a structured background mesh, elimi-
nating the need for the computational mesh to conform to the complex
and moving boundary of the embedded geometry.

In this approach, the workpiece is represented as a Cartesian box and
meshed in a fully structured manner. The tool, defined by a CAD
file (e.g., STL, STEP, or IGES), is embedded into the domain at a
user-specified position and orientation – allowing for tilting – while
tool tractions and frictional heating are applied on the newly created
immersed boundary. If the tool lacks axial symmetry, its angular po-
sition is updated at each time step according to the rotation speed,
as illustrated in Fig. 4.16. Crucially, this is still possible for non-zero
tilt angles. The Stokes flow equations are formulated within a purely
Eulerian framework, as no mesh deformation occurs.

Time Figure 4.16: EDM framework

Ultimately, the non-body-fitted approach integrates all the advantages
of other fluids-based frameworks. Its only limitations are those inher-
ent to the fluids-based approach itself: the absence of native material
flow visualization (which can be addressed by particle tracing) and the
inability to predict residual stresses.

The application of non-body-fitted methods to FSW simulation is a
novel concept. An isolated example is the work of Janoske, Bürger, and
Geiger [194], which employed an immersed boundary method (IBM)
within a fluids-based framework to predict the temperature evolution
and compare the results to experimental data.

Fig. 4.17 presents the progression of numerical FSW analysis. Tab. 4.18
summarizes the various approaches, detailing their characteristics, ad-
vantages, and disadvantages.
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Figure 4.17: Evolution of analyti-
cal and numerical methods to ana-
lyze FSW processes

Lagrangian Eulerian ALE AKF EDM
General Approach Solids Fluids Fluids Fluids Fluids
Primary Unknowns u, p, T _u, p, T _u, p, T _u, p, T _u, p, T
Material Model TEVP TVP TVP TVP TVP
Elastic Strains 3 Yes 7 No 7 No 7 No 7 No
Residual Stresses 3 Yes 7 No 7 No 7 No 7 No
Friction Modeling Coulomb Newton Newton Newton Newton
Advancement Modeling Tool Movement Inflow/Outflow Both possible Inflow/Outflow Both possible
Tool Geometry Arbitrary Rotational Sym. Arbitrary Arbitrary Arbitrary
Undistorted Elements 7 No 3 Yes 7 No 3 Yes 3 Yes
Material Flow Viz. Native Particle Tracing Particle Tracing Particle Tracing Particle Tracing
Tilt Modeling 3 Yes 3 Yes 3 Yes 7 No 3 Yes
Plunging Phase 3 Yes 7 No 7 No 7 No 3 Yes
Welding Phase 3 Yes 3 Yes 3 Yes 3 Yes 3 Yes
Extraction Phase 3 Yes 7 No 7 No 7 No 7 No

Figure 4.18: Overview FSW Frame-
works

TEVP: thermo-elasto-visco-plastic;
TVP: thermo-visco-plastic
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4.3 Finite Element Framework

The last section motivated the use of non-body-fitted methods for sim-
ulating FSW. This is a very novel approach, and to the best of current
knowledge, the only other work that similarly addresses FSW is the
work by Janoske, Bürger, and Geiger [194].

However, their approach did not distinguish between the workpiece
(i.e., outside the immersed boundary) and the pin-tool (i.e., inside the
immersed boundary). Instead, only the interface between the work-
piece and the tool was treated as a non-mesh-conforming boundary
and integrated accordingly. As discussed in Sec. 3.2.4 (Small Cut Sta-
bilization), this method avoids instability issues but sacrifices accu-
racy, as both sides of the immersed boundary remain coupled and,
consequently, influence one another. Furthermore, works by Dialami,
Cervera, and Chiumenti [187], Dialami et al. [188], and Dialami et al.
[190] have shown that the assumption of a full-stick condition leads to
an underestimation of lateral forces and that more advanced friction
laws are necessary.

This work develops a comprehensive, high-performance computing frame-
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work for simulating FSW within a fluids-based approach. Employing
CutFEM effectively and accurately handles complex and moving tool
boundaries while leveraging previously developed, enhanced friction
laws to achieve accurate predictions of temperature evolution, reac-
tion forces, and torque.

The following section discusses the selected Frame of Reference (Sec. 4.3.1),
Boundary Conditions (Sec. 4.3.3), and Finite Element Approximation
(Sec. 4.3.4) on a general level. For a more detailed account, see Veng-
haus et al. [195][Appx. C]. The sections Concave Tools (Sec. 4.3.5) and
Surface Normals (Sec. 4.3.6) cover further development which was not
included in the publication.

4.3.1 Frame of Reference

As indicated in Tab. 4.18, the non-body fitted, fluids-based framework
can account for the advancement of the tool in two ways, as shown in
Fig. 4.19. One possibility is to prescribe homogeneous Dirichlet bound-
ary conditions on all faces and move the tool along the weld line (left).
The tool movement can be easily facilitated by updating the position
of the CAD file (both translatory and angular position) each time step.
The other option is to keep the tool in place, only update the angular
position, and account for the advancing of the tool by prescribing an
inflow velocity at the inlet of the domain (right).

Since the entire simulation is carried out in a fluids-based framework,
the goal is to reach a steady-state (or quasi-steady-state) solution.
For this reason, the second option (material inflow modeling) is pre-
ferred.

Advancing/Welding Direction

Inflow

Outflow

x
y z Figure 4.19: Tool advancement

(left) vs. material inflow modeling
(right)

4.3.2 Thermo-Mechanical Coupling

FSW is typically modeled as a coupled thermo- (convection-diffusion)
mechanical (Stokes flow) problem. The coupling is bi-directional, as
shown in Fig. 4.20. Plastic dissipation, friction dissipation, and mate-
rial velocity are the results of the mechanical problem and influence the
thermal problem as source terms and convective velocity, respectively.
The resulting temperature field influences the mechanical problem by
altering the mechanical properties, such as viscosity and the severity
of the shear-thinning effect.
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Staggered
Solving

Mechanical
Problem

Thermal
Problem

Temperature Dependent
Material Properties

Convection
Velocity

Plastic Dissipation
as Heat Source

Friction Dissipation
as Heat Source

Figure 4.20: Thermo-mechanical
coupling

[179]: Norton (1929), The Creep of
Steel at High Temperatures
[180]: Hoff (1954), “Approximate
analysis of structures in the presence
of moderately large creep deforma-
tions”

Since the interaction between the mechanical and the thermal problem
is weak, it is sufficient to solve the coupled system in a staggered man-
ner. Furthermore, since the goal is to reach a steady state (for axisym-
metric tools) or periodic steady state solution (for non-axisymmetric
tools), it is sufficient to solve each part of the coupled problem only
once per time step.

The strong form of the Stokes flow problem reads

∇ · s +∇p+ b = 0 (4.1)
∇ · u̇ = 0, (4.2)

and the strong form of the convection-diffusion equation reads

ρ0c

(
∂T

∂t
+ u̇ · ∇T

)
+∇ · q = Dm with q = −k∇T. (4.3)

The unknowns are u̇, the velocity; p, the pressure; and T , the temper-
ature. The remaining variables are s, the deviatoric stress; b, the body
forces; ρ0, the density; c, the specific heat capacity; k, the thermal con-
ductivity; q, the heat fluxes; and Dm = φpl s : ė, the source term, i.e.,
the fraction of the plastic dissipation that is converted into heat. The
plastic dissipation is defined as the double contraction of strain rate
and stress (i.e., sij ėij), and the proportionality factor φpl determines
how much of the plastic dissipation is accounted for as a heat source
for the thermal problem.

The non-Newtonian material flow is described using a Norton-Hoff
[179, 180] material law, which models the strain rate-stress relation as
a power law.

s = 2µeff ė = 2µeff ∇su̇ with µeff(T, γ) = µ0(T ) γ
m(T )−1, (4.4)

where ė = ∇su̇ is the deviatoric strain rate, ∇su̇ is the symmetric gradi-
ent of the velocity, γ =

√
2||ė|| is the equivalent strain rate, τ = µeff γ

is the equivalent stress, and µ0 is the consistency parameter. Finally,
m is the so-called flow index. Shear-thinning behavior is observed for
m < 1, and Newtonian behavior is recovered for m = 1.

The model’s temperature dependency further influences its non-linear
behavior. Higher temperatures lead to lower viscosities and a weaker
shear thinning effect, as illustrated in Fig. 4.21.



4 Friction Stir Welding 81

200 400 600 800 1000
0

200 000

400 000

600 000

800 000

1.0 ×106

1.2 ×106

Eqv. St rain Rate γ [1/s]

E
ff
.
V
is
co
si
ty
μ
e
ff
[P
a
·s
]

0 200 400 600 800 1000
0

2 ×107

4 ×107

6 ×107

8 ×107

Eqv. St rain Rate γ [1/s]

E
q
v
.
S
tr
e
ss
τ
[P
a
]

200 °C

300 °C

400 °C

500 °C

600 °C

Figure 4.21: Temperature and
strain rate dependent effective viscos-
ity and equivalent stress

[189]: Dialami et al. (2017), “A fast
and accurate two-stage strategy to
evaluate the effect of the pin tool pro-
file on metal flow, torque and forces
in friction stir welding”
[64]: Venghaus et al. (2023), “An ac-
curate approach to simulate friction
stir welding processes using adaptive
formulation refinement”

Due to the highly non-linear nature of the presented material law, a
linearized version of the Norton-Hoff law was proposed by Dialami
et al. [189]. See also Venghaus et al. [64][Appx. A]. The power law
is converted to a piecewise linear function by evaluating the original
law at strain rates of 1.0, 10.0, 100.0, and 1000.0 1/s and linearly
interpolating the results, as seen in Fig. 4.22.
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Figure 4.22: Linearized material
law

4.3.3 Boundary Conditions

The boundary conditions of the mechanical problem are defined as

u̇ = ¯̇u on Γu and (4.5)
s · n + pn = t̄ on Γt, (4.6)

and as

T = T̄ on ΓT , and (4.7)
q · n = q̄ on Γq, (4.8)

for the thermal problem.

Fig. 4.23 (left) shows the application of boundary conditions on the
exterior boundaries, i.e., the mechanical constraints uy = uz = 0, the
advancing velocity ux = uadv, the heat transfer to the environment
qlat, qback, and qtop, and the fixed inflow temperature T = Tin.

The interaction of the tool and workpiece can be split into two parts:

t̄ = t̄di + t̄fr. (4.9)

The first part, t̄di, is associated with material being displaced by the
rotating tool and occurs normal to the tool’s surface (t̄di ∥ n). The
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Figure 4.23: Thermal and mechan-
ical boundary conditions on the ex-
terior boundaries (left) and the tool-
workpiece interface ΓI, visualized as
a cross section of the domain (right)
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Figure 4.24: Kinematics and exte-
rior normals on the tool-workpiece
interface ΓI: cross section (left), top
view for axisymmetric pin (middle),
and top view for non-axisymmetric
pin (right)

second part, t̄fr, results from friction, which occurs in-plane with the
tool’s surface (t̄fr ⊥ n).

For easier writing of the following traction definitions, three operators
(normal, tangential, and axial) are introduced as

Pn = n ⊗ n, (4.10)
Pt = 1 − Pn, (4.11)
Pk = k ⊗ k, (4.12)

where k denotes the tool rotation axis (see Fig. 4.24, left).

The displacement and friction tractions are defined as

t̄di = b
(
¯̇u − u̇

)
· Pn, (4.13)

t̄fr = a⋆
(
¯̇u − u̇

)
· Pt, (4.14)

where a⋆ and b are penalty parameters, and ¯̇u is the prescribed velocity.
As indicated in Fig. 4.24, the prescribed velocity ¯̇u consists of two parts:
rotational movement of the tool and the vertical loading:

¯̇u = ω r × k︸ ︷︷ ︸
¯̇uro

− u̇v Pk · n︸ ︷︷ ︸
¯̇ulo

. (4.15)

The rotational velocity ¯̇uro is a function of the angular speed of the
tool ω and the distance r to the tool’s rotation axis k. The vertical
loading ¯̇ulo is introduced to account for the downforce aligned with
k.

The penalty for the material displacement b is chosen large enough to
ensure (¯̇u − u̇) · Pn ≈ 0.
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The friction is accounted for by

a⋆ = a ||(¯̇u − u̇) · Pt||q−1, (4.16)

where a and q are the friction and sensitivity parameters, respectively.
See Dialami et al. [188] and Venghaus et al. [195][Appx. C] for more
details.

Remark 4.3.1. Note that material displacement is only present for
non-axisymmetric tools. For axisymmetric tools, all surface normals
are orthogonal to the local rotational tool speed n ⊥ ¯̇uro, resulting only
in frictional contact and no displacement.

The heat transfer to the environment (q̄lat, q̄top, q̄back) is modeled as
a Robin boundary condition. See Eq. (4.17), where h(T ) is the heat
transfer coefficient, T is the temperature at the domain boundary, and
Tenv is the environment temperature.

q̄ = h(T ) (T − T̄env) (4.17)

The heat fluxes on ΓI are caused by friction dissipation and are com-
puted as

q̄fric = φfr t̄f · (¯̇u − u̇) · Pt. (4.18)

They are based on the tangential components of the tractions and
velocity differences, as introduced previously. The factor φfr determines
the proportion of the dissipated energy that is converted to heat. See
Dialami et al. [196] for a more detailed explanation.

4.3.4 Finite Element Approximation

A detailed derivation of the Finite Element approximation of the FSW
problem is not necessary at this point since the mixed velocity-pressure
(u/p) problem for non-body fitted meshes has been derived in the pre-
vious Section (Unfitted FEM / Embedded Domain Methods, Sec. 3).

The mechanical problem in weak form reads
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∫
Ω

µeff ∇sδu̇h : ∇su̇h dV

+

∫
Ω

∇ · δu̇h ph dV +

∫
Ω

δph ∇ · u̇h dV

−
∑
K

τu

∫
K(Ω)

∇δph · P⊥
h [∇ph] dV

+
∑
K

γ1K

∫
K(Ω1st2)

∇δu̇h · P⊥
h [∇u̇h]dV

+
∑
K

γ2K

∫
K(Ω1st2)

∇δph · P⊥
h [∇ph − b]dV =

∫
ΓI

δu̇h · b (¯̇u − u̇h) · Pn dA

+

∫
ΓI

δu̇h · a⋆ (¯̇u − u̇h) · Pt dA

with u̇h = ¯̇u on Γu, according to Fig. 4.23 (left).

(4.19)

The thermal problem reads

∫
Ω

δTh ρ0c

(
1

α

∂Th
∂t

+ u̇h · ∇Th
)

dV +

∫
Ω

∇δTh · k∇Th dV

+
∑
K

ςK

∫
ΩK

u̇h · ∇δTh · P⊥
h [u̇h · ∇Th] dV

+
∑
K

εK

∫
K(Ω1st2)

∇δTh · P⊥
h [∇Th]dV =

∫
Ω

δThDm dV

+

∫
Γq

δTh qh · n dA

+

∫
ΓI

δTh φfr t̄f · (¯̇u − u̇h) · Pt dA

with Th = T̄in on ΓT, and qh · n = q̄ = h
(
Th − T̄env

)
on Γq, according to Fig. 4.23 (left).

(4.20)

The parameter α is introduced to artificially accelerate the transient
phase to achieve the steady state faster. This method was first intro-
duced by Dialami et al. [189].

Harmonic Extension A 2D slice of the computational domain is
displayed in Fig. 4.25. It is divided into the workpieces (physical sub-
domain, gray) and the tool (white). The iso-zero surface of the level
set function is indicated in red. Assuming a rigid tool and neglecting
any heat flux between the tool and workpiece, the subdomain repre-
senting the pin tool remains inactive – both for the mechanical and the
thermal problem. Consequently, no solution is required in the corre-
sponding elements, and the inactive subdomain is entirely disregarded
by assuming zero for all unknowns.

Issues arise when the level set function is updated at each time step,
as is necessary for non-axisymmetric tools. As a result, some FE nodes
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Figure 4.25: 2D slice of compu-
tational domain. Level set function
highlighted in red.

transition from the inactive subdomain to the physical one. The ab-
sence of realistic initial conditions for these newly activated nodes neg-
atively impacts convergence. To address this, the inactive subdomain is
not completely ignored; instead, a harmonic extension is computed (see
[197]). This is applied to both the thermal and mechanical problems,
ensuring well-conditioned initial values for the non-linear iterative pro-
cess.

The mechanical problem solved in the non-physical domain is a decou-
pled Poisson problem∫

Ω

µ∇δuh : ∇uh dV +

∫
Ω

τu∇δph · ∇ph dV = 0. (4.21)

For the thermal problem the following Poisson problem is used to com-
pute the harmonic extension∫

Ω

k∇δTh · ∇Th dV = 0. (4.22)

It is important to note that even when a harmonic extension is em-
ployed in the non-physical part, the physical subdomain needs to re-
main uncoupled from the non-physical one. This uncoupling is illus-
trated in Fig. 4.26. The treatment of the cut element was discussed in
Sec. 3.2.2 (Integration Method). Now, the adjacent element on the non-
physical side is of interest. Here, the problems shown in Eqs. (4.21) and
(4.22) are solved. To prevent influencing the solution of the physical
domain, all contributions to the transition nodes must be eliminated,
as indicated in Fig. 4.26. However, the modification of the elemental
stiffness matrix cannot happen in a symmetric manner as the physical
side must still influence the non-physical side to be able to extend the
physical solution harmonically.

Cut

Physical Node

Assembly of Physical Problem

Transition Element

Transition Node Harmonic Extension Node

Assembly of Harmonic Extension Problem
Figure 4.26: Harmonic extension
and one-sided domain decoupling
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Figure 4.28: Different approaches
to handling concave tools

4.3.5 Concave Tools

As discussed in Sec. 4.1, Par. Tool Shape, concave shoulders (Fig. 4.27a)
are commonly used, since they better trap the stirred material and
reduce flashing. However, from a FEM modeling point of view, concave
shoulders introduce a new challenge.

Since the workpiece is modeled as a rectangular box, the top surface
is a simple plane in x-y. For explanatory purposes, it is assumed that
the top surface is positioned at z = 0. If a tool is concave, the highest
point of the shoulder is close to the pin, and the lowest point is at the
outer brim of the shoulder. As a result, a cavity forms close to the pin
if the tool is only plunged until the outer brim of the shoulder touches
the workpiece.

In the real processes this cavity is filled with plasticized material and
contact is established on the entire tool surface. However, in a Eule-
rian, fluids-based FE simulation, where mesh movement is not permit-
ted, the cavity remains empty. Without further implementation, this
situation can be addressed in two ways.

1. A realistic plunge depth is chosen, which leads to a slight pene-
tration of the shoulder brim. As a result, the cavity close to the
pin is left unfilled, and the contact area between the tool and the
workpiece is significantly smaller. See Fig. 4.27b.

2. A unrealistically large plunge depth is chosen such that the high-
est point of the concave shoulder is below z = 0, resulting in a
completely filled cavity. See Fig. 4.27c.

(a) Concave Tool (b) Empty cavity (c) Deeper Plunge

However, both options are unrealistic scenarios. A better way to ad-
dress the issue is by adding additional elements above z = 0, filling the
cavity, ensuring tool-workpiece contact on the entire shoulder surface,
and simultaneously allowing for a realistic plunging depth.

The approach requires careful handling of the different physical and
non-physical subdomains. All elements inside the iso-zero surface (de-
picted in red (/) in Fig. 4.29) belong to the tool and are subject to the
harmonic extension problem, as described in Sec. 4.3.4, Par. Harmonic
Extension. All elements depicted in blue (■) are also classified as non-
physical. However, no harmonic extension is computed. The elements
are simply disregarded and not assembled to the system; similarly to
the deactivated DOF of the adaptive formulation refinement, they are
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not assembled in Sec. 2.5.5. The remaining elements belong to the phys-
ical subdomain.

Figure 4.29: Excluded elements

Remark 4.3.2. To ensure that the deactivated elements (■) do not af-
fect the solution within the physical subdomain, they must be excluded
during the assembly of the system. However, as discussed regarding
the OSS stabilization in Sec. 2.4, Par. Projections, and concerning the
Ghost Penalty stabilization in Sec. 3.2.4, Par. Ghost Penalty, projec-
tion and smoothing operations introduce a weak coupling between ele-
ments that do not share nodes but fall within the influence range of the
smoothing.

Therefore, it is also essential to exclude deactivated elements from
projection and smoothing operations. Note that this also includes the
computation of lumped mass matrices.

4.3.6 Surface Normals

The correct definition of boundary conditions on the level-set-defined
boundary is crucial. Since the boundary conditions defined in Eqs. (4.13),
(4.14) and (4.18) depend on normal and tangential projectors, Pn =

n⊗n and Pt = 1−Pn, the accurate computation of the surface normal
n is essential.

Sec. 3.2.2 covered the determination of integration points and weights.
As a reminder, the discrete level-set function was computed as the
(signed) shortest orthogonal distance of FE nodes to an embedded
CAD geometry. Boundary-conform integration was then used to locate
surface integration points and determine their weights. This method
was used because of its high accuracy for linear elements and relatively
low number of resulting integration points.

When a discrete level-set function intersects a linear tetrahedron, the
resulting iso-zero surface forms either a triangle or a planar quadri-
lateral. In such cases, all integration points share a common normal
vector computed from the nodal coordinates and the discrete level-set
values. However, while true to the discrete level-set function, this nor-
mal does not necessarily match the corresponding normal from the
original CAD geometry.
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3D View

(a) Physical domain

3D View

(b) Detail

2D Top Down

(c) Skewed normals

2D Top Down

(d) Exact normals

Figure 4.31: Recovery of exact nor-
mals

Fig. 4.31 illustrates the shoulder brim section of the physical domain.
Due to the nature of linear elements and the structured mesh, the
surface appears jagged, affecting the computed normals, as shown in
Fig. 4.30c. For an axisymmetric tool, all interface normals should point
towards the rotation axis and have no tangential component, i.e., n·¯̇u =

0.

To correct this, the original normals are recovered from the CAD ge-
ometry through the following steps:

1. Compute the global coordinates of each surface integration point.
2. Orthogonally project each point onto the CAD surface.
3. Recover the CAD surface normal at the projected point.

Fig. 4.30d shows the corrected normals, pointing radially towards the
rotation axis without tangential components.

4.4 Numerical Results

Forces evolution The reaction forces Fx, Fy, Fz and torque M are
obtained according to Fig. 4.32. For each direction x (advancing), y
(transversal), and z (vertical), as well as the torque with respect to the
tool rotation axis k, the value is recorded and saved. The same is done
for the maximum temperature Tmax in the physical domain. Fig. 4.34
shows their evolution over time. A total number of four rotations were
simulated. Fig. 4.33 shows the respective tool shapes.

x
y z

M

Fx

Fy

Fz

Advancing Side

Retracting SideAdvancing/Welding Direction

Plunging Reaction Force
Lateral Reaction Force

Advancing
Reaction
Force

Torque

Figure 4.32: Definition of torque
and advancing, lateral and plunging
reaction forces
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Figure 4.33: A set of different tools:
cylindrical (left), threaded (middle)
and trivex (right)

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Time [s]

0.0

0.2

0.4

0.6

F x
 [K

N]

Cylindrical
Threaded
Trivex

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Time [s]

0.0

0.1

0.2

0.3

0.4

0.5

F y
 [K

N]

Cylindrical
Threaded
Trivex

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Time [s]

0

2

4

6

8

F z
 [K

N] Cylindrical
Threaded
Trivex

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Time [s]

60

40

20

0

M
 [N

m
] Cylindrical

Threaded
Trivex

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Time [s]

0
100
200
300
400
500
600

T m
ax

 [°
C] Cylindrical

Threaded
Trivex

Figure 4.34: Forces, torque and
maximum Temperature evolution
over time

[195]: Venghaus et al. (2025), “Em-
bedded technology for enhanced
modeling of Friction Stir Welding
processes”

From the evolution of the forces over time, it becomes evident that, for
the cylindrical tool, the forces converge to a stationary value. In con-
trast, for the non-axisymmetric tools, the forces exhibit oscillatory be-
havior. For the threaded tool, which has one-fold rotational symmetry
(i.e., a full 360° rotation is required to reproduce the same geometry),
the oscillation frequency matches the tool’s rotational frequency – one
oscillation per rotation. For the trivex tool, which exhibits three-fold
rotational symmetry (i.e., a 120° rotation yields an identical geome-
try), the oscillation frequency is three times the rotational frequency.
Typically, the vertical force Fz, torque M , and maximum temperature
Tmax do not oscillate regardless of the tool geometry.

Tilting Angle The driving motivation to develop an alternative to
the Apropos Kinematic Framework was its limitation regarding non-
zero tilt angles (see Fig. 4.15). Thanks to switching to a non-body
fitted approach, the tilt angle is accounted for by simply adjusting
the CAD’s position before computing the discrete level-set function.
Similar to the parameter study presented in Venghaus et al. [195][Appx.
C] , Fig. 4.35 shows the influence of the tilt angle on the reaction forces
and maximum temperature.



4 Friction Stir Welding 90

Tmax [°C]Fx [kN] Fy [kN] Fz [kN] M [Nm]

Tilt [deg] Tilt [deg]Tilt [deg] Tilt [deg] Tilt [deg]

Figure 4.35: Impact of tilting angle
(0° → 2°) on reaction forces, torque
and maximum temperature

[188]: Dialami et al. (2017), “En-
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Stir Welding (FSW) analysis: Simu-
lation and experimental validation”
[195]: Venghaus et al. (2025), “Em-
bedded technology for enhanced
modeling of Friction Stir Welding
processes”

The influence of the tilt angle can be seen on all reaction forces, in-
cluding torque and maximum temperature. Its impact is strongest on
the advancing and transversal forces Fx and Fy. With an increasing
tilt angle, the advancing forces rise. This effect can be attributed to
the larger cross-section and an increased “angle of attack”. For the
same reason, the vertical reaction forces Fz increase slightly with an
increasing tilt angle.

The most significant part of the transversal reaction force is generated
through slipping in the rear section of the tool. Under the leading edge,
where the material is sticking to the tool, large transversal forces are
generated. In the rear section, where the tool is slipping, smaller forces
are generated. Since both forces act in opposite directions, the result is
a transversal reaction force. The more slipping occurs in the rear part
of the tool, the bigger the difference in transversal forces and the bigger
the transversal reaction force. See Dialami et al. [188] and Venghaus
et al. [195][Appx. C] for an in-depth explanation of these effects.

If a tilt angle is introduced, the rear part of the shoulder is plunged
deeper into the workpiece, increasing its contact area. A larger contact
area of the rear part of the tool counters the effect created by the rear
slipping, decreasing the difference between front and rear transversal
forces. Thus larger tilt angles lead to smaller transversal reaction forces
Fy, as seen in Fig. 4.35.

The increased contact area can also be attributed to the increase in
torque and maximum temperature for larger tilt angles.

4.5 Bridging Research and Industrial
Application

The transition from research-driven numerical methods to industrial
applications often faces significant hurdles. While researchers focus
on developing novel simulation techniques, engineers need robust, ef-
ficient, and user-friendly tools for real-world applications. Although
research codes are often open-source, they can be challenging to use
and integrate into industrial workflows. Commercial FEM codes such
as Abaqus, ANSYS, or MSC Nastran are typically easier to operate
but often lack novel numerical methods.

This challenge is particularly significant for FSW due to high computa-
tional demands and complex material modeling. Various advanced nu-
merical techniques were introduced, such as employing different mixed
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Table 4.1: List of most important
FSW simulation parameters

formulations for adaptive refinement, orthogonal subscale stabiliza-
tion, non-body-fitted methods that interface directly with CAD data,
and Ghost-Stabilization. All of these methods have been introduced
because they offer higher accuracy and/or computational efficiency.
However, none of these approaches are natively available in commer-
cial FEM software. Even when utilizing programmable user interfaces,
these methods are very complex to implement without having complete
control over the entire FE code.

The task at hand is to bridge research and industrial application. This
section addresses key aspects of this transition, including pre- and
postprocessing and the implementation of said advanced methods in
an HPC framework.

Preprocessing One of the most important aspects of FEM software
accessibility is preprocessing. A streamlined and user-friendly way to
define the simulation parameters is crucial to familiarize engineers with
new simulation software quickly. For FSW, there are approximately 20
parameters, as shown in Tab. 4.1.

Processing Dimensions Materials/Friction Output
Advancing Speed Plate Dimensions Viscosity Output Frequency
Rotation Speed Tool Geometry (CAD) Flow Index Required Output Fields
Plunging Depth Tool Dimensions Specific Heat Capacity – Temperature
Tilt Angle Mesh Type and Density Conductivity – Material Tracing
Rotation Direction Simulation Time Friction Coefficients – Strain Rates...

Typically, the geometry description and mesh generation are a time
consuming part of preprocessing. Fortunately, using a non-body-fitted
method, this aspect is already reduced to an absolute minimum. A
rectangular box represents the workpiece, and the tool-workpiece in-
terface is defined using a discrete level-set function which is directly
computed from a CAD file, as described in Sec. 3.2.1, Par. Implicit Ge-
ometry Description.

To facilitate user-friendly preprocessing, a graphical user interface (GUI,
Fig. 4.36) was developed to streamline the processes. After launch-
ing the GUI, the user can select a CAD file from the file system
(STL/STEP/IGES), which is loaded into the program and visualized.
In an initial step (Fig. 4.36a), a number of tool-related characteristics
need to be defined, including the tool symmetry (which determines
whether the level-set function needs to be updated every step), and
whether the shoulder is concave. The latter triggers the activation of
the additional elements to fill the shoulder cavity associated with con-
cave tools (see Sec. 4.3.5).

The computational domain is defined by its dimensions in x, y, and z,
and by defining the tilt angle and plunging depth, the tool is positioned
with respect to the computational domain (Fig. 4.36b).

Similarly, the remaining parameters such as friction and refinement pa-
rameters can be entered (see Fig. 4.36c), the temperature-dependent
material properties can be modified, and the mesh is generated. Ul-
timately the GUI generates the input files which are required by the
FEM kernel and launches the simulation – either locally or remotely
on an HPC cluster.
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(a) Tool characteristics

(b) Processing prameters and workpiece dimensions

(c) Friction coefficients and refinement strategy

Figure 4.36: Graphical User Interface
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Postprocessing After completing the simulations, the relevant nu-
merical results need to be gathered and visualized. A common tech-
nique to experimentally study heat generation and diffusion is to em-
bed thermocouples in the workpiece and weld past them. The result is
a graph showing the temperature evolution over time. An equivalent
graph cannot be easily obtained from the simulation since it is per-
formed in an Eulerian framework, where only the spacial temperature
distribution is available. To obtain the temperature evolution of a ma-
terial point, the temperature must be plotted along a streamline, as
shown in Fig. 4.37.

Inflow

Advancing/Welding Direction

Thermocouple Streamline

Figure 4.37: Temperature measure-
ments in Lagrangian framework (ma-
terial temperature, left) and Eule-
rian framework (spacial temperature,
right)

Although the velocity field can be used to analyze the material flow, it
is not a very intuitive representation of the material movement. This
problem is shared by all fluids-based approaches that operate in an
Eulerian framework (see Tab. 4.18). As a remedy, particle tracing can
be utilized to better visualize the material flow.

A block of massless particles (tracers) is positioned inside the com-
putational domain in front of the tool. Throughout the simulation,
the tracer positions are advected based on the velocity field obtained
by solving the Stokes flow problem. Dialami et al. [198] have shown
that the time integration must be performed using a 4th-order Runge-
Kutta method to achieve accurate results. Less accurate time inte-
gration methods, such as first order explicit time integration (explicit
Euler), cannot preserve circular trajectories, leading to an un-physical
radial spread.

A problem regarding particle tracing is the different timescales in-
volved. Assuming a rotational velocity of 600 RPM, a full tool rotation
takes 0.1 s. Assuming one rotation is discretized into 40 time steps, this
results in a timestep size of 0.0025 s. Using the artificial speed-up pa-
rameter (see Eq. (4.3) in Sec. 4.3.2), a (periodic) steady-state solution
can be reached in 2 to 3 rotations – or 80 to 120 time steps.

Much more time is needed for a particle to traverse the length of ap-
proximately three shoulder diameters (i.e., from in front of the tool to
the rear of the tool). Assuming an advancing speed of 0.5 m/min or
0.0083̄ m/s and an exemplary shoulder diameter of 15 mm, the time
needed for the particle to pass the tool is 5.4 s or 2160 time steps.

The solution is clear for axisymmetric tools where a proper steady-
state solution is reached. The particle tracing can be performed after
finishing the thermo-mechanical simulations by simply using the fi-
nal converged velocity field. For non-axisymmetric tools, a similar ap-
proach can be followed. After reaching the periodic steady state, the
velocity fields of a full rotation are saved and periodically repeated to
perform the particle tracing. Fig. 4.38 shows the results of a particle
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tracing simulation, where the temperature fields are mapped onto the
the particles.

Implementation and High-Performance Computing (HPC)
All presented methods were implemented in Femuss (Finite Element
Methods Using Subgrid Scales), an in-house Finite Element code de-
veloped at the International Center for Numerical Methods in Engi-
neering (CIMNE). The code base is mostly written in Fortran 2003
and utilizes the full potential of an object-oriented programming lan-
guage. Femuss is a multi-physics code capable of performing and cou-
pling solid mechanics, compressible and incompressible fluid mechan-
ics, convection-diffusion-reaction, as well as optics and acoustics sim-
ulations. As the name suggests, the software was developed around
variational multi-scale stabilization. The software is fully parallelized
using distributed memory parallelization [199] and supports efficient
adaptive octree refinement and load-rebalancing [116].

Many simulations, including the mesh convergence studies with up to
50 million elements [195][Appx. C], were performed on LUMI, at the
time of writing, Europe’s largest supercomputer.
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Figure 4.38: Particle Tracing
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4.6 Concluding Remarks

The third part of this work addressed the application of methods to
deal with isochoric material flow and non-body fitted methods to Fric-
tion Stir Welding – an emerging solid-state joining technique that is in-
creasingly used for joining lightweight structural components for trans-
portation applications (i.e., automotive, rail, marine and aerospace
sectors) and other load-bearing structures. The section addressed the
fundamentals of FSW, the influence of tool shapes and process param-
eters, and the applicability to different materials. The advantages –
most importantly being a solid-state joining process that operates at
lower temperatures and avoids phase change – were outlined, and chal-
lenges were acknowledged. The most important one is its sensibility
towards its processing parameters.

Naturally, numerical simulations are useful tools for engineers and re-
searchers to study the effect of different parameters on the produced
welds. Over the last two decades, increasingly complex approaches have
been tried and tested to predict material flow, temperature evolution,
and changes in microstructure, among other things. FSW simulations
fall into two major categories: solids-based and fluids-based approaches.
While the first is exclusively modeled in a Lagrangian framework, the
second can be modeled in Eulerian or ALE frameworks. More recently,
particle-based methods have been presented.

Fluids-based methods, which are particularly useful in studying the
(periodic) steady-state solution of the actual welding phase (exclud-
ing plunging and extraction), only allow for unchanging meshes when
assuming axisymmetric tools. Non-axisymmetric tools (which are the
common case) are required for the ALE framework, and frequent re-
meshing and projections between meshes are mandatory. The Apropos
Kinematic Framework was developed to address this issue but is lim-
ited to zero-degree tilt angles.

This work explores the possibilities that non-body-fitted methods offer.
By describing the tool-workpiece interface using a discrete level-set
function computed directly from a CAD file, arbitrary tool shapes
and movements are possible, including the aforementioned tilt angles.
Furthermore, preprocessing is reduced to a minimum since the work-
intensive domain and mesh generation is greatly simplified. The use of
unfitted meshes brings its own challenges, one being small cut elements
and the other being the time dependency of the level-set function,
which leads to the dynamic re-assignment of nodes and elements to the
physical and non-physical subdomains. The first issue is addressed by
using the Ghost Stabilization approach, which, due to its utilization
of orthogonal projections, ties in well with the orthogonal subscales
stabilization used for stabilizing the mixed velocity-pressure problem.
The latter is addressed by computing a harmonic extension in the non-
physical subdomain, ensuring optimal initial conditions for nodes that
become part of the physical subdomain upon updating the level-set
function due to the tool rotation.

Concave tools and the definition of surface normals presented addi-
tional challenges. To prevent unphysical contact between tools and
workpieces, especially with concave shoulder features, an extra layer
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of elements is generated above the physical domain. This layer fills
the cavity formed by the concave shoulder. To achieve realistic surface
normals independent of the level-set function’s linear interpolation, the
original normals are retrieved from the CAD file. The results align well
with experimental data [195][Appx. C], and parameter studies demon-
strate expected and justifiable responses in reaction forces, torque, and
maximum temperature.

To bridge the gap between academic research and industrial applica-
tion, significant effort was invested in creating pre- and post-processing
tools. These tools streamline the generation of simulation input data
and provide intuitive visualizations for the process analysis and the
comparison with experimental data.



Conclusions 5
5.1 Summary

Metal forming and manufacturing processes are a cornerstone of to-
day’s modern world. With the increasing complexity of manufacturing
processes and the goal of using available resources as efficiently as pos-
sible, numerical simulations – particularly the Finite Element Method
– have become essential tools for researchers and engineers. These tools
can predict a wide range of physical quantities from displacements and
stresses to temperatures and microstructures.

However, numerical analysis is a discipline in its own right, and the
numerical modeling of mechanical processes is often not as straightfor-
ward as initially assumed. Numerical methods can become unstable,
yielding unphysical or no results at all. This is especially true for metal
forming applications involving (nearly) isochoric deformations, which
occur during plastic deformations.

Also, while numerical tools are meant to save time compared to ex-
periments, generating and handling geometries and meshes, defining
simulation parameters, and applying boundary conditions can be time-
consuming and require significant human interaction.

This work aimed to study existing methods to address these problems,
evaluate their applicability to metal forming and manufacturing prob-
lems, and adapt and improve them where necessary.

Mixed finite element formulations have proven to be excellent tools for
addressing problems in the isochoric domain (i.e., mixed displacement-
pressure formulations, u/p), as well as for ensuring local convergence
of strains, even when using only linear elements (i.e., displacement-
strain formulation, u/ε). Additionally, a combination is possible (i.e.,
displacement-pressure-deviatoric strain, u/p/e) that combines the ben-
efits of both the u/p and u/ε formulations.

The downside of this three-field formulation is its large number of de-
grees of freedom per node. Part of this work was the development of the
Adaptive Formulation Refinement to address this issue by selectively
activating the enhanced three-field formulation based on physical crite-
ria or error estimation. The conducted tests showed that, when using
reasonable criteria, the results were on par with the three-field formu-
lation. Further investigations revealed that special consideration must
be given to the solver to fully capitalize on the gained efficiency. The
method was then successfully applied to quasi-brittle structural failure
analysis and combined with classical adaptive mesh (h-) refinement.

An important part of this work was enhancing the applicability of the
developed methods to actual engineering problems, ensuring they did
not remain an academic exercise. Friction Stir Welding (FSW) was
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such a problem. Due to the enormous plastic and localized deforma-
tions, FSW is a prime candidate for using mixed formulations. Fur-
thermore, the numerical modeling of FSW is characterized by complex
geometries and moving boundary conditions.

This work used CutFEM to achieve three goals simultaneously. By al-
lowing for non-body-fitted meshes, a purely Eulerian framework was
used, eliminating any mesh movement and resulting re-meshing. By
modeling the tool using a discrete level-set function computed from
a regular CAD file, the pre-processing effort was minimized. And, ul-
timately, the tool could be of arbitrary shape and positioned at any
arbitrary position and angle.

The obtained simulation results showed good agreement with exper-
imental data, and the conducted parameter studies showcased the
framework’s ability to assist engineers in optimizing process parame-
ters. To enhance the accessibility of the developed framework, a Graph-
ical User Interface was developed to create simulation input files and
to start and manage simulations. Furthermore, a particle tracing al-
gorithm was implemented to provide an intuitive means of visualizing
material flow.

5.2 Contribution

The main scientific contributions of the work are, for each of the parts
of the thesis:

Part I Element Technology

— Implementation of the u/p/e formulation and the respective sta-
bilization algorithms in a fully parallelized, high-performance
computing FE framework (Femuss).

— Conceptualization, development and implementation of the adap-
tive formulation refinement method.

— Adaptation of the OSS stabilization approach to deal with the
u/p–u/p/e interface in the context of Adaptive Formulation Re-
finement (AFR).

— Development of efficient, AFR specific, solver strategies to mini-
mize simulation times.

— Adapting the AFR approach to be used in conjunction with adap-
tive mesh refinement.

— Application to fracture mechanics.

Results were published in the following scientific journals

— H. Venghaus, M. Chiumenti, J. Baiges, D. Juhre, and I. Castañar.
“An accurate approach to simulate friction stir welding processes
using adaptive formulation refinement”. In: Finite Elements in
Analysis and Design 224 (2023)
[Q1-ranked at time of publication] [Appx. A]

— G. Barbat, M. Cervera, H. Venghaus, and M. Chiumenti. “Objec-
tivity in quasi-brittle structural failure via adaptive formulation
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and mesh refinement”. In: Theoretical and Applied Fracture Me-
chanics 122 (2022)
[Q1-ranked at time of publication] [Appx. B]

and presented at the following scientific congresses

— H. Venghaus, M. Chiumenti, J. Baiges, and D. Juhre. “Adaptive
Formulation Refinement Stress, strain and dissipation accurate
FE technology for metal forming applications.” In: XVI Inter-
national Conference on Computational Plasticity. Fundamentals
and Applications (COMPLAS). 2021

— H. Venghaus, G. Barbat, M. Chiumenti, J. Baiges, and D. Juhre.
“Combined Refinement Strategies Using Mixed Finite Element
Technology in Friction Stir Welding Analysis”. In: 9th GACM
Colloquium on Computational Mechanics (GACM). 2022

— H. Venghaus, M. Chiumenti, J. Baiges, and D. Juhre. “Combined
Refinement Strategies Using Mixed Finite Element Technology
in Friction Stir Welding Analysis”. In: Joint International Sym-
posium on Friction Stir Welding and Processing (ISFSWP). 2022

Part II Unfitted FEM / Embedded Domain Methods

— Implementation of CAD-based discrete level-set functions to rep-
resent industrial geometries in an FEM framework. Access to
CAD geometry is realized through the OpenCascade [74] library,
requiring the implementation of a C++ Fortran interface. The
implementation supports the following formats: STL, STEP, and
IGES.

— Revision and partial re-implementation of boundary-conform in-
tegration algorithms for cut elements in Femuss

— Implementation of element decomposition strategy to apply boun-
dary-conform integration to linear quadrilateral and hexahedral
elements

— Implementation of regular and non-negative Moment Fitting al-
gorithm

— Implementation of Penalty and Nitsche’s Method
— Implementation of Ghost Penalty stabilization for mechanical

and thermal problems

Since this section of the thesis largely deals with researching available
methods, assessing their suitability, and implementing them, no pub-
lications were made as the work that was conducted would not have
been considered a new contribution. The contributions are nevertheless
listed here since they form the basis of the final chapter: the simulation
of FSW using an embedded domain method.

Part III Friction Stir Welding

— Implementation of temperature-dependent linearized Norton-Hoff
material law, as well as enhanced FSW friction laws, based off
works by Dialami et al. [188]

— Development of a CAD-to-Simulation workflow for non-body fit-
ted FSW simulations, including:
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– Conceptualization, development and implementation of au-
tomatic domain extension scheme to account for concave
tools

– Implementation of harmonic extension for all unknowns
– Conceptualization, development and implementation of al-

gorithm to recover original normals from CAD geometry
using the previously established OpenCascade [74] interface

— Performance of parameter fitting and validation using experimen-
tal data

— Studying effects of different welding parameters such as advanc-
ing speed, rotation speed, plunging depth, tools scale and tilt
angle on reaction forces, torque and temperature

— Enhancing accessibility and working towards facilitating technol-
ogy transfer by developing a Graphical User Interface for easy
generation of simulation input data

— Implementation of particle tracing algorithm based on works by
Dialami et al. [198], with the addition of method to drastically
reduce simulation time by “recycling” the velocity’s (periodic)
steady-state solution

Results were published in the following scientific journals

— H. Venghaus, M. Chiumenti, J. Baiges, D. Juhre, and N. Dialami.
“Embedded technology for enhanced modeling of Friction Stir
Welding processes”. In: Computer Methods in Applied Mechanics
and Engineering 435 (2025)
[Q1-ranked at time of publication] [Appx. C]

and presented at the following scientific congresses

— H. Venghaus, M. Chiumenti, J. Baiges, and D. Juhre. “A Com-
prehensive Framework for Accurate and Efficient Simulation of
Friction Stir Welding Processes.” In: XVII International Con-
ference on Computational Plasticity. Fundamentals and Applica-
tions (COMPLAS). 2023

5.3 Future Work

This work lays a solid foundation for future research and opens up
new possibilities to introduce advanced numerical methods to simulate
metal forming and manufacturing processes.

Application to other industrial processes There are other metal
forming and manufacturing processes which are also characterized by
one or more of the following aspects: isochoric deformations, strain lo-
calizations, and complex and/or moving boundaries. All of them can
benefit from adopting the presented numerical methods, namely mixed
two- and three-field finite element formulations, stabilized with orthog-
onal sub-grid scales, while using CutFEM to allow for non-body fitted
meshes and describing the boundary using a discrete level-set function
computed from a CAD geometry. Possible applications include:

— Forging, where both die and workpiece could be described using
a level-set function.
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— Additive Manufacturing, especially for hybrid printing where the
printed material is deposited onto existing components, e.g., for
printing additional features or to repair the component. Describ-
ing the existing components using a discrete level-set function
computed from a CAD file can be very convenient.

— Extrusion, which exhibits temperatures and material flow at the
die that are similar to FSW. The iterative processes of designing
dies can be streamlined by using a discrete level-set function com-
puted from a CAD file rather than creating body-fitted meshes
each time the geometry is updated.

Further development of individual methods Different aspects
of the developed and presented methods can be developed further.

— Study of stability of mixed three-field formulations in CutFEM
and, if necessary, development of suitable Ghost stabilization
terms.

— Application of Adaptive Formulation Refinement in the context
of CutFEM.

— Development of fractional step schemes to enhance simulation
times of mixed three-field formulations.

Further development of FSW framework Finally, the developed
FSW framework can be adapted to enhance its accuracy further and
to simulate more complicated scenarios.

— Application of Adaptive Formulation Refinement in the context
of Embedded Friction Stir Welding. The enhanced strain accu-
racy of the three-field formulation will be beneficial to capture
the strong gradients at the tool-workpiece interface.

— Introduction of further analysis tools to framework, such as multi-
phase flow for dissimilar joining, metallurgical studies, or double-
sided welding.
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A B S T R A C T

A novel Adaptive Formulation Refinement (AFR) strategy for Friction Stir Welding (FSW) problems
is presented. In FSW, the accurate computation of strains is crucial to correctly predict the
highly non-linear material behavior in the stir zone. Based on a posteriori error estimation,
AFR switches between two mixed formulations depending on the required accuracy in the
different regions of the domain. The higher accuracy formulation is used in the thermo-
mechanically affected zone (TMAZ), while a computationally cheaper formulation is used
elsewhere. AFR adds to the well-known ℎ- (mesh size), 𝑝- (polynomial degree) and 𝑟-refinement
(spatial distribution) approaches. The considered mixed formulations are the velocity/pressure
(𝐮∕𝑝) and the velocity/pressure/deviatoric strain rate (𝐮∕𝑝∕𝐞) formulations—both suitable for
isochoric material flow. By applying the AFR strategy, the use of linear elements is preserved,
the incompressible flow of the material is captured correctly and any remeshing is avoided.
Furthermore, the treatment of the interface between refined and unrefined subdomains is
straightforward due to the compatibility of variable fields and lack of hanging nodes. The
accuracy of the results obtained from the AFR method compares favorably with reference results
of the non-adaptive 𝐮∕𝑝∕𝐞 formulation. At the same time, faster build and solve times are
achieved.

1. Introduction

Friction Stir Welding (FSW) is a solid-state joining process, where two facing work pieces are welded together using a non-
consumable pin-tool which rotates and moves along their interface. In FSW, the joining process is achieved because of heat generated
by friction between the pin-tool shoulder and the work pieces as well as by the plastic deformation of the stirred material. Typically,
the material is not melted. This is a great advantage over conventional welding techniques, since both solidification and liquation
cracking are avoided. However, the FSW process is very sensitive to the process parameters such as the rotation speed, the advancing
speed, the pin shape and tilting, among others. The numerical simulation of FSW is a valuable tool to understand the influence of
these parameters to optimize the process [1].

The main goals of the simulation of FSW are: the prediction of the temperature distribution [2,3], the sensitivity to the process
parameters [4], the analysis of the strain rate field [5] and the material flow [6,7] as well as the contact and friction [8,9]. The
choice of the most suitable computational frameworks (i.e., Eulerian, Lagrangian or ALE) has also been analyzed [10]. Furthermore,
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several works are devoted to the evolution of the metallurgy in the Heat Affected Zone (HAZ) [11] and the formation of different
defects induced by the welding process [6].

The material characterization in FSW simulations is also of great scientific interest because of the strong thermo-mechanical
coupling. On one hand, the thermal analysis is driven by the heat generated by the plastic dissipation (material stirring and friction
between tool and work piece). On the other hand, the thermal softening, induced by the temperature field, must be accounted for,
in order to characterize both material stiffness and strength accurately. Moreover, the isochoric nature of the plastic deformations
(i.e., J2-plasticity or visco-plastic flow models) must be considered [12]. As a consequence, the use of standard (displacement-based)
formulations is typically precluded and more sophisticated Finite Element technologies are mandatory in order to deal with the
inherent material incompressibility.

Established methods to deal with isochoric behavior are the Reduced and Selective Integration method [13–15], B-bar and F-bar
approaches [16–19], the Enhanced Assumed Strain methods [20–22] or the Q1P0 Formulation [23]. Unfortunately these methods are
often only applicable to nearly incompressible cases and/or are not compatible with arbitrary types of elements and choices of shape
functions. Another approach to deal with incompressible behavior is the use of Discontinuous Galerkin methods [24–26].

The mixed velocity/pressure (𝐮∕𝑝) formulation is an alternative approach to deal with a fully isochoric behavior, regardless of the
element type (e.g., hexahedral, tedrahedral or prism elements are allowed) and thus facilitating the mesh generation when complex
industrial tools are used. Stabilization techniques and, particularly, the Variational Multi-Scale (VMS) method [27,28] have been
introduced to overcome the limitation on the compatibility among the interpolation degrees of the nodal variables. This approach,
originally developed for incompressible computational fluid dynamics (CFD) analysis, has been extended to solid mechanics [29] to
deal with elasto-plasticity, damage and strain localization problems [30–35], hyper-elasticity [36,37] and elasto-dynamics, including
finite strain solid dynamics [38–41]. Throughout the present paper the 𝐮∕𝑝 formulation will also be referred to as the two-field
formulation.

To enhance the accuracy of the solution of a Finite Element simulation, the most frequently applied techniques are: the use
of finer meshes (ℎ-refinement), higher order shape functions (𝑝-refinement) or a combination of both (ℎ𝑝-refinement [42,43]).
Unfortunately, 𝑝-refinement is not straightforward for the 𝐮∕𝑝 formulation. However, mixed formulations, considering either the
stress or strain as an additional primary unknown, have proven to be a good alternative to the use of higher order shape functions.

The mixed (linear/linear) displacement/stress (𝐮∕𝝈) formulation [44,45] was developed to enhance the solution accuracy by
considering the stresses, additionally to the displacements, as primary unknowns. By splitting the stress tensor into its volumetric
(i.e., the pressure 𝑝) and its deviatoric part (𝐬), it is possible to define a three-field 𝐮∕𝑝∕𝐬 formulation [46] able to combine the
material incompressibility requirement with stress accuracy.

However, several material laws are strain driven. Therefore, the mixed displacement/strain (𝐮∕𝜺) formulation [44,47,48] was
proposed. Finally, the novel displacement/pressure/deviatoric strain (𝐮∕𝑝∕𝐞) formulation [12] combines both the 𝐮∕𝑝 and 𝐮∕𝜺
formulations. The 𝐮∕𝑝∕𝐞 formulation yields a faster convergence rate upon mesh refinement when compared to the classical 𝐮∕𝑝
formulation and shows an enhanced accuracy for the same number of degrees of freedom. It has also proven to be a valuable
tool in the analysis of non-linear, inelastic behavior [49] and topology optimization [50]. Throughout the present paper the 𝐮∕𝑝∕𝐞
formulation will also be referred to as the three-field formulation.

When simulating FSW processes however, the solution is smooth in most regions of the computational domain. Therefore the
use of the very sophisticated and CPU-expensive 𝐮∕𝑝∕𝐞 formulation is unnecessary in most parts of the domain. Only close to the
pin, where high temperature gradients and strain rates are observed, the 𝐮∕𝑝∕𝐞 formulation is required. In order to define the most
suitable and computationally efficient framework for the FSW simulation, an adaptive use of both two- and three-field formulations
is presented in this work. This Adaptive Formulation Refinement (AFR) approach is driven by an a posteriori error estimator [51–54].
Thus, it is possible to switch between the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 formulation according to the required solution accuracy, while preserving
the use of linear elements and avoiding any remeshing. Furthermore, it can be shown that the treatment of the interface between
unrefined (𝐮∕𝑝) and refined (𝐮∕𝑝∕𝐞) subdomains is straightforward, due to the compatibility of the variable fields and the lack of
hanging nodes.

The main novelty of the present paper is the element-wise use of differently accurate (and computationally demanding) mixed
and stabilized FE formulations as a means of adaptive refinement strategy. The presented paper shows that the superior strain rate
accuracy of the three-field formulation can be applied in crucial areas of the computational domain while the overall computational
cost is reduced by using the two-field formulation elsewhere. A reasonable subdivision of the computational domain into 𝐮∕𝑝 and
𝐮∕𝑝∕𝐞 elements is key to minimizing the global error with respect to the computational cost and is therefore discussed in detail in
the present paper. The focus lies on the demonstration of the capabilities of this novel approach to adaptive refinement. Hence, the
modeling of the FSW process is kept as simple as possible. To assess the results several numerical examples are presented.

The outline of the present paper is as follows: In Section 2 the governing equations for the mechanical problem are introduced
and the visco-plastic material model is introduced in Section 2.2. Section 2.3 introduces the weak form and element stiffness matrices
for the 𝐮∕𝑝 formulation (Section 2.3.1) and the 𝐮∕𝑝∕𝐞 formulation (Section 2.3.2), respectively. In Section 3 the thermal problem
is introduced. In Section 4 the AFR approach is introduced, including the error estimators (Section 4.1), the adaptive approach
(Section 4.3) as well as the solution strategy (Section 4.4). The results are presented and assessed in Section 5 and conclusions are
drawn in Section 6.
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Fig. 1. Friction Stir Welding Process.

2. Mechanical analysis

In Friction Stir Welding a pin-tool is rotating around its axis while moving forward along the welding line. Thus, assuming a
Lagrangian framework, it is necessary to perform continuous remeshing to adjust the mesh according to the current tool position.
Alternatively, it is possible to consider a relative movement of the metal sheets towards the actual pin which is kept rotating around
a fixed axis. In this case, the problem is solved in an Eulerian framework [29] (see Fig. 1).

The advantage of the Eulerian framework is the minimization of remeshing, particularly when a cylindrical tool is used. Bussetta
et al. [10] showed that both frameworks yield equivalent results, though the Eulerian framework is generally preferred because it is
computationally more efficient. The main consequence of adopting an Eulerian framework is related to the constitutive model used
to characterize thermo-mechanical material behavior. The classical thermo-elasto-visco-plastic model, used within the Lagrangian
framework, is typically replaced by a thermo-visco-plastic flow model, as introduced in Section 2.2.

2.1. Continuum problem

Let 𝛺 denote the open and bounded domain in R𝑛 occupied by the body defined in a space of 𝑛 dimensions. The boundary 𝛤
of 𝛺 is split into 𝛤𝑢, where the prescribed velocities 𝐮̄ are specified (Dirichlet boundary conditions), and 𝛤𝑡, where the prescribed
tractions 𝐭̄ are applied (Neumann boundary conditions), such that 𝛤𝑢 ∪ 𝛤𝑡 = 𝛤 and 𝛤𝑢 ∩ 𝛤𝑡 = ∅.

The mechanical model is described by the following set of equations

∇ ⋅ 𝐬 + ∇𝑝 + 𝐛 = 𝟎 (1)

𝐞 − ∇𝑠𝐮 = 𝟎 (2)

𝐬 − 2𝜇eff 𝐞 = 𝟎 (3)

∇ ⋅ 𝐮 = 0, (4)

where Eq. (1) is the balance of momentum equation, Eq. (2) the kinematic equation, Eq. (3) the constitutive equation, and, finally,
Eq. (4) enforces the incompressibility constraint. In the above equations, 𝐮 denotes the velocity field, being the driving variable of
the problem, 𝑝 and 𝐬(𝐞) are the spherical (pressure) and the deviatoric parts of the stress tensor, 𝜇eff is the effective viscosity and 𝐛
are the body forces. The strain rate tensor, 𝐞 = ∇𝑠𝐮, is purely deviatoric due to the isochoric nature of this problem (incompressible
flow). Observe that the convective term of the balance of momentum equation is neglected because in FSW the material flow is
characterized by very low Reynolds numbers (the viscous forces being much larger than the inertial forces [12,29]).

2.2. Norton–Hoff material model

Visco-plastic behavior is widely used to describe the material flow for the simulation of several metal forming processes such as
metal casting, extrusion or forging. Such laws neglect the elastic response and assume an incompressible material flow. Common
visco-plastic material models are the Sheppard–Wright model [55], the (regularized) Bingham model [56], the Carreau model [57]
and the Norton–Hoff model [58,59], which is a generalization of a non-Newtonian fluid, modeled as a power law. In the present
work, the Norton–Hoff model is used because of the availability of temperature-dependent material parameters (see Fig. 19),
obtained from an extensive experimental program.
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Fig. 2. Norton–Hoff power law and linearized law at a fixed temperature of 𝑇 = 300 ◦ C.

The stresses 𝐬 are obtained as

𝐬 = 2𝜇eff 𝐞 with 𝜇eff (𝛾) = 𝜇0𝛾
𝑚−1, (5)

where the effective viscosity 𝜇eff is computed from the (temperature-dependent) consistency parameter 𝜇0, the equivalent strain
rate 𝛾 =

√

2‖𝐞‖ and the (temperature-dependent) flow index 𝑚. Note that for 𝑚 = 1 Newtonian behavior is recovered, thus 𝜇eff = 𝜇0.
In the present work, the flow index 𝑚 ranges from 0.02 to 0.2, resulting in very non-linear behavior and leading to a shear-thinning
effect at the boundary layer.

The mechanical dissipation 𝐷m is computed as

𝐷m = 𝜑 𝐬 ∶ 𝐞, (6)

where 𝜑 is the fraction of the mechanical dissipation turned into heat.
Analogous to the equivalent strain rate, an equivalent stress 𝜏 can be computed as 𝜏 =

√

2
2 ‖𝐬‖. Thus, the constitutive equation

can also be written as 𝜏 = 𝜇eff 𝛾 and the mechanical dissipation reduces to 𝐷m = 𝜑𝜏𝛾.

Linearized law. Due to the highly non-linear nature of the constitutive equation for very low values of the flow index parameter
𝑚, a linearized version of the Norton–Hoff law is proposed. For each order of magnitude of the equivalent strain rate 𝛾, a modified
effective viscosity 𝜇̄eff is computed by interpolating the values obtained at the two extremes 𝜇eff1 and 𝜇eff2.

First, the order of magnitude of the equivalent strain rate is determined to the smaller whole number 𝜓 as

𝜓 = ⌊log10 𝛾⌋ for 𝛾 > 1. (7)

Then, two equivalent strain rates are computed as 𝛾1 = 10𝜓 and 𝛾2 = 10𝜓+1 and, according to Eq. (5), two effective viscosities 𝜇eff1
and 𝜇eff2 are computed. Finally, by performing a linear interpolation, the value of the modified effective viscosity 𝜇̄eff is obtained.
For values of 𝛾 ≤ 1, the linearized effective viscosity is computed as 𝜇̄eff = 𝜇eff (𝛾 = 1).

Fig. 2 shows the equivalent stress/strain rate curves of both the original and the linearized Norton–Hoff model for a constant
temperature 𝑇 .

2.3. Mixed finite element formulations

Two of the main challenges of simulating FSW are the isochoric material flow and the highly non-linear material behavior induced
by the thermal softening. In the present work, mixed formulations are used to address both challenges. The mixed velocity/pressure
(𝐮∕𝑝) formulation is typically used in CFD analysis to deal with fully incompressible fluid flows. This formulation allows for the
use of arbitrary element types such as hexahedral, tetrahedral or prism elements as well as arbitrary orders of shape functions.
Nevertheless, linear–linear shape functions are generally used to interpolate both the velocity and pressure fields [44]. Alternatively,
the mixed velocity/pressure/deviatoric strain rate (𝐮∕𝑝∕𝐞) formulation can be adopted. This three-field formulation has shown a
superior stress/strain rate accuracy while also dealing with fully incompressible behavior [12]. However, the 𝐮∕𝑝∕𝐞 formulation is
also computationally more expensive because it introduces the deviatoric strain rate tensor as a primary unknown, together with
the velocity and the pressure fields.

The main objective of the present work is to enhance the efficiency of FSW simulations by using the 𝐮∕𝑝∕𝐞 formulation only in
the regions of the computational domain where the enhanced stress/strain rate accuracy is required, while using the 𝐮∕𝑝 formulation
elsewhere.

In the following, the weak forms and element stiffness matrices of the two formulations are presented. The Variational Multiscale
Method (VMS) [28] is used to stabilize both formulations, which is required because linear approximations are adopted for all
unknowns.

A Publication 1 121Publication 1: An Accurate Approach to Simulate
Friction Stir Welding Processes Using Adaptive Formulation Refinement



Finite Elements in Analysis & Design 224 (2023) 103986

5

H. Venghaus et al.

2.3.1. Two-field Formulation – 𝐮∕𝑝
The mixed 𝐮∕𝑝 formulation is obtained by substituting the kinematic equation, Eq. (2), and the constitutive equation, Eq. (3),

into the balance of momentum equation, Eq. (1). The resulting system of equations reads

∇ ⋅ (2𝜇eff∇𝑠𝐮) + ∇𝑝 + 𝐛 = 𝟎 (8)

∇ ⋅ 𝐮 = 0. (9)

Eq. (8) is the balance of momentum equation in mixed form, defined in terms of both the velocity field 𝐮 and the pressure field 𝑝.
Eq. (9) is the kinematic equation, used to enforce the incompressibility constraint.

Galerkin weak form. The corresponding weak form (after integration by parts) reads

∫𝛺
∇𝑠𝛿𝐮 ⋅ 2𝜇eff∇𝑠𝐮d𝑉 + ∫𝛺

(∇ ⋅ 𝛿𝐮) 𝑝d𝑉 + ∫𝛺
𝛿𝑝 (∇ ⋅ 𝐮)d𝑉 = 𝐹 (𝛿𝐮) (10)

where the work of the external loads is

𝐹 (𝛿𝐮) = ∫𝛺
𝛿𝐮 ⋅ 𝐛d𝑉 + ∫𝛤𝑡

𝛿𝐮 ⋅ 𝐭̄ d𝐴, (11)

and where 𝛿𝐮 and 𝛿𝑝 are the test functions. Note that the velocity test function vanishes on the boundary 𝛿𝐮 = 0 on 𝛤𝑢. The problem
is complemented by the Dirichlet and Neumann boundary conditions that are defined as

𝐮 = 𝐮̄ on 𝛤𝑢 (12)

𝐬 ⋅ 𝐧 = 𝐭̄ on 𝛤𝑡, (13)

where 𝐮̄ and 𝐭̄ are the prescribed velocities and tractions, respectively, and 𝐧 is the unit outward normal to the surface 𝛤𝑡.
The discrete Galerkin Finite Element approximation can be obtained by discretizing the computational domain into Finite

Elements. The solution of the continuum problem {𝐮, 𝑝} is then approximated by
{

𝐮ℎ, 𝑝ℎ
}

. The discrete counterpart of the weak
form therefore reads

∫𝛺𝑒
∇𝑠𝛿𝐮ℎ ⋅ 2𝜇eff∇𝑠𝐮ℎ d𝑉 + ∫𝛺𝑒

(∇ ⋅ 𝛿𝐮ℎ) 𝑝ℎ d𝑉 + ∫𝛺𝑒
𝛿𝑝ℎ (∇ ⋅ 𝐮ℎ)d𝑉 = 𝐹 (𝛿𝐮ℎ) (14)

Stabilization. If the same order of interpolation is used for both velocity and pressure fields, the mixed problem violates the LBB
condition [60] and therefore lacks stability. To stabilize the formulation, the Variational Multiscale Method (VMS) is used. The
stabilized 𝐮∕𝑝 formulation reads

∫𝛺𝑒
∇𝑠𝛿𝐮ℎ ⋅ 2𝜇eff∇𝑠𝐮ℎ d𝑉 + ∫𝛺𝑒

(∇ ⋅ 𝛿𝐮ℎ) 𝑝ℎ d𝑉 + ∫𝛺𝑒
𝛿𝑝ℎ (∇ ⋅ 𝐮ℎ)d𝑉 − 𝜏𝐮 ∫𝛺𝑒

∇𝛿𝑝ℎ ⋅ 𝖯⟂ℎ [∇𝑝ℎ]d𝑉 = 𝐹 (𝛿𝐮ℎ), (15)

where 𝜏𝐮 is a stabilization parameter [29] that is computed as

𝜏𝐮 = 𝑐𝑢
ℎ2

2𝜇eff
. (16)

Remark 1. The operator 𝖯⟂ℎ = 𝐈 − 𝖯ℎ denotes the projection onto the space orthogonal to the Finite Element space, where 𝖯ℎ is
the projection onto the appropriate Finite Element space. Typically the projection 𝖯ℎ is evaluated at the previous iteration and can
therefore be moved to the right-hand side of the problem. A detailed derivation of the stabilized mixed 𝐮∕𝑝 formulation for solid
mechanics can be found in [29]. See also [61–63].

Element stiffness matrix. The element-wise approximations of the two-field problem are 𝐮ℎ = 𝐍𝑢𝐔ℎ and 𝑝ℎ = 𝐍𝑝𝐏ℎ with 𝐔ℎ and 𝐏ℎ
being the corresponding nodal values of the velocity and pressure fields, respectively. 𝐍𝑢 and 𝐍𝑝 are the matrices of the corresponding
shape functions. The Galerkin method defines the test function by using the same shape functions used for the interpolation of the
nodal variables, thus 𝛿𝐮ℎ = 𝐍𝑢𝛿𝐔ℎ and 𝛿𝑝ℎ = 𝐍𝑝𝛿𝐏ℎ. Thus, the corresponding elemental stiffness matrix reads

𝐊 = ∫𝛺𝑒

[

2𝜇eff [𝐁𝖳𝐁] [𝐆𝐍]

[𝐍𝖳𝐆𝖳] −𝜏𝐮[G𝖳𝐆]

]

d𝑉 . (17)

2.3.2. Three-field Formulation – 𝐮∕𝑝∕𝐞
The mixed 𝐮∕𝑝∕𝐞 formulation is obtained by introducing only the constitutive equation Eq. (3) into the balance of momentum

equation Eq. (1) while preserving both the kinematic equation Eq. (2) and the incompressibility constraint Eq. (4).

∇ ⋅ (2𝜇eff 𝐞) + ∇𝑝 + 𝐛 = 𝟎 (18)

𝐞 − ∇𝑠𝐮 = 𝟎 (19)

∇ ⋅ 𝐮 = 0 (20)

The mechanical problem is now formulated in terms of the deviatoric strain rate 𝐞, the pressure 𝑝 and the velocity 𝐮 as primary
unknowns.
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Galerkin weak form. The corresponding weak form (after integration by parts) reads

∫𝛺
(∇ ⋅ 𝛿𝐮) ⋅ 𝑝d𝑉 + ∫𝛺

∇𝑠𝛿𝐮 ⋅ 2𝜇eff 𝐞d𝑉 + ∫𝛺
𝛿𝑝 (∇ ⋅ 𝐮)d𝑉 + ∫𝛺

𝛿𝐞 ⋅ 2𝜇eff∇𝑠𝐮d𝑉 − ∫𝛺
𝛿𝐞 ⋅ 2𝜇eff 𝐞d𝑉 = 𝐹 (𝛿𝐮), (21)

where 𝛿𝐮, 𝛿𝑝 and 𝛿𝐞 are the test functions with 𝛿𝐮 = 0 on 𝛤𝑢. Note that the third equation has been multiplied with 2𝜇eff to achieve
symmetry. The problem is complemented by the same boundary conditions as for the 𝐮∕𝑝 formulation.

In the corresponding discrete Galerkin Finite Element problem, the solution of the continuum problem {𝐮, 𝑝, 𝐞} is now
approximated by

{

𝐮ℎ, 𝑝ℎ, 𝐞ℎ
}

.

∫𝛺𝑒
(∇ ⋅ 𝛿𝐮ℎ) 𝑝ℎ d𝑉 + ∫𝛺𝑒

∇𝑠𝛿𝐮ℎ ⋅ 2𝜇eff 𝐞ℎ d𝑉 + ∫𝛺𝑒
𝛿𝑝ℎ (∇ ⋅ 𝐮ℎ)d𝑉 + ∫𝛺𝑒

𝛿𝐞ℎ ⋅ 2𝜇eff∇𝑠𝐮ℎ d𝑉 − ∫𝛺𝑒
𝛿𝐞ℎ ⋅ 2𝜇eff 𝐞ℎ d𝑉 = 𝐹 (𝛿𝐮ℎ) (22)

Stabilization. As for the 𝐮∕𝑝 formulation, the VMS method is adopted to stabilize the formulation. The stabilized 𝐮∕𝑝∕𝐞 formulation
reads

∫𝛺𝑒
(∇ ⋅ 𝛿𝐮ℎ) 𝑝ℎ d𝑉 + ∫𝛺𝑒

∇𝑠𝛿𝐮ℎ ⋅ 2𝜇eff 𝐞ℎ d𝑉 + ∫𝛺𝑒
𝛿𝑝ℎ (∇ ⋅ 𝐮ℎ)d𝑉 + ∫𝛺𝑒

𝛿𝐞ℎ ⋅ 2𝜇eff∇𝑠𝐮ℎ d𝑉 − ∫𝛺𝑒
𝛿𝐞ℎ ⋅ 2𝜇eff 𝐞ℎ d𝑉

+𝜏𝐞 ∫𝛺𝑒
∇𝑠𝛿𝐮ℎ ⋅ 𝖯⟂ℎ [2𝜇eff∇

𝑠𝐮ℎ]d𝑉 − 𝜏𝐮 ∫𝛺𝑒
∇𝛿𝑝ℎ ⋅ 𝖯⟂ℎ [∇𝑝ℎ]d𝑉 = 𝐹 (𝛿𝐮ℎ),

(23)

where the stabilization parameters [46] are computed as

𝜏𝐮 = 𝑐𝑢
ℎ2

2𝜇eff
(24)

𝜏𝐞 = 𝑐𝑒. (25)

Remark 2. Analogous to the stabilized 𝐮∕𝑝 formulation, the stabilization terms for the 𝐮∕𝑝∕𝐞 also includes projections onto the
space orthogonal to the Finite Element space, which also can be moved to the right-hand side of the equation, when evaluated at
the previous iteration. For detailed derivation of the stabilized mixed 𝐮∕𝑝∕𝐞 formulation see [12,46,50].

Element stiffness matrix. The element-wise approximations of the three solution fields are 𝐮ℎ = 𝐍𝑢𝐔ℎ, 𝑝ℎ = 𝐍𝑝𝐏ℎ and 𝐞ℎ = 𝐍𝑒𝐄ℎ with
𝐔ℎ, 𝐏ℎ and 𝐄ℎ being the corresponding nodal values and 𝐍𝑢, 𝐍𝑝 and 𝐍𝑒 being the corresponding matrices of shape functions. The
test functions are defined as 𝛿𝐮ℎ = 𝐍𝑢𝛿𝐔ℎ, 𝛿𝑝ℎ = 𝐍𝑝𝛿𝐏ℎ and 𝛿𝐞ℎ = 𝐍𝑒𝛿𝐄ℎ. Thus, the corresponding elemental stiffness matrix reads

𝐊 = ∫𝛺𝑒

⎡

⎢

⎢

⎢

⎣

𝜏𝐞2𝜇eff [𝐁𝖳𝐁] [𝐆𝐍] 2𝜇eff [𝐁𝖳𝐍]

[𝐍𝖳𝐆𝖳] −𝜏𝐮[G𝖳𝐆] [𝟎]

2𝜇eff [𝐍𝖳𝐁] [𝟎] −2𝜇eff [𝐍𝖳𝐍]

⎤

⎥

⎥

⎥

⎦

d𝑉 . (26)

3. Thermal analysis

3.1. Continuum problem

The governing equation of the thermal problem reads

𝜌0𝑐
( 1
𝛼
d𝑇
d𝑡

+ 𝐮 ⋅ ∇𝑇
)

+ ∇ ⋅ 𝐪 = 𝐷m with 𝐪 = −𝑘∇𝑇 , (27)

where 𝑇 is the temperature field (the driving variable of the problem), 𝐮 the convective velocity, 𝜌0 the material density, 𝑐 is the
(temperature-dependent) specific heat capacity and 𝐪 is the heat flux, where 𝑘 is the (temperature-dependent) thermal conductivity.
𝐷m denotes the plastic dissipation (see Section 2.2), acting as source term.

The parameter 𝛼 is introduced to artificially accelerate the transient phase by increasing the thermal diffusion. Thus, the steady
state condition can be achieved faster. This method was first introduced by Dialami et al. [64] for the numerical simulation of FSW
processes.

3.2. Finite element formulation

The corresponding weak form of the thermal problem reads

∫𝛺
𝛿𝑇 𝜌0𝑐

( 1
𝛼
d𝑇
d𝑡

+ 𝐮 ⋅ ∇𝑇
)

d𝑉 + ∫𝛺
∇𝛿𝑇 ⋅ 𝑘∇𝑇 d𝑉 = ∫𝛺

𝛿𝑇 ⋅𝐷m d𝑉 − ∫𝛤𝑞
𝛿𝑇 ⋅ 𝑞 d𝐴, (28)

where 𝛿𝑇 is the test function of the temperature field.
The problem is complemented by the boundary conditions. The boundary 𝛤 of 𝛺 is split into 𝛤𝑇 , where the prescribed

temperatures 𝑇̄ are specified (Dirichlet boundary conditions), and 𝛤𝑞 , where the prescribed heat fluxes 𝑞 are applied (Neumann
boundary conditions), such that 𝛤𝑇 ∪ 𝛤𝑞 = 𝛤 and 𝛤𝑇 ∩ 𝛤𝑞 = ∅. The boundary conditions are defined as

𝑇 = 𝑇̄ on 𝛤𝑇 (29)

𝐪 ⋅ 𝐧 = 𝑞 on 𝛤𝑞 , (30)
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where 𝐧 is the unit outward normal to the surface 𝛤𝑞 . On surfaces which are in contact with the back plate, the heat is dissipated
by conduction and can be expressed by Newton’s law as

𝑞cond = ℎcond(𝑇 − 𝑇backplate), (31)

where ℎcond is the heat transfer coefficient by conduction and 𝑇backplate the environment temperature. Heat fluxes to the environment
by convection and radiation are not considered. The initial temperature for the transient thermal problem is 𝑇 (𝑡 = 0) = 𝑇0.

The discrete Galerkin Finite Element approximation can be obtained by discretizing the computational domain into Finite
Elements. The solution of the continuum problem 𝑇 is now approximated by 𝑇ℎ. Thus, the discrete counterpart of the weak form
reads

∫𝛺𝑒
𝛿𝑇ℎ 𝜌0𝑐

(

1
𝛼
d𝑇ℎ
d𝑡

+ 𝐮ℎ ⋅ ∇𝑇ℎ
)

d𝑉 + ∫𝛺𝑒
∇𝛿𝑇ℎ ⋅ 𝑘∇𝑇ℎ d𝑉 = ∫𝛺𝑒

𝛿𝑇ℎ𝐷m d𝑉 − ∫𝛤 𝑒𝑞
𝛿𝑇ℎ 𝑞 d𝐴. (32)

Remark 3. The Eulerian formulation, adopted for the mechanical problem, introduces convection terms in the governing equations
of the thermal problem. In convection dominated problem this may cause stability problems. In this work, Galerkin Least-Squares
(GLS) stabilization is used to stabilize the thermal problem [65].

Remark 4. The coupled thermo-mechanical problem is solved through a staggered scheme derived from a fractional step
method [1]. Thus, the mechanical problem is solved first, based on the current temperature field. Next, the thermal field is computed,
based on the updated velocity field. Note that the mechanical problem requires temperature-dependent material properties (i.e., the
viscosity and flow index), while the thermal problem requires the velocity field 𝐮 to compute the convection term and the mechanical
dissipation 𝐷m as heat source.

4. Adaptive formulation refinement

In order to define a most suitable and computationally efficient framework for an FSW simulation, the adaptive use of both
the two- and three-field formulations is proposed in this work. The AFR method switches between the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 formulations,
driven by a refinement criterion based on a posteriori error estimation.

When compared to established refinement approaches (i.e., adaptive ℎ- and 𝑝-refinement), the AFR method shows some
advantages which are beneficial for simulating FSW problems. By using a stabilized mixed formulation, linear interpolation can
be adopted for all variable fields. Moreover, the same mesh is used during the whole analysis, thus no remeshing is required.
Finally, the treatment of the interface between refined and unrefined subdomains is straightforward since no hanging nodes need
to be considered. The AFR approach can be broken down into four parts:

1. Definition of an a posteriori error estimator, to drive the adaptive method
2. Strain rate and stress consistency
3. Definition of the adaptivity approach
4. Integration into a High Performance Computing (HPC) framework

4.1. Refinement criteria and error estimation

For some applications it is possible to know a priori where a high accuracy is required. Thus, a finer mesh, a different formulation
or higher order shape functions, can be set at the beginning of the simulation. However, this is typically not known a priori and
adaptive approaches are used instead. As a consequence, a posteriori error estimators and refinement criteria are used to determine
where the highest errors occur and refinement is required. For the AFR approach, this means determining where to use the 𝐮∕𝑝 and
𝐮∕𝑝∕𝐞 formulations, respectively.

In the present work, the well known Zienkiewicz–Zhu (ZZ) error estimator [52] is used. The local (element-wise) error 𝑒ZZ is
estimated by comparing two strain rates (𝐞p and 𝐞c) at the center of the element. The first strain rate 𝐞p is obtained by computing
the symmetric gradient of the velocity at the integration points, projecting them to the nodes using a lumped mass matrix projection
and interpolating the results to the center of the element. The second strain rate 𝐞c is computed as the symmetric gradient of the
velocity field directly at the center of the element without projecting it to the nodes first. Subsequently, the difference is computed
as 𝐞dif f = 𝐞p − 𝐞c and the norm of the strain rate difference is integrated over the element according to Eq. (33).

𝑒ZZ = ∫𝛺𝑒
𝐞dif f ∶ 𝐞dif f d𝛺𝑒 (33)

For Finite Element approaches with 𝐶0 continuity, this error estimator approximately quantifies the difference between the strain
rate field obtained by computing the symmetric gradient of the velocity field in the 𝐮∕𝑝 formulation and the strain rate field that
would be obtained by using the 𝐮∕𝑝∕𝐞 approach. Hence, it is a good indicator to switch from 𝐮∕𝑝 to 𝐮∕𝑝∕𝐞.

4.2. Strain rate and stress consistency

This subsection aims to explain how strain rates and stresses are obtained in the different mixed formulations. This is important
to later ensure a consistency of those fields at the interface between unrefined (𝐮∕𝑝) and refined (𝐮∕𝑝∕𝐞) subdomains.
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Fig. 3. Strain rate and stress handling in two-field 𝐮∕𝑝 formulation.

Fig. 4. Strain rate and stress handling in three-field 𝐮∕𝑝∕𝐞 formulation.

𝐮∕𝑝 formulation. In the two-field formulation, the velocity field 𝐮 is computed at the nodes (●, Fig. 3(a)). Assuming linear elements,
the resulting field is therefore 𝐶0-continuous. To obtain the strain rate 𝐞, the first derivative is computed at the integration points
(■) of the elements (Fig. 3(b)). Due to the derivation, the strain rate field becomes 𝐶−1-continuous or discontinuous. This is especially
obvious for linear simplex elements since the strain rate is constant within each element. Finally the stresses are obtained (Fig. 3(d))
by evaluating the material law. Since the strain rates are computed and stored at the integration points, the material law is also
evaluated at the integration points. Therefore, both the stresses and the mechanical dissipation are computed at the same location.
To postprocess the strain rate, stress or dissipation, the fields are often projected onto the nodes (Figs. 3(c) and 3(e)) in order to
show continuous fields.

𝐮∕𝑝∕𝐞 formulation. Unlike in the two-field formulation, the strain rate is now considered an additional primary unknown and is
therefore defined at the nodes. (Fig. 4(b)). This given, two different approaches could be followed.

The first approach would be to also compute stresses and the dissipation at the nodes. However, this would require to evaluate
the material law at the nodes, which is possible but uncommon. It would also create an inconsistency between the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞
subdomains.

To keep consistency between the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 subdomains, the same approach as for the two-field formulation is followed.
The strain rate field is available at the nodes (●), hence it is 𝐶0-continuous. Afterwards the field is interpolated to the integration
points (■, Fig. 4(b)) and thus it is still continuous. Considering a linear material law, also the stresses are continuous (Fig. 4(c)).
Only when considering a non-linear material law, a discontinuous stress field can be observed (Fig. 4(d)). Finally, the mechanical
dissipation, which is computed from the stresses and the strain rate, can also be easily computed at the integration points.

4.3. Adaptive approach

At the beginning of each time step, the evaluation of the refinement criterion (based on the chosen error estimator) yields
the definition of the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 subdomains. The element stiffness matrices are then computed according to which subdomain
the current element belongs to. Since the 𝐮∕𝑝 formulation is a subset of the 𝐮∕𝑝∕𝐞 formulation, it is convenient to consider the
three-field formulation as the default approach. Thus, in the 𝐮∕𝑝 subdomain the degrees of freedom associated with the strain rate
are deactivated.

At the interface between the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 elements all three-field variables (𝐮, 𝑝 and 𝐞) are preserved. A schematic
representation of the interface between two-field and three-field elements can be seen in Fig. 5. Note that all nodes at the interface
are 𝐮∕𝑝∕𝐞 nodes.

Thanks to the unified way of treating the strain rate, the mixed strain rate field can be obtained straightforwardly, as seen in
Fig. 6. In the 𝐮∕𝑝 subdomain the strain rate is obtained by computing the symmetric gradient of the velocity at the integration points,
whereas in the 𝐮∕𝑝∕𝐞 subdomain, the strain rate is directly obtained as a solution at the nodes and afterwards interpolated to the
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Fig. 5. Interface of 𝐮∕𝑝∕𝐞 and 𝐮∕𝑝 elements and nodes.

Fig. 6. Solution fields at the formulation interface.

Fig. 7. Visualization of non-zero matrix entries of an AFR problem.

integration points. Therefore, the subsequent computation of the stresses and the dissipation can be carried out at the integration
points.

Remark 5. Special attention must be paid to the computation of the strain rate subscales when using orthogonal sub-grid
stabilization (OSS, a specific type of VMS stabilization [29,61]). The computation of the projection onto the space of subscales
𝖯̃ involves the nodal projection of the subscales of the affected variables. This poses no problem for the velocity and pressure
subscales since both fields are defined on the whole domain. The strain rate subscales, however, only exist in the 𝐮∕𝑝∕𝐞 subdomain.
Consequently, the nodes at the interface between the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 subdomains lack a contribution from adjacent 𝐮∕𝑝 elements,
when the nodal projection of the strain rate subscales is performed. To solve this problem the nodal strain rate in the 𝐮∕𝑝 subdomain
is approximated by a nodal projection of the symmetric gradient of the velocity.

4.4. Solver strategies

The purpose of the deactivation of the degrees of freedom (DOFs) associated to the strain rate in the 𝐮∕𝑝 subdomain is to create
a problem which is smaller (less required memory) and faster to solve (less required CPU-time). However, to achieve this, some
aspects of the deactivation process requires further discussion.

In most Finite Element codes, the system matrices are usually stored in a compressed format like the Compressed Sparse Row
(CSR) format. The graph of the matrix is used to locate an entry of the matrix. Note that the graph only accounts for non-zero
entries of the matrix.

In the following, the small mesh shown in Fig. 7(a) is analyzed. In most Finite Element applications all nodes have the same
number of DOFs and almost all assembled values are non-zeros. In such cases it is convenient to build the graph by nodes. This
allows all DOFs associated with a particular node to be assembled in a single operation. The resulting pattern of non-zeros is shown
in Fig. 7(b).

In the context of the AFR method, the mesh shown in Fig. 7(a) could correspond to a 𝐮∕𝑝 subdomain. Hence, only the velocity
and pressure DOFs are of interest. However, if no further action is taken, the graph and pattern of non-zeros would remain the same
as the one corresponding to the default 𝐮∕𝑝∕𝐞 formulation. This causes two problems. First, a large number of zeros are assembled
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Fig. 8. PETSc solver settings. Note that the maximum number of solver iterations specified (300) is never reached. The default preconditioning in PETSc is
ILU(0).

to the system, which is increasing the build time unnecessarily. Second, although the assembled zeros do not contribute to the
solution, the solver needs to consider these entries when solving the system because – according to the graph – they are considered
non-zeros. This increases the solve time.

The solution to this problem is to build the graph by DOFs. This allows to only consider the 𝐮∕𝑝 DOFs as well as a unitary value
in the positions of the main diagonal which correspond to strain rate components as part of the graph and therefore as non-zero
entries. Hence, the latter do not contribute noticeably to the solving time since they are the only non-zero entries in their respective
rows and columns. This results in faster build and solve times and avoids any renumbering of the DOFs since all matrices remain
the same size.

The resulting pattern of non-zeros is shown in Fig. 7(c).

Remark 6. The activation and deactivation of DOFs is handled at runtime. For each time step the refinement criterion is evaluated
and the elements (and respective nodes) are determined to be either 𝐮∕𝑝∕𝐞 or 𝐮∕𝑝. The DOF graph is then modified correspondingly.

Remark 7. The authors of the present paper use the PETSc library [66] to build and solve the system. In PETSc, the expression
‘BAIJ-matrix’ (B stands for ‘blocked’) refers to matrices that support multiple DOFs being assembled as one block in a single operation
(i.e., the graph is built by nodes). In the example shown in Fig. 7(a), the block size is 7 (the number of DOFs per node), and must
be the same for all nodes. To be able to vary the number of DOFs per node, the graph must be built by DOFs. Therefore, in PETSc,
an ‘AIJ-matrix’ must be used instead.

5. Numerical examples

In this section the proposed AFR method is assessed by solving several numerical examples. Four different examples are shown,
each giving a different perspective on the performance of the presented method.

Example 1 The build and solve times for different matrix types and assembly strategies are studied. This example assesses the
results obtained with the PETSc solver library.

Example 2 A simple 2D flow over a cylinder case is presented. This example shows the dissipation field for the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞
formulations, as well as the solution using AFR. The solution accuracy in different parts of the domain is assessed with
regard to the different formulations.

Example 3 A global error analysis is performed in order to study the convergence rates upon mesh refinement and to prove that the
AFR method converges to the analytical solution. Furthermore, the influence of the arrangement of 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 subdomains
is studied.

Example 4 Finally, an FSW application is presented. The example is a 3D, thermo-mechanically coupled case with highly non-linear
material behavior. This final example aims to demonstrate the use of the AFR method for industrial applications.

In all examples, the stabilization coefficients (see Eqs. (17) and (26)) are 𝑐𝑢 = 1.0 and 𝑐𝑒 = 0.1 for both the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞
formulations.

5.1. Build and solve times assessment

To measure the build and solve times, a 3D case consisting of 70 490 nodes and 66 470 hexahedral elements, is studied for
different formulations and matrix types. In the 𝐮∕𝑝 cases, this resulted in building and solving a system with 281 960 unknowns
(number of nodes times 4 DOF: 𝑢𝑥, 𝑢𝑦, 𝑢𝑧, 𝑝) and in 𝐮∕𝑝∕𝐞 and AFR cases, a system with 704 900 unknowns (number of nodes times
10 DOF: 𝑢𝑥, 𝑢𝑦, 𝑢𝑧, 𝑝, 𝑒𝑥𝑥, 𝑒𝑦𝑦, 𝑒𝑧𝑧, 𝑒𝑥𝑦, 𝑒𝑥𝑧, 𝑒𝑦𝑧). A single iteration is carried out in parallel (6 Threads) on an Intel Core i7-10750H
CPU. For this analysis, the PETSc implementation of the stabilized version of the biconjugate gradient method (BCGS) is used, with
the settings shown in Fig. 8.

The build and solve times for two different matrix types (AIJ and BAIJ) and assembly strategies (node graph and DOF graph),
as introduced in Section 4.4, are shown in Table 1. In the first section (labeled genuine formulation, Nos. 1 and 2) no DOFs are
activated nor deactivated. Only the straightforward implementations of the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 formulations are used. In both cases the
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Table 1
Build and solve times for different methods and matrix types.

No. Method, Matrix type, Graph type Unknowns Build time Solve time

1 genuine formulation, BAIJ, node graph 𝐮∕𝑝 281 960 0.85 s 7.75 s
𝐮∕𝑝∕𝐞 704 900 3.15 s 62.97 s

2 genuine formulation, AIJ, node graph 𝐮∕𝑝 281 960 1.05 s 10.02 s
𝐮∕𝑝∕𝐞 704 900 4.98 s 71.65 s

3 AFR method, AIJ, node graph 𝐮∕𝑝 704 900 3.31 s 54.58 s
𝐮∕𝑝∕𝐞 704 900 4.72 s 73.21 s

4 AFR method, AIJ, DOF graph 𝐮∕𝑝 704 900 → 1.75 s → 12.30 s
𝐮∕𝑝∕𝐞 704 900 4.72 s 71.66 s

Fig. 9. Flow over a cylinder: analysis of dissipation.

graph was built by nodes. The build and solve times of the genuine formulations indicate the range in which the times of the AFR
method should fall. Considering the solve times first, the lower bound is set by the genuine 𝐮∕𝑝 formulation with 7.75 s and 10.02 s
for the BAIJ and AIJ matrices, respectively. The upper bound is set by the genuine 𝐮∕𝑝∕𝐞 formulation with 62.97 s and 71.65 s,
respectively. As expected, it takes more time to solve the 𝐮∕𝑝∕𝐞 problem than the 𝐮∕𝑝 problem and that both building and solving
are faster if BAIJ matrices are used.

The second section (Nos. 3 and 4) shows the results obtained by using the AFR method. This means that the system is always
of the size of the corresponding 𝐮∕𝑝∕𝐞 problem and in the 𝐮∕𝑝 cases, the DOFs associated with the strain rate were not assembled.
The goal of using the AFR method is to achieve build and solve times that are as close as possible to those of the genuine 𝐮∕𝑝
formulation, despite dealing with a system of the size of the 𝐮∕𝑝∕𝐞 problem.

This is possible when the AFR method uses an AIJ matrix in order to take advantage of the DOF graph (No. 4). The performance
of the AFR method can be assessed by comparing the 𝐮∕𝑝 (AIJ) times of the AFR method (No. 4, 12.30 s) to the 𝐮∕𝑝 (AIJ) and 𝐮∕𝑝∕𝐞
(AIJ) times of the genuine formulations (10.02 s and 71.65 s). The AFR method is only marginally slower than the genuine 𝐮∕𝑝
formulation, despite solving a system with 2.5 times as many unknowns.

The necessity of using a DOF graph instead of a node graph becomes obvious when comparing the AFR times for different graph
types (Nos. 3 and 4): 12.30 s vs. 54.58 s.

Note that the build and solve times of the 𝐮∕𝑝∕𝐞 problem do not vary significantly between Nos. 2 to 4. This shows that the
implementation of the AFR method does not introduce any notable computational overhead when dealing with a full problem where
all possible DOFs are active.

Using a graph based on the active DOFs results in a faster solution times compared to the original node-based graph. The build
times follow a similar pattern, though for big problems the solving time dominates the overall required CPU-time.

5.2. Local error analysis

The second example assesses the local solution of a 2D flow-over-a-cylinder case. The geometry and boundary conditions are
shown in Fig. 9. The square domain is of size 10 m × 10 m and the cylinder located in the center of the domain has a diameter of
2 m. The inflow velocity is set to 𝑢𝑥 = 0.01 ms−1. The top and bottom boundaries as well as the boundary of the cylinder are modeled
as slip wall conditions, thus the tangential velocity is free and the normal velocity is set to 𝑢𝑛 = 0. This example is purely mechanical
(temperature coupling is not accounted for) and adopts linear material behavior (Newtonian law). The material viscosity is set to
𝜇0 = 1 ⋅ 108 Pa s and the flow index to 𝑚 = 1.
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Fig. 10. Differently fine meshes: 96, 240, 880 and 3360 nodes.

Fig. 11. Dissipation over line 𝐴 − 𝐴′ for different mesh resolutions: reference solution indicated by dashed line, 𝐮∕𝑝, 𝐮∕𝑝∕𝐞 and AFR.

Fig. 9 shows a plot of the dissipation 𝐷m on a very fine (120 800 nodes) reference mesh. Fig. 11 shows line plots (𝐴 − 𝐴′) of
the dissipation for four gradually finer meshes (see Fig. 10). The dashed line indicates the reference solution as seen in Fig. 9. The
different markers indicate the solution of the 𝐮∕𝑝 formulation ( ), the 𝐮∕𝑝∕𝐞 formulation ( ) and the AFR method ( ). In the case
of the AFR method, the different subdomains are indicated by the background color: light red for the 𝐮∕𝑝 subdomain and light blue
for the 𝐮∕𝑝∕𝐞 subdomain. These subdomains were created a priori.

Far from the cylinder axis, where smaller dissipation values are expected, all three methods give very similar results, matching
the reference solution. However, the dissipation field close to the cylinder shows a larger deviation from the reference solution. This
deviation is always higher for the 𝐮∕𝑝 formulation and is always lower for the 𝐮∕𝑝∕𝐞 formulation.

For all four meshes, the solution of the AFR strategy is located between the solution of the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 formulations. For the
two coarser meshes, where only a single element is part of the 𝐮∕𝑝∕𝐞 subdomain, the solutions of the AFR strategy is closer to the
𝐮∕𝑝 solution. Whereas, if more than one element belongs the 𝐮∕𝑝∕𝐞 subdomain, the AFR solution is almost identical to the 𝐮∕𝑝∕𝐞
solution.
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Fig. 12. Flow around cylinder: analytical solution of velocity norm ‖𝐮‖.

The outcome is the following: (1) in low dissipation areas, all three formulations yield similar results, (2) the AFR solution seems
to be bounded by the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 solutions and (3) if the 𝐮∕𝑝∕𝐞 subdomain is sufficiently large, the AFR solution tends towards
the 𝐮∕𝑝∕𝐞 solution.

5.3. Global error analysis

In this example a convergence study upon mesh refinement is carried out. In the present study, the convergence rates of the
velocity 𝐮 and the energy 𝑒 are examined. The norms of the errors [67] are obtained as follows

‖𝐮 − 𝐮ℎ‖ =
[

∫𝛺
(𝐮 − 𝐮ℎ) ∶ (𝐮 − 𝐮ℎ) d𝛺

]1∕2
(34)

‖𝑒 − 𝑒ℎ‖ =
[

∫𝛺

(

𝐬 − 𝐬ℎ
)

∶ (𝐞 − 𝐞ℎ) d𝛺
]1∕2

, (35)

where 𝐮 is the velocity and 𝐬 and 𝐞 are the deviatoric stresses and strains in Voigt notation, respectively. The index □ℎ indicates
the Finite Element approximation.

The geometry and boundary conditions are presented in Fig. 12. The circular domain has an outer diameter of 20 m and an inner
diameter of 2 m. Homogeneous Dirichlet boundary conditions are applied to the outer perimeter of the circular domain. The inner
perimeter is subjected to a prescribed velocity in tangential direction of 𝑢𝜃 = 0.001 m∕s. The resulting velocity field can be observed
in Fig. 12. The example is purely mechanical (the temperature coupling was not modeled) and linear material behavior is adopted
(Newtonian law). The material viscosity is set to 𝜇0 = 1 Pa s and the flow index to 𝑚 = 1.

For the given geometry and boundary conditions, the analytical solution is used to compute a global error in terms of the velocity
field, its spacial derivatives and the pressure field:

𝑢𝑟 = 0 𝑢𝜃 = −−100 + 𝑟2
99 000 𝑟

(36)

𝑢𝑟,𝑟 = 𝑢𝑟,𝜃 = 𝑢𝜃,𝜃 = 0 𝑢𝜃,𝑟 = − 100 + 𝑟2

99 000 𝑟2
(37)

𝑝 = const. (38)

The AFR strategy relies on optimizing the use of the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 subdomains according to an error criterion. For the given
example, the 𝐮∕𝑝∕𝐞 formulation should be used close to the circular hole in the middle of the domain. The convergence study assesses
the convergence rates for three differently subdivided domains and compares the results of the AFR method to the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞
formulations.

Fig. 13(a) shows a reasonable subdivision scheme, where the 𝐮∕𝑝∕𝐞 subdomain is close to the center of the whole domain,
whereas Figs. 13(b) and 13(c) depict two unreasonable subdivision schemes.

To assess the convergence rates, the global error is plotted over the mesh size ℎ and the total number of degrees of freedom.
Figs. 14 and 15 show the velocity error ‖𝐮 − 𝐮ℎ‖ for different subdivision schemes, while Figs. 16 and 17 show the energy norm
error ‖𝑒 − 𝑒ℎ‖. All plots show the 𝐮∕𝑝 (■) and 𝐮∕𝑝∕𝐞 (■) results as reference.

It can be clearly seen from Figs. 14 and 15, that the velocity error ‖𝐮 − 𝐮ℎ‖ decreases with the same convergence rate for all
formulations. Though, for a given mesh size ℎ, the 𝐮∕𝑝∕𝐞 solution (■), as well as the AFR solution with the reasonable subdivision
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Fig. 13. Different strategies to divide the domain in 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 subdomains.

Fig. 14. Velocity errors ‖𝐮 − 𝐮ℎ‖ for different subdivision schemes: ■ 𝐮∕𝑝∕𝐞, ■ 𝐮∕𝑝 and ■ AFR (reasonable, Fig. 13(a)).

Fig. 15. Velocity errors ‖𝐮− 𝐮ℎ‖ for different subdivision schemes: ■ 𝐮∕𝑝∕𝐞, ■ 𝐮∕𝑝, ■ AFR (unreasonable, Fig. 13(b)) and ■ AFR (unreasonable, Fig. 13(c)).

scheme (■), yield more accurate results. However, if the error is displayed over the number of DOFs, the AFR solution (■) always
yields the highest accuracy for a given number of DOFs. As expected, the AFR solutions using the unreasonable subdomains (■, ■)
perform worse than the 𝐮∕𝑝 formulation (■): for the same accuracy they require a higher number of DOFs.

A different behavior can be observed, when the error is studied using the energy norm ‖𝑒− 𝑒ℎ‖, as shown in Figs. 16 and 17. It
can be observed that the 𝐮∕𝑝∕𝐞 formulation (■) yields both the highest convergence rate and the most accurate results, while the
𝐮∕𝑝 formulation (■) yields both the lowest convergence rate and the worst accuracy. The results (accuracy and convergence rate)
obtained by the AFR technique are bounded by the results of the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 formulations. The two unreasonable subdivision
schemes (■, ■) perform as bad as the 𝐮∕𝑝 formulation (or slightly better) while the reasonable subdivision scheme (■) performs
almost as good as the 𝐮∕𝑝∕𝐞 formulation. Only for very small mesh sizes, the convergence rate of the reasonable subdivision scheme
(■) shifts towards the 𝐮∕𝑝 behavior. This is expected, as for very fine meshes, the error of the 𝐮∕𝑝 subdomain begins to dominate
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Fig. 16. Energy norm errors ‖𝑒 − 𝑒ℎ‖ for different subdivision schemes: ■ 𝐮∕𝑝∕𝐞, ■ 𝐮∕𝑝 and ■ AFR (reasonable, Fig. 13(a)).

Fig. 17. Energy norm errors ‖𝑒−𝑒ℎ‖ for different subdivision schemes: ■ 𝐮∕𝑝∕𝐞, ■ 𝐮∕𝑝, ■ AFR (unreasonable, Fig. 13(b)) and ■ AFR (unreasonable, Fig. 13(c)).

the general convergence behavior. When displaying the error in the energy norm over the number of DOFs, it can be observed that
the AFR technique performs as good as the 𝐮∕𝑝∕𝐞 formulation, if a reasonable subdivision scheme is adopted.

Therefore, the initial findings of the local error analysis are confirmed: the results obtained using the AFR method are bounded
by the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 formulations. Furthermore it is proven that the method converges towards the correct solution upon mesh
refinement. The results also show that a reasonable choice of 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 subdomains is important. The three-field formulation
is most appropriate when large gradients are expected.

5.4. Friction stir welding application

The final example is selected to show that the AFR strategy can be employed for industrial applications. For the sake of simplicity,
the geometric complexity of the actual pin-tool (e.g., threading and tilting, which is generally tackled with ALE or embedded
formulations) is avoided. Only the large strain rate gradient in the thermo-mechanically affected zone is retained in the proposed
analysis. Thus, a simpler cylindrical pin-tool is assumed to show the advantages and the accuracy of the AFR method.

Next, the following aspects of the analysis are described: (1) the description of the geometry and the corresponding mesh, (2) the
loading and boundary conditions, (3) an overview of the temperature-dependent material parameters and (4) the obtained Finite
Element results as well as an assessment of the influence of the AFR technique on the solution.

5.4.1. Geometry and mesh
The work pieces (the metal sheets to be welded) are modeled as flat hexahedral domains in an Eulerian framework, with a

cylindrical hole, as shown in Fig. 18. The computational domain for the sheet is of size 100 mm × 100 mm with a thickness of
7 mm. The pin has a diameter of 6 mm and is inserted into the sheet to a depth of 6 mm. The tool shoulder has a diameter of
16 mm and is in contact with the sheet. The structured mesh consists of 122 425 nodes and 114 516 linear, hexahedral elements.
When the 𝐮∕𝑝 formulation is used in the entire domain, the problem consists of approximately 500 000 DOFs. Using the 𝐮∕𝑝∕𝐞
formulation everywhere, the total number of DOFs is approximately 1.2 million.
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Fig. 18. Mesh of the three-dimensional FSW case which highlighted tool contact area.

Fig. 19. Temperature dependency of mechanical and thermal material parameters.

5.4.2. Loading and boundary conditions

The FSW process is simulated assuming a pin-tool rotation with an angular velocity of 𝑓tool = 100 RPM. This rotation induces
a maximum linear velocity on the outermost points of the shoulder of 𝑢max = 0.094248 m∕s. The pin-tool longitudinal movement
(welding speed) is prescribed as a Dirichlet boundary condition for the sheet (relative movement). Therefore, at the front surface
(labeled as Inflow) a constant inflow speed is prescribed at 𝑢in = 0.008333 m∕s. At the back surface (labeled Outflow) no Dirichlet
boundary conditions are applied, allowing for the material to exit the domain. The material flow is assumed to be isochoric and
slip wall boundary conditions are assumed for the rest of the surfaces defining the computational domain.

The interaction between the FSW pin-tool (not modeled) and the sheet is accounted for by prescribing its angular velocity at
the (highlighted) contact surface. For the sake of simplicity, the friction law has been replaced by a fully-stick condition (Dirichlet
condition). A study of different friction laws, to better capture the interaction between the pin-tool and the sheet can be found in
[8].

The initial temperature as well as the environment temperature is set to 25 ◦ C. The heat conduction flow is set through the
bottom surface into the back plate. The heat transfer coefficient by conduction is set to ℎcond = 2500 W∕m2∕K.
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Fig. 20. Contour plots of various fields at 𝑡30 = 0.15 s.
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Fig. 20. (continued).
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Fig. 21. Change of variables over time at point 𝐵.

All boundary conditions are applied at the beginning of the simulation (first time step) and are held constant throughout the
entire simulation. In total, 30 time steps (𝑡0 = 0 s to 𝑡30 = 0.15 s) are computed. During the first 20 steps, the refinement criteria is
disabled, allowing only for 𝐮∕𝑝 elements to be used. Therefore, the steady state temperature field is reached as quickly as possible.
At time step 20 (𝑡20 = 0.10 s), the refinement criteria (based on a Zienkiewicz–Zhu (ZZ) error estimator with an error threshold of
1 ⋅ 10−13) is enabled and all elements which exceed the specified error threshold become 𝐮∕𝑝∕𝐞 elements. After the activation of the
𝐮∕𝑝∕𝐞 elements, a new and more accurate steady state solution is reached.

5.4.3. Material law parameters
As introduced in Section 2.2, most material parameters are temperature-dependent as shown in Fig. 19. The fraction of the

mechanical dissipation that is turned into heat (see Eq. (6)), is set to 𝜑 = 0.8. The density of the material is set to 𝜌0 = 2700 kg∕m3

and the artificial speed-up parameter (see Eq. (27)) to faster reach the steady state is set to 𝛼 = 100.

5.4.4. Results
The presentation and discussion of the results is split into two parts. First, the different solution fields at the last time step

(𝑡30 = 0.15 s) are shown as contour plots in Fig. 20. This allows to assess the results as a solution of the FSW analysis. Second,
selected variables at a fixed point in the computational domain are plotted over time to show their sensitivity towards changing
from 𝐮∕𝑝 to 𝐮∕𝑝∕𝐞 in parts of the domain.

The velocity field (Fig. 20a) is dominated by the Dirichlet boundary condition. The shear-thinning behavior of the applied material
model can be clearly seen. Due to the high strain rates at the boundary layer, the viscosity decreases, causing a thinner boundary
layer. Consequently, very high velocity gradients can be observed perpendicular to the top surface, further enhancing the shear-
thinning effect. The same effect can be observed in Fig. 20b: only the streamlines closest to the pin and the shoulder are influenced
by the tools rotation, whereas most other streamlines are relatively straight.

The pressure distribution (Fig. 20c) is almost symmetric and shows a spike on both the positive and the negative side where the
shoulder of the tool ends. This is the expected result for the given boundary conditions. Using a proper friction model would yield
more realistic results.
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As expected, the contour plot of the dissipation (Fig. 20d) shows its highest values under the outermost part of the shoulder.
Due to the shear-thinning behavior of the material model, the dissipation quickly drops by orders of magnitudes at a small distance
to the tool-workpiece interface.

The temperature distribution (Fig. 20e) in the far-field shows a symmetric shape, while under the shoulder of the tool, the
influence of the tools rotation can be seen. Furthermore, the influence of the convective term can be clearly seen.

The final plot (Fig. 20f) shows the 𝐮∕𝑝 and 𝐮∕𝑝∕𝐞 subdomains. The area covered by 𝐮∕𝑝∕𝐞 elements is slightly larger than the
area with significant dissipation, indicating that the refinement criterion and error threshold were well chosen.

Finally, Fig. 21 shows the evolution of different variables over time. The evolution of the temperature, pressure and dissipation
(Figs. 21(a) to 21(c)) refers to point 𝐵 (see Fig. 18). The fourth plot (Fig. 21(d)) is the number of active DOFs of the problem. In
the first 20 steps (𝑡0 = 0 s to 𝑡20 = 0.1 s) only 𝐮∕𝑝 elements are used. After activating the refinement criteria, the number of active
DOFs increases by about 30%. The activation of the 𝐮∕𝑝∕𝐞 elements quickly leads to a new steady state.

It can be clearly seen from the plots, how temperature, pressure and dissipation change significantly after the activation of the
𝐮∕𝑝∕𝐞 elements—despite the already very fine mesh. As expected, the largest change can be observed for the dissipation, since the
dissipation depends on both the strains and stresses. Thus, by employing the 𝐮∕𝑝∕𝐞 formulation, both fields are much more accurate.

Note that the new steady state is reached within 3 time steps. This emphasizes another advantage of the AFR method. It is possible
to use the computationally cheaper 𝐮∕𝑝 formulation to reach the steady state as quickly as possible and enhance the solution quality
by locally activating the 𝐮∕𝑝∕𝐞 formulation.

6. Conclusions

In this paper, the proposed Adaptive Formulation Refinement method is used to define a computationally efficient framework
for Friction Stir Welding simulations. The three-field 𝐮∕𝑝∕𝐞 formulation is used to enhance the strain and dissipation accuracy close
the pin-tool, while the two-field 𝐮∕𝑝 formulation is adopted to reduce the computational cost elsewhere. The use of linear Finite
Elements is preserved for all unknowns by using a stabilized approach, the incompressible flow of the material is captured correctly
and any remeshing is avoided. The AFR method is driven by the Zienkiewicz–Zhu a posteriori error estimator and the treatment
of the interface between refined and unrefined subdomains is straightforward, due to the consistency of the variable fields and the
lack of hanging nodes.

The global convergence study shows that the accuracy of the AFR method compares favorably to the 𝐮∕𝑝∕𝐞 formulation, while
solving a system of equations with fewer active DOFs, thus resulting in faster build and solve times.

Finally, the developed method is applied to an FSW problem. First, the steady state of the problem is reached with a small
computational cost by using the two-field formulation. Thereafter, the solution quality is enhanced in the highly dissipative area
around the tool-sheet-interface, by switching to the three-field formulation according to the error estimator. Therefore the precision
is very similar to the one of the three-field formulation but at a much lower computational cost.
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A B S T R A C T   

In this work, the combined implementation of Adaptive Formulation Refinement (AFR) and Adaptive Mesh 
Refinement (AMR) strategies is proposed for the efficient and mesh objective evaluation of quasi-brittle fracture. 

A critical issue when computing localized structural failure is the spurious mesh bias dependence of the crack 
trajectories and collapse mechanisms that ensues when adopting the standard displacement-based finite element 
(FE) formulation. This problem is resolved by the introduction of the mixed strain/displacement FE formulation, 
which allows for local convergence, producing mesh objective results. 

On the one hand, the proposed AFR approach allows to adaptively switch between the standard and mixed FE 
formulations during the numerical simulation depending on the level of accuracy required in different regions of 
the domain. Within this framework, the more accurate mixed formulation is activated only in the areas where the 
crack onset and evolution take place, while the standard formulation is adopted for the rest of the structure. 

On the other hand, the adopted octree-based AMR strategy allows to adaptively refine only certain areas of the 
domain, also in function of the level of accuracy required. Using this methodology, it is possible to start the 
simulation with an initially relatively coarse mesh and adaptively introduce several levels of mesh refinement 
only in the regions of interest, where cracks appear and propagate. This approach guarantees the necessary mesh 
resolution to capture the fracture phenomenon accurately while further increasing the computational efficiency 
of the simulation. The subsequent adaptive coarsening of the FE mesh is also allowed. 

Structural failure and fracture propagation are reproduced via a local isotropic damage model. For this reason, 
a refinement/coarsening criterion defined in function of the equivalent effective stress is conveniently adopted 
with both AFR and AMR strategies. 

To assess the capabilities of the proposed method, a set of numerical simulations featuring benchmark 
problems and experiments is included. Results show the mesh objectivity and cost-efficiency of the approach 
combining AFR and AMR in fracture problems. The proposed model is able to reproduce experimental crack 
paths, collapse mechanisms and force–displacement curves with accuracy and without spurious mesh bias 
dependence. 

The paper includes a comparative assessment of the performance of the proposed method and the standard FE 
formulation exclusively, showing the superior performance of the AFR methodology and its mesh objectivity. 
Convergence of the computed results when introducing different levels of AMR is also verified. Computational 
efficiency of the AFR and AMR techniques is specifically assessed. The combination of AFR and AMR approaches 
allows to provide accurate and mesh objective results in quasi-brittle fracture problems with very significant 
savings in computational cost.   

1. Introduction 

The numerical modelling of quasi-brittle fracture using the finite 

element method has been intensively studied over the last five decades. 
The issue of the spurious dependency of the computed crack paths with 
the FE mesh employed when adopting the standard displacement-based 
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formulation has been reported since the 1980s [1,2,3,4]. This has 
resulted in the adoption of many different alternative techniques to 
model fracture, both at the continuous and discontinuous levels, trying 
to overcome this issue. A comparative review of alternative methodol
ogies can be found in references [5,6]. 

The spurious mesh dependence that takes place when using the 
standard FE formulation from solid mechanics is caused by the lack of 
local convergence of stresses and strains. Depending on the cracking 
criterion, the trajectory of the fractures is governed by the stress fields 
present at the tip of the crack. These are inaccurately computed with 
standard FEs, resulting in unreliable and spuriously mesh biased results. 
This idea is underlined in references [6,7,8,9]. 

In view of this, in previous works [7,8,10,11,12,13,14,15], the au
thors have proposed the use of the strain/displacement ε/u finite 
element formulation to compute fracture with enhanced accuracy and 
mesh objectivity. In this FE formulation, the strain field is treated as an 
additional primary unknown of the problem and is interpolated inde
pendently from the displacements, rather than being computed by local 
differentiation at element level. This allows to improve the order of 
convergence and the accuracy of the computed strains and stresses. 
Specifically, it allows to achieve local convergence of the discrete strain 
and stress fields in the region of the crack tip, this being a critical feature 
to produce mesh bias objective results. 

For the same reason, by introducing the volumetric/deviatoric split 
into the solid mechanics problem, the 3-field displacement/deviatoric- 
strain/pressure u/e/p FE formulation has been proposed, showing to 
produce more accurate and reliable computations with respect to the 
classical u/p FE in nonlinear problems under incompressible conditions 
[16,17,18,19,20,21]. 

Therefore, on the one hand, despite the issue of producing spuriously 
mesh dependent results, the standard FE formulation is used in many 
applications due to its simplicity and affordable computational cost, 
which makes it convenient for large-scale analyses. On the other hand, 
the mixed ε/u FE formulation has shown to be able of providing nu
merical results with mesh objectivity and enhanced accuracy, at the 
expense of treating the strains as additional nodal unknowns of the 
problem and introducing a relatively larger computational cost in the FE 
computation. 

Notwithstanding, in the specific problem of quasi-brittle fracture, 
structural failure occurs in the form of a few cracks appearing and 
evolving in an area representing a reduced part of the whole domain. 
Both the standard and mixed formulations are compatible and the use of 
the more accurate mixed formulation is required only in the small part of 
the total domain where crack propagation occurs while in the rest of the 
structure the less costly standard formulation may be adopted. 

In view of this, in the present work the Adaptive Formulation Refine
ment (AFR) strategy is implemented to adaptively switch between the 
standard and mixed ε/u FE formulations in different regions of the 
domain depending on the required accuracy, so that an efficient 
computation framework is defined. The use of isotropic damage models 
to represent the degradation of the material allows to propose a criterion 
established in terms of the equivalent effective stress to decide on 
toggling between the standard and mixed formulations. The AFR 
methodology was originally proposed in reference [22] for selectively 
activating the u/p and u/e/p mixed formulations in the simulation of 
friction stir welding (FSW) processes. 

In the present work, the use of the AFR strategy is proposed in 
conjunction with an Adaptive Mesh Refinement (AMR) framework. AMR 
has been often employed in alternative models for fracture 
[23,24,25,26,27]. The adopted approach uses an octree-based method 
[28,29,30,31] to further increase the efficiency of the numerical model 
by adaptively refining only the areas of the domain where crack prop
agation occurs. This allows to reproduce the phenomenon of fracture 
with proper FE resolution while maintaining a coarser mesh elsewhere. 
The method includes the adaptive refinement and coarsening of the FE 
mesh according to a criterion also defined in terms of the equivalent 
effective stress. 

The objectives of the present work are: (1) to establish the necessary 
features required in the implementation of the approach for quasi-brittle 
fracture based on the AFR and AMR strategies, (2) to demonstrate the 
capabilities of the proposed model in structural failure problems, (3) to 
show the ability of the model in reproducing experimental results in 
terms of collapse mechanisms, force–displacement curves and crack 
trajectories with precision, (4) to verify the capacity of the proposed 
approach combining the AFR and AMR methodologies to produce mesh 
objective results, (5) to assess the performance of the method with re
gard to accuracy and computational efficiency. 

The outline of the paper is the following. In Section 2 the mixed 
strain/displacement ε/u finite element formulation used to solve the 
structural problem is introduced, including the strong and weak 
continuous forms as well as the corresponding discrete FE approxima
tion. The isotropic damage constitutive law considered to model 
cracking is presented as well. Section 3 details the AFR (Section 3.1) and 
AMR (Section 3.2) methodologies adopted. Section 4 includes the nu
merical simulations of structural failure performed to assess the capa
bilities of the proposed model. Section 5 closes the paper with the 
conclusions of the work. 

Fig. 1. Damage model: (a) Rankine damage surface and (b) softening function.  

G.B. Barbat et al.                                                                                                                                                                                                                               

B Publication 2 142Publication 2: Objectivity in Quasi-Brittle Structural Failure
via Adaptive Formulation and Mesh Refinement



Theoretical and Applied Fracture Mechanics 122 (2022) 103646

3

2. Finite element formulation 

Many different methods for the FE computation of quasi-brittle 
fracture have been proposed in the literature. By far, the most 
employed one, both by academics and practitioners, is the crack band 
model, which relies on the use of the standard displacement-based FE 
formulation for continuum solid mechanics (CSM) problems. This 
approach, proposed by Rashid in 1968 [32], is applied together with a 
constitutive law featuring softening such as damage or plasticity to 
represent material failure at local level. In 1983, Bazant and Oh [33] 
introduced the objective evaluation of the softening behavior of the 
material with respect to the FE size, allowing to obtain results inde
pendent of the FE mesh size when computing fracture with the crack 
band model. 

Regrettably, the trajectories of the cracks computed with the stan
dard displacement-based FE formulation are spuriously dependent on 
the orientation of the mesh employed for the analysis. This well-known 
issue since the 1980′s [1,2,3,4] renders the method useless in practice. 

Although not generally recognized, this is caused by the lack of local 
convergence of stresses and strains of the standard FE formulation [7,8]. 
Near the vicinity of the tip of the crack, the stress and strain fields which 
are locally used to determine the path of the fracture are computed 
inaccurately, resulting in the spurious mesh bias dependence of the 
results. 

The use of the mixed strain/displacement ε/u FE formulation for 
solid mechanics has been proposed by Cervera and coworkers 
[7,8,10,11,12,13,14,15] as an effective remedy. In this approach, the 
strains are treated as additional primary unknowns of the problem, 
together with the displacements. The mixed formulation has proven to 

be locally convergent in terms of strains and stresses [7,8] and, conse
quently, to produce mesh-bias independent results in cracking problems. 

Previous studies analyzing the comparative performance of the 
standard and mixed ε/u formulations have extensively shown, on the 
one hand, the inability of the standard FEs of delivering results without 
spurious mesh dependence on the FE orientation and, on the other hand, 
the capacity of the mixed FEs for consistently producing reliable mesh 
objective computations [13,15]. Also, it has been demonstrated that 
convergence of the computed stresses, strains and mechanical dissipa
tion is guaranteed with mixed FEs [18]. 

Notwithstanding, the mixed ε/u FE formulation introduces the strain 
field as an additional primary unknown of the solid mechanics problem 
being solved, together with the displacements, resulting in a higher cost 
of the numerical simulations. In the present work the efficiency of the 
mixed FEM is increased by adaptively activating the mixed formulation 
only in the regions where local accuracy is required in order to obtain 
convergent and mesh objective results, while using the standard 
formulation elsewhere. Computational efficiency of the mixed FEM is 
further increased in the present work with the adoption of the Adaptive 
Mesh Refinement approach. 

The proposed approach preserves the local format of the problem. 
Fracture propagation is computed according to the local values of the 
stress field at the tip of the developing crack, without introducing 
gradient or higher order terms in the constitutive law or regularizing 
terms in the variational form. Note that, as it is pointed out in reference 
[6], crack models regularized at continuous level require the adoption of 
very fine meshes. This results in an important increase of the compu
tational cost involved in the calculations when compared to the crack 
band model, much larger than the one ensuing from the use of the mixed 
ε/u formulation [6]. For this reason in regularized approaches, such as 
phase-field models, adaptive mesh refinement capabilities are often 
adopted [23,24,25,26,27]. The issue of computational cost has also been 
addressed in reference [34] by computing the nodal phase-field variable 
only in a predefined reduced sub-domain where cracking occurs rather 
than in the whole structure. An appraisal of the computational costs 
involved in the alternative methods proposed for the evaluation of 
localized structural failure can be found in the comparative study of 
reference [6]. 

2.1. Continuous formulation 

In the rest of this section, the mixed strain/displacement ε/u FE 
formulation employed for the mesh objective evaluation of quasi-brittle 
failure is presented. For additional details the interested reader is 
referred to references [7,8,11,12,14,35,36,37]. 

The displacements u and the strains ε are adopted as primary un
knowns of the nonlinear solid mechanics problem. The compatibility 
equation relates these two fields in the following way: 

ε = Su (1) 

S being the differential symmetric gradient operator. 
Also, the Cauchy momentum equation associates the stresses σ and 

the body forces f 

ST σ + f = 0 (2) 

ST being the differential divergence operator, adjoint to the S in Eq. 
(1). 

In addition, the stresses and strains are connected through the 
constitutive law, established in secant form as 

σ = Dε (3) 

where D = D(d) is the (nonlinear) secant constitutive matrix, 
expressed in function of the damage index, d. D needs to be symmetric 
and positive semidefinite from thermodynamic considerations. 

From the three previous equations, the strong form of the problem is 

Fig. 2. Finite element mesh combining standard and mixed formulations.  

Fig. 3. Computation of strains at integration points (represented with red 
crosses). (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.) 
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obtained as follows: firstly, Eq. (1) is pre-multiplied by D, and secondly, 
Eq. (3) is introduced into Eq. (2) 

− Dε+DSu = 0 (4)  

ST(Dε)+ f = 0 (5) 

Then the corresponding weak form is derived by: (i) multiplying Eqs. 
(4) and (5) by vectors of virtual strains and virtual displacements 
respectively, (ii) integrating both equations over the spatial domain and 
(iii) applying the Divergence Theorem to the first term of Eq. (5). This 
results in the following system of equations: 

−

∫

Ω
δεT DεdΩ +

∫

Ω
δεT DSudΩ = 0 ∀δε (6)  

∫

Ω
(Sδu)T

(Dε)dΩ =

∫

Ω
δuT fdΩ +

∫

Γt

δuT tdΓ ∀δu (7) 

Note that the boundary Γ of the domain is divided in two parts, Γu 

and Γt, corresponding to the Dirichlet and Newmann boundary 
conditions. 

The variational form of the problem consists in finding the strain and 
displacement fields ε and u complying with the system of Eqs. (6)-(7) 
and conforming to the boundary condition u = 0 in Γu given the arbi
trary virtual displacement vector δu, which is also null on Γu, and the 
arbitrary virtual strain vector δε. Note as well that the problem is 
symmetric. 

2.2. FE approximation 

Once the spatial domain Ω is discretized into nonintersecting finite 
elements Ωe, such that Ω = ∪Ωe, the displacement u and the strain ε are 
approximated using independent interpolations û and ε̂. 

u ≅ û = NuU (8)  

ε ≅ ε̂ = NεE (9) 

where U and E are vectors containing the nodal values of the dis
placements and the strains. Nu and Nε are the matrices containing the 
interpolation functions employed in the FE approximation. 

When adopting a mixed FE, the interpolation functions employed 
need to fulfill the inf-sup stability condition to avoid spurious oscilla
tions in the computed solution [38,39,40]. This condition is not satisfied 
when equal order linear interpolation functions are considered for Nu 
and Nε [39,41,42]. In order to use linear interpolation functions for both 
fields while avoiding spurious oscillations in the computed solution, a 
stabilization procedure is introduced. The proposed method follows the 
Variational Multiscale Stabilization approach [43,44,45,46,47]. 

The procedure is to substitute the strain field approximation in Eq. 
(9) with the following one 

ε ≅ ε̂ = NεE+ τε(BuU − NεE) = (1 − τε)NεE+ τεBuU (10) 

where τε is a stabilization parameter such that 0 ≤ τε ≤ 1. Bu is the 
standard compatibility matrix, defined as Bu = SNu. Using τε = 0 cor
responds to adopting the strain interpolation of the non-stabilized mixed 
problem, while the case τε = 1 recovers the strain interpolation of the 
standard displacement-based formulation from solid mechanics. 

Fig. 4. Finite element hierarchy in the octree-based AMR strategy.  

Fig. 5. Depiction of the octree-based refinement process in a finite element.  
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References [7,8,47] have shown that the optimal convergence rate of 
the problem is attained when considering τε = cεh/L, where cε = O (1) is 
an arbitrary constant, L is a reference size of the structure and h is the FE 
size. In the present work, cε = 1 is used. When adaptive mesh refinement 
is introduced according to the procedure described in the following 
sections, the FE size h used to compute τε is adjusted accordingly. 

Also, taking into consideration the definition of the strain field in Eq. 
(10), the value of the crack bandwidth b becomes: 

b = (1 − τε)2h+ τεh = (2 − τε)h (11) 

By introducing the interpolation function proposed in Eqs. (8) and 
(10) into the weak form of the problem (6)-(7), the following algebraic 
system of equations results 
[
− Mτ Gτ

GT
τ Kτ

][
E
U

]

=

[
0
F

]

(12) 

where [E U ]
T is the vector containing the nodal values of the un

knowns of the problem, strains and displacements, and Mτ = (1 − τε)M, 
Gτ = (1 − τε)G and Kτ = τεK. M is a mass-like projection matrix, G is the 
discrete gradient matrix, K is a stiffness-like matrix and F is the vector of 
external nodal forces: 

M =

∫

Ω
NT

ε DNεdΩ (13)  

G =

∫

Ω
NT

ε DBudΩ (14)  

K =

∫

Ω
BT

u DBudΩ (15)  

F =

∫

Ω
NT

u fdΩ+

∫

Γt

NT
u tdΓ (16) 

The use of the mixed strain/displacement FE formulation in CSM 
problems presents the following advantages:  

• It does not require any specific FE interpolation and can be used with 
triangles, quadrilaterals, tetrahedra, hexahedra and prisms [11].  

• It does not need any specific development for implementation in 3D 
[11].  

• It can be employed with any suitable constitutive behavior 
[12,14,35]. 

When used in problems involving quasi-brittle fracture:  

• Previous works have shown its applicability with isotropic and 
orthotropic damage models including crack closure-reopening ef
fects and irreversible straining [12,14]. Plasticity constitutive laws 
have also been adopted within this FE formulation [35,48,49,50].  

• It can accurately reproduce the structural size effect phenomenon 
[15].  

• It can naturally reproduce branching and intersecting cracks without 
any additional specific developments [6]. 

2.3. Damage constitutive laws 

In this work, cracks are modelled using an isotropic continuum 
damage model, a reformulation of the original crack band model. 
Alternatively, orthotropic damage models can be adopted [12,14]. 

Two versions of the constitutive law are proposed, one featuring the 
Rankine damage criterion and the other one with the Drucker-Prager 
damage criterion. 

For an isotropic damage model, the constitutive law in Eq. (3) is 
expressed as 

σ = D(d)ε = (1 − d)D0ε (17) 

where D = D(d) is the secant constitutive matrix, written in terms of 
the internal scalar damage variable d which represents the degradation 
state of the material. D0 is the initial elastic constitutive matrix of the 
undamaged material, which is defined for initially isotropic elastic 
materials as a function of the initial values of Young’s modulus E and 
Poisson’s ratio ν. D is symmetric and positive semidefinite for 0 ≤ d ≤ 1. 

The damage criterion F is introduced as 

F
(
σeq, r

)
= σeq(σ) − r = 0 (18) 

where the effective stress σ is introduced as σ = D0ε, following the 

Fig. 6. Regular and hanging nodes in the FE mesh.  

Fig. 7. Geometry of the Garcia-Alvarez beams.  
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hypothesis of strain equivalence, the equivalent effective stress σeq is 
defined in function of the damage criterion considered and r is the 
current damage threshold. 

For the Rankine damage criterion, whose surface is plotted in Fig. 1a, 
the equivalent effective stress σeq is computed in function of σ as 

σeq(σ) = 〈σ1〉 (19) 

where σ1 is the major principal effective stress and 〈⋅〉 are the Mac
aulay brackets, such that 〈x〉 = x if x ≥ 0 and 〈x〉 = 0 if x < 0. 

Alternatively, for the Drucker-Prager damage criterion 

σeq(σ) =
̅̅̅̅̅̅̅
3J2

√
+ αI1

1 + α (20) 

where I1 and J2 are defined in function of σ as the first and second 
effective stress invariants and α is calculated in function of the tensile 
and compressive strengths of the material ft and fc 

α =

(
fc

ft
− 1

)/(
fc

ft
+ 1

)

Other damage criteria may be readily used, as shown in references 
[12,14]. 

The initial value of the damage threshold r is the tensile strength of 
the material ft. Its current value at time t is determined according to the 
Kuhn-Tucker optimality and consistency conditions, guaranteeing the 
positiveness of the dissipation and the irreversibility of damage. 

r = max
[
ft,maxσeq (̂t)

]
t̂ ∈ [0, t] (21) 

In the present work it is considered that the internal damage variable 
d follows an exponential softening behavior, as shown in Fig. 1b: 

d = 1 −
ft

r
exp

(

− 2Hd
〈r − ft〉

ft

)

(22) 

where Hd is a softening parameter controlling the rate of degradation 
of the material. 

Alternative softening functions may be used if deemed necessary. 
They are required to monotonically decrease from 1 to 0 as the damage 
threshold r evolves from ft to infinity. Also, the objective definition of 
the mechanical dissipation needs to be established for each function. 

Energy conservation considerations link the softening parameter Hd 

in Eq. (22) to material properties via Irwin’s material length L = EGf/

ft2 and the crack bandwidth b. 

Hd =
b

2L − b
(23) 

In this way, the proposed model is able to provide results indepen
dent of the crack bandwidth, guaranteeing the objective energy dissi
pation during the cracking process. The crack bandwidth is computed as 
in Eq. (11), which yields b = h when using the standard FE formulation 
(τε = 1). 

3. Adaptivity in quasi-brittle structural failure computations 

In this section, the approaches employed for introducing the adap
tive mesh refinement (AMR) technique and the adaptive FE formulation 
refinement (AFR) into the FE computations are presented. They are both 
implemented with the aim of further increasing the computational ef
ficiency of the proposed mixed ε/u FE method for computing quasi- 
brittle fracture while preserving its capacity for producing convergent 
results with enhanced accuracy and mesh objectivity. 

3.1. Adaptive formulation refinement 

The present work uses the adaptive application of the standard and 
mixed strain/displacement FE formulations, as depicted in Fig. 2. 

References [36,51] underline the fact that both formulations are 
compatible. In order to ensure the consistency of the AFR approach in 
the classical Rayleigh-Ritz sense, the continuity of the interpolated 
displacement field across element edges needs to be ensured. This 
requirement is fulfilled when the same interpolation functions are 
adopted for the displacements for both the standard and mixed formu
lations. For further details references [36,51] are recommended. 

For this reason, the less costly standard displacement-based formu
lation may be adaptively switched with the enhanced accuracy mixed 
formulation only when and where necessary. In the following, the main 
features of the adopted AFR strategy are presented. For additional de
tails, the original reference [22] introducing the method is 
recommended. 

3.1.1. Strain and stress computations 
Strains are computed differently when using the standard and mixed 

FE formulation. For this reason, when introducing the AFR technique, 
the consistency of the strain (and stress) fields computed with both 
formulations needs be addressed. 

As indicated in Fig. 3, in the standard displacement-based formula
tion, strains are evaluated at the integration points through local dif
ferentiation at element level using the nodal displacements 

ε ≅ ε̂ = Sû = SNuU = BuU (24) 

Then, stresses are locally computed using these strains according to 
the constitutive law of the material. 

Contrariwise, in the mixed formulation, strains are additional pri
mary unknowns, calculated at the nodes. Then, the strains at the inte
gration points are computed through the interpolation of the nodal 
values, as shown in Fig. 3, and stresses are also computed locally 

ε ≅ ε̂ = NεE+ τε(BuU − NεE) = (1 − τε)NεE+ τεBuU (25)  

3.1.2. Refinement criterion 
Several refinement criteria may be adopted in the AFR strategy. The 

general requirements that these need to fulfill are:  

1. To be adaptively applicable: the criterion should not require the a 
priori definition of the domains in which standard and mixed for
mulations are active. The areas of standard and mixed formulations 
should be automatically defined by the criterion. 

Table 1 
Material parameters of the Garcia-Alvarez beams.  

Young’s Modulus 33.8⋅109 Pa 
Poisson’s Ratio 0.2 
Tensile Strength 3.5⋅106 Pa 
Tensile Fracture Energy 80 J/m2  

Fig. 8. Detail of the initial mesh used for the Garcia-Alvarez beams in the area 
of the notch. 
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Fig. 9. Force-displacement curves of the Garcia-Alvarez beams for the 3 sizes using different levels of adaptive mesh refinement. Eccentricities (top) 0.625D and 
(bottom) 0.3125D. 
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2. To allow decision on both formulation refinement, switching from 
standard to mixed, and formulation derefinement, reversal from mixed 
to standard.  

3. To designate the areas of standard and mixed formulations in an 
accurate and efficient manner: to reduce as much as possible the 
extent of the mixed formulation while preserving it in the required 
regions. 

The criterion adopted to switch between the standard and mixed 
formulations is established in terms of the equivalent effective stress σeq, 
introduced in the damage constitutive law in Section 2. In the present 
work the Rankine and Drucker-Prager criteria are adopted and σeq is 
determined according to Eqs. (19) and (20) respectively. Then, the ratio 
R is defined as 

R =
σeq

ft
(26) 

where ft is the tensile strength of the material. 
If the ratio R exceeds a certain limit αmax (e.g. 75%), the mixed 

formulation is activated. Also, when R drops below a certain threshold 
αmin (e.g. 20 %), the standard formulation is recovered. The switching 
back from mixed to the standard formulation is not allowed in elements 
where damage has developed. Therefore, the criterion can be expressed 
as 

IF σeq ≥ αmaxft→Activation of mixed FE  

IF σeq < αminft AND d = 0→Activation of standard FE (27) 

This AFR criterion automatically defines the regions where the 
standard and mixed formulations are activated. If in an element the 
refinement criterion is fulfilled in one of the integration points, the 
whole element is treated as mixed and the strain degrees of freedom are 
activated in all its nodes. Conversely, if in all the integration points of an 
element the derefinement criterion is met, the standard formulation is 

Fig. 10. Computed crack trajectories of the Garcia-Alvarez beams with different levels of mesh refinement, eccentricity 0.625D, for sizes (top) D = 320 mm, (center) 
D = 160 mm and (bottom) D = 80 mm. 
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reactivated for that particular element. Note that the criterion allows the 
possibility of having several distinct subdomains with standard and 
mixed elements. Note also that in the original work [22] formulation 
derefinement was not contemplated. 

3.1.3. Adaptive formulation solution approach 
The approach employed to solve the problem with Adaptive 

Formulation Refinement is the following. According to the proposed 
refinement criterion, an array indicating for each node which degrees of 
freedom are active and inactive is updated at each time-step. Elemental 
matrices are computed and assembled in function of the active formu
lation. If in a certain node the mixed formulation is active, both 
displacement and strain degrees of freedom are considered. Instead, if 
the standard formulation is active, the strain degrees of freedom are not 
activated and only the displacement degrees of freedom are taken into 
consideration. In this strategy, all the nodes in the interface are treated 
as mixed, as can be seen in Fig. 2. The proposed methodology does not 
require additional considerations for interface nodes; contributions from 
different elements are simply assembled in the standard manner. 

The solver stores the global matrix in a compressed format. In this 
way, only the non-zero entries of the matrix, which are located in 
function of its graph, are considered. The graph of the matrix is built by 
DOFs, according to the array labeling the active degrees of freedom of 
the problem. As demonstrated in reference [22], this approach greatly 
reduces the computational time involved, as only the active degrees of 
freedom are considered when building and solving the problem. This 
method is applicable both for direct and iterative solvers. 

3.2. Adaptive mesh refinement 

The AMR strategy is included to further increase the efficiency of the 
model for fracture conferred by the AFR approach. The AMR method 
allows to begin the computation with an initial relatively coarse mesh 
requiring a low calculation effort. The mesh is progressively and adap
tively refined only in the regions where cracks develop to suitably 
represent the phenomenon of fracture while the coarse mesh is main
tained elsewhere. The AMR methodology also includes the subsequent 
adaptive mesh coarsening of the undamaged elements after the crack 

Fig. 11. Computed crack trajectories of the Garcia-Alvarez beams with different levels of mesh refinement, eccentricity 0.3125D, for sizes (top) D = 320 mm, 
(center) D = 160 mm and (bottom) D = 80 mm. 
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has already appeared in the area. An octree refinement strategy is 
employed, according to the methodology described in references 
[28,29,30,31]. In problems where the crack trajectories are not known a 
priori this approach avoids the need for initial fine meshes to calculate 
fracture. 

3.2.1. Refinement criterion 
A similar refinement criterion as in AFR, based on the same ratio R 

between the equivalent effective stress σeq and the material tensile 
strength ft, as defined by Eq. (26), is adopted for AMR. If the ratio R 
exceeds a certain designated limit βmax (e.g. 50%), the mesh is refined. 
Also, if the ratio R decreases below another set value βmin (e.g. 10%), 
coarsening takes place. Refinement may take place up to a certain pre
determined level. Coarsening is not allowed in damaged elements. 
Hence, the criterion can be stated in the following way: 

IF σeq ≥ βmaxft→Mesh refinement  

IF σeq < βminft AND d = 0→Mesh coarsening (28) 

Note that the values of the thresholds introduced for the refinement 
criteria in AMR and AFR in the numerical simulations may be different. 
This means that AMR and AFR may be activated independently, 
depending on the selected αmin, αmax, βmin, βmax parameters. 

Analogously to AFR, mesh refinement takes place in an element if the 
refinement criterion is reached in one of the integration points; an 
additional refinement level is introduced at every time step until the 
predefined maximum number of refinement levels is attained. 
Contrarily, coarsening occurs if all the integration points of the element 
meet the coarsening criterion. 

3.2.2. Adaptive finite element approach 
In the following, a brief overview of the FE adaptivity strategy 

employed is provided. For additional details, references [28,29,30,31] 
are recommended. 

The hierarchical octree refinement strategy defines several levels of 
FEs, represented in Fig. 4 and Fig. 5. The original FEs are labeled with 
the level zero and are the parents to the level one FEs (which are the 
children of the zero level FEs). Level one FEs are the parents of level two 
FEs, etc. 

When a new mesh is generated during the AMR process, the infor
mation from the previous mesh is projected onto the new one. The nodal 
displacements of existing nodes are preserved. The values corresponding 
to new nodes are interpolated from the values of existing nodes. If the 
mixed FE formulation is active for the parent element, the same pro
cedure is followed for the nodal strain field. The historical variables of 
the damage constitutive law of new nodes are set to the values corre
sponding to the initially undamaged material. Since coarsening is 
allowed only in undamaged elements, no loss of information related to 
the historical variables of the nonlinear constitutive behavior occurs. 
Setting proper limits for the refinement criterion also avoids the 
refinement of already damaged elements. With regard to the combina
tion of AMR with AFR, the array indicating which degrees of freedom 
are active and inactive for each node is then updated. 

The presence of hanging nodes in the octree refined FE mesh, 
depicted in Fig. 6, needs to be properly treated. In the present work, the 
treatment of hanging nodes proposed in references [28,29] is followed. 
According to this approach, the following modification of the shape 
functions of the parent elements is performed when hanging nodes are 
present so that the FE approximation becomes conforming: 

N*
p(x) = Np(x)+

∑nchild

i=1
Np(xi)Nc,i(x) (29) 

where Np and N*
p are the original and modified parent interpolation 

functions, Nc are the original children interpolation function, nchild is the 
number of hanging children nodes and xi indicates the position of 
hanging child i. The degrees of freedom of hanging nodes are eliminated 
from the FE system being solved. Their contributions are added to the 
nodes of the parent elements according to the modified shape functions, 

Fig. 12. Computed (top) damage and (bottom) strain contours of the Garcia-Alvarez beams, D = 80 mm specimen, eccentricity 0.625D series, with (left) no AMR, 
(center) 1 level of AMR and (right) 2 levels of AMR. 
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Eq. (29). The values of the unknowns at the hanging nodes are obtained 
by interpolation from nodes of the parent element. Additional details are 
provided in the original references [28,29]. 

The combination of the AFR and AMR methodologies is fairly 
straightforward and does not require special additional considerations. 

4. Numerical simulation of quasi-brittle structural failure 

In this section the numerical simulation of experimental tests and 
benchmark case studies reported in the literature featuring quasi-brittle 
structural failure is performed using the proposed model including mesh 
and FE formulation adaptivity. The selected cases are often employed for 
the validation of numerical models. 

The objectives of this section are (i) to demonstrate the mesh ob
jectivity of the proposed model based on the AFR and AMR approaches, 
(ii) to assess the cost-efficiency of the proposed method compared to the 
standard displacement-based FEs as well as the non-adaptive mixed FEs, 
(iii) to show proper convergence of the results to the appropriate 
solution. 

The computations are performed with an enhanced version of the 
finite element code FEMUSS while pre- and post- processing are per
formed with GID [52], both developed at the International Center for 
Numerical Methods in Engineering (CIMNE). Convergence in each load 
step is attained when the ratio between the norm of residual forces and 
the norm of total external forces is lower than 10− 5. 

4.1. Garcia-Alvarez beams 

In this section, the numerical simulation of the Garcia-Alvarez ex
periments, reported in reference [53], is performed. The work [53] in
cludes the computational modelling of the tests using interface 
elements. This problem has also been simulated with the phase-field 

Fig. 13. Computed damage contour with the detail of the mesh in the notched 
region at the early stages of the simulation with (top) no AMR, (center) 1 level 
of AMR and (bottom) 2 levels of AMR. 

Fig. 14. Evolution of the area where standard (in blue) and mixed (in red) formulations are adopted during the simulation with 2 levels of AMR of the Garcia-Alvarez 
beams, eccentricity 0.625D, D = 80 mm. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Table 2 
Cost-efficiency of the proposed mesh and formulation adaptivity scheme for the 
Garcia-Alvarez beams.   

Max. Ndofs 
standard 
FEs 

Max. 
Ndofs 
mixed ε/u 
FEs 

Max. 
Ndofs 
AFR 

% of Ndofs 
with 
respect to 
mixed only 

% of Ndofs 
with respect 
to standard 
only 

Without 
AMR 

63,226 189,678 71,222  37.55%  112.65% 

1 level of 
AMR 

89,196 267,588 100,012  37.38%  112.13% 

2 levels 
of AMR 

190,926 572,778 229,870  40.13%  120.40%  

Table 3 
Cost-efficiency of the proposed mesh adaptivity scheme for the Garcia-Alvarez 
beams.   

Number of nodes with initial 
uniform refinement 

Max. number of 
nodes with AMR 

% 

No mesh 
refinement 

31,613 –  – 

1 level of 
refinement 

125,575 44,598  35.52% 

2 levels of 
refinement 

500,549 95,463  19.07%  
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regularized cohesive zone model (PF-CZM) by Wu and coworkers [54]. 
In previous works the results obtained using mixed FE have been 
compared with the experiments [15] and with phase-field based com
putations [6,55]. 

In these experiments, geometrically similar beams of different sizes 
are subjected to three-point bending tests in order to study the structural 
size effect. The geometry of the beams is detailed in Fig. 7. Three 
different structural sizes are considered: beams with depths D of 320 
mm, 160 mm and 80 mm. A constant span-to-depth ratio of 2.5 is taken. 
In the experiments three different series are considered, by varying the 
position of the notch in the specimen, so that mixed-mode fracture oc
curs. Specifically, notch eccentricities μD of 0.625D, 0.3125D and 0.0D 
were used. The thickness of the beams is 50 mm and the notch-to-depth 
ratio λ is 0.25 in all the cases. A vertical force was applied at the top 
midpoint of the beams as indicated in Fig. 7. The computational simu
lations are performed under CMOD control, reproducing the conditions 
of the experiment. Table 1 shows the material properties used for the 

beams, together with the Rankine damage surface. 
The objective of this section is to validate the proposed AMR and AFR 

capabilities introduced in this work. For this, the numerical simulation 
of the series with notch eccentricities μD of 0.625D and 0.3125D is 
performed, with concurrent adaptive FE formulation refinement and 
different levels of adaptive mesh refinement, up to 2 levels. 

The initial meshes adopted to perform the simulation, for the two 
eccentricity cases and all the sizes, have approximately 31,000 elements, 
resulting from using a mesh size h of 10− 2 D. The notch is modelled with 
thickness h, as is shown in Fig. 8. The original mesh is fine enough to 
obtain satisfactory results; it is chosen to show that proper convergence 
occurs with different levels of adaptive mesh refinement. 

In Fig. 9, the force–displacement curves computed for the two series 
and for all the sizes are shown. It can be seen that the results with the 
different levels of adaptive mesh refinement (from no mesh refinement 
to 2 levels of mesh refinement) are practically overlapping. This shows 
that results have reached convergence in terms of mesh size. All results 

Fig. 15. Force-displacement curves of the Garcia-Alvarez beams, standard FEs, using different levels of adaptive mesh refinement. D = 80 mm specimen and ec
centricity 0.625D. 

Fig. 16. Computed crack trajectories of the Garcia-Alvarez beams, standard FEs, using different levels of adaptive mesh refinement. D = 80 mm specimen and 
eccentricity 0.625D. 
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compare well with the experiments for all the sizes and for all the cases. 
This is remarkable, as for all the simulations the same material prop
erties are used. This confirms the results in reference [15] where the 
ability of the mixed finite element method in reproducing the structural 
size effect is demonstrated. 

Fig. 10 and Fig. 11 compares the computed crack trajectories for all 
the sizes of the two beam series with the corresponding experiments. It 
can be seen that all the numerical results are within the experimental 
range. The simulations with the different levels of mesh refinement 
considered are practically matching, demonstrating that convergence of 
the results has been achieved. No sign of spurious mesh dependence is 
observed when using the AFR method combining standard and mixed 
FEs. 

In Fig. 12 the computed damage and strain fields for the D = 80 mm 
sized specimen, eccentricity 0.625D, are displayed. A comparison be
tween results obtained with (i) no AMR, (ii) 1 level of AMR and (iii) 2 
level of AMR is made. In all cases, damage is plotted within the range 
that matches the corresponding localizing strains. It can be seen both in 
the damage and strain fields how the crack bandwidth is reduced when 
the FE size decreases. Notwithstanding, the correct energy dissipation 
with respect to the FE size is enforced by the Crack Band Theory, as it 
can be seen in the force–displacement curves in Fig. 9; also, practically 
the same crack trajectories are obtained, as shown in Fig. 10. 

Fig. 13 shows the detail of the FE mesh in the region of the notch at 
the early stages of the simulation without AMR and with 1 and 2 levels of 
AMR. It can be seen how the FE mesh is refined only in the area where 
the crack progresses according to the adaptive mesh refinement crite
rion defined in Section 3. 

In the computations of the Garcia-Alvarez beams, mesh refinement 
takes place when the equivalent effective stress σeq reaches a value 
higher than 0.5ft and coarsening occurs when σeq attains a value lower 

Fig. 17. Computed (top) damage and (bottom) maximum principal strain contours using standard FEs, D = 80 mm specimen, eccentricity 0.625D series, with (left) 
no AMR, (center) 1 level of AMR and (right) 2 levels of AMR. 

Fig. 18. Arrea and Ingraffea beam: (a) Geometry (mm) and (b) detail of the 
mesh in the area of the notch. 

Table 4 
Material parameters of the Arrea and Ingraffea beam.  

Young’s Modulus 28.8⋅109 Pa 
Poisson’s Ratio 0.18 
Tensile Strength 3.7⋅106 Pa 
Tensile Fracture Energy 130 J/m2 

Compressive Strength 43.4⋅106 Pa  
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than 0.1ft. 
Fig. 14 shows the evolution of the area where standard and mixed FE 

formulations are active for different time steps of the simulation of the 
Garcia-Alvarez beam, D = 80 mm sized specimen, eccentricity 0.625D. 
With the criterion defined in Section 3, mixed ε/u FEs are activated only 
in a small region near the developing crack. 

In all the simulations of the Garcia-Alvarez beams, formulation 

refinement, i.e. activation of the mixed ε/u FE, occurs when the equiv
alent effective stress σeq reaches a value higher than 0.75ft. Formulation 
derefinement, i.e. deactivation of the mixed ε/u FE, takes place when σeq 

attains a value lower than 0.2ft; no switching from mixed to standard 
takes place in damaged elements. 

In Table 2 the details of the reduction in computational cost by the 
adaptive formulation refinement methodology are indicated for the D =

80 mm and eccentricity 0.625D case. Similar values are obtained for all 
the other cases of the Garcia-Alvarez beams. For each of the cases 
considered (without AMR, with 1 level of AMR and with 2 levels of 
AMR) the first three columns compare the maximum number of degrees 
of freedom (labelled Max. Ndofs) ensuing from computations with 
standard FE only, mixed FE only, and the proposed AFR strategy. The 
last two columns show the relation between the Max. Ndofs resulting 
from the use of AFR with respect to the corresponding values of standard 
FE only and mixed FE only computations. 

In 2D and 3D simulations, the ratio of unknowns between the stan
dard and mixed FE formulations is 33.33%. This means that the lowest 
possible value that can be reached in the fourth column of Table 2 for the 
percentage of Max. Ndofs using AFR with respect the a mixed only 
calculation is 33.33%. Note that the actual values indicated in the col
umn are very close to this lower bound, demonstrating the efficiency of 
the proposed approach. The fifth column of Table 2 indicates the rela
tion between the Max. Ndofs using AFR with respect the standard only 
analysis, which is very close in all the cases to the lowest possible value 
of 100%. The use of the AFR allows to decisively reduce the number of 
degrees of freedom, and therefore the computational cost, of the simu
lation with respect to the use of the mixed ε/u formulation. In fact, the 
maximum number of degrees of freedom required with AFR is only 
slightly larger than that of using the standard FE formulation. 

Table 3 further details the cost-effectiveness of the proposed mesh 
adaptivity scheme for the numerical simulation of quasi-brittle fracture. 
For each of the cases considered (without refinement, with 1 level of 
refinement and with 2 levels of refinement) the first column indicates 
the number of nodes that ensue from performing an initial uniform 
refinement of the mesh and the second column displays the number of 
nodes resulting from the adoption of the AMR strategy. The third column 
presents the relation between the two previous values. It can be seen 
how the adopted AMR scheme substantially reduces the number of 
nodes, and therefore the computational cost, of the simulation with 
respect to the alternative of performing an initial uniform refinement of 
the mesh. 

The calculations show that: (i) a large reduction in computational 
cost by the use of the adaptive FE formulation capabilities is achieved, 
(ii) results are convergent when different levels of adaptive mesh 

Fig. 19. Computed damage contours of the Arrea and Ingraffea beam with: (a) 
no AMR, (b) 1 level of AMR and (c) 2 levels of AMR. 

Fig. 20. Detail of the computed crack trajectories for the different levels of 
mesh refinement of the Arrea and Ingraffea beam. 

Fig. 21. Computed Force F vs CMSD curves of the Arrea and Ingraffea beam.  
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refinement are considered, both in terms of crack trajectories and 
force–displacement curves, (iii) results agree with the experiments and 
do not exhibit any sign of spurious mesh dependency, (iv) the quasi- 
brittle fracture model based on the adoption of the mixed strain/ 
displacement FE method is able of reproducing structural size effect with 
accuracy. 

4.1.1. Comparison with standard FE simulations 
In the following, results obtained using standard FEs only are 

compared with the ones of the previous section. The objective is to 
demonstrate that mesh refinement by itself is not able to yield satis
factory results; the use of mixed ε/u FEs is necessary for that purpose. In 
this section the specimen with D = 80 mm and eccentricity 0.625D is 
considered only. The same initial mesh and material properties are 
employed. 

Fig. 15 shows the force–displacement curves computed with stan
dard FEs using different levels of AMR. It can be observed that, despite 
the fact that the solutions computed with standard FEs are practically 
overlapping, they converge to a different force–displacement curve than 
mixed FEs. 

In Fig. 16, the crack trajectories computed with standard FEs are 
shown. It can be observed that these vary when different levels of mesh 
refinement are adopted, showing spurious mesh bias dependency and 
non-convergent results. Also, fractures calculated with standard FEs are 
outside the experimental range. The large difference between the crack 
trajectories obtained with standard and mixed FEs is the reason for 
obtaining different solutions in terms of force–displacement curves as 
well, the difference between the two calculated peak loads being of 11%. 

Fig. 17 displays the computed damage and maximum principal strain 
fields using standard FEs, comparing the results without AMR and with 1 
and 2 levels of AMR. Again, it can be seen how the crack bandwidth 
diminishes as the FE size decreases. Despite the fact that the resulting 

force–displacement curves are converging to the same solution when 
using standard FEs, showing that the correct energy dissipation with 
respect to the FE size is enforced by the Crack Band Theory, the 
computed results are different in terms of crack trajectory, as shown in 
Fig. 16. 

4.2. Arrea and Ingraffea beam 

This section presents the numerical simulation of the Arrea and 
Ingraffea mixed mode bending test, reported in reference [56]. As 
reference [6] details, this experiment has been numerically modelled 
many times using several different approaches to crack modelling. 

The geometry and the boundary conditions of the beam are indicated 
in Fig. 18a. The eccentricity of the applied loading with respect to the 
notch results in the mixed mode of the fracture. The beam has di
mensions of 0.914 m × 0.305 m and a notch length of 82.4 mm. The 
beam thickness is 0.152 m. Two eccentric loads of values F and 0.13F act 
on the upper surface. The material properties considered are indicated in 
Table 4. The Drucker-Prager damage surface is considered for the 
damage constitutive law in this case. The numerical simulations are 
performed under Crack Mouth Sliding Displacement (CMSD) control. 

The objective of this section is to validate the proposed methodology 
through comparison with the experimental results. To this end, the 
present case study examines the results of the numerical simulations 
obtained with (i) no mesh refinement, (ii) 1 level of adaptive mesh 
refinement and (iii) 2 levels of adaptive mesh refinement. AMR takes 
place when the equivalent effective stress σeq ≥ 0.5ft . The coarsening of 
the mesh is decided when σeq ≤ 0.1ft. In all the cases, the adaptive 
formulation refinement capabilities are introduced as well. The mixed 
formulation is activated if σeq ≥ 0.75ft and the standard formulation is 
reestablished if σeq ≤ 0.5ft . 

The initial mesh employed has a FE size of 2 mm. This corresponds to 

Fig. 22. Evolution of the FE mesh during the simulation with 2 levels of AMR of the Arrea and Ingraffea beam.  
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a mesh of 71,761 elements. The notch is modelled with a thickness of 1 
finite element, as is shown in Fig. 18b. The initial mesh considered in the 
simulations is fine enough to provide satisfactory results; it is selected to 
demonstrate that convergence occurs when adaptive mesh refinement is 
activated. 

Fig. 19 shows the computed damage contours, comparing results (i) 
without AMR, (ii) with 1 level of AMR and (iii) with 2 levels of AMR. The 
crack, starting at the notch, gradually turns and modifies its trajectory 
due to the mixed mode loading conditions of the test. The detail of the 
crack trajectories is examined in Fig. 20. On the one hand, it can be seen 
how the numerical results are practically overlapping and that conver
gence of the solution is properly taking place upon mesh refinement. On 
the other hand, the crack trajectories obtained with the adaptive FE 

Fig. 23. Evolution of the area where standard (in blue) and mixed (in red) formulations are adopted during the simulation with 2 levels of AMR of the Arrea and 
Ingraffea beam. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Table 5 
Cost-efficiency of the proposed mesh and formulation adaptivity scheme for the 
Arrea and Ingraffea beam.   

Max. Ndofs 
standard 
FEs 

Max. 
Ndofs 
mixed ε/u 
FEs 

Max. 
Ndofs 
AFR 

% of Ndofs 
with 
respect to 
mixed only 

% of Ndofs 
with respect 
to standard 
only 

Without 
AMR 

144,910 434,730 153,050  35.21%  105.62% 

1 level of 
AMR 

182,566 547,698 192,786  35.20%  105.60% 

2 levels 
of AMR 

329,890 989,670 358,350  36.21%  108.63%  

Table 6 
Cost-efficiency of the proposed mesh adaptivity scheme for the Arrea and 
Ingraffea beam.   

Number of elements with 
initial uniform refinement 

Max. number of 
elements with AMR 

% 

No mesh 
refinement 

71,761 –  – 

1 level of 
refinement 

287,044 90,724  31.61% 

2 levels of 
refinement 

1,148,176 164,077  14.29%  

Fig. 24. Geometry of the Bocca beam (mm).  

Table 7 
Material properties of the Bocca beam.  

Young’s Modulus 27.0⋅109 Pa 
Poisson’s Ratio 0.18 
Tensile Strength 2.0⋅106 Pa 
Tensile Fracture Energy 100 J/m2 

Compressive Strength 37.3⋅106 Pa  
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formulation method proposed in this work matches the experimental 
observations. 

In Fig. 21 the computed Force F vs CMSD curves with the different 
levels of mesh refinement are displayed. It can be seen again that proper 
convergence of the solution is taking place as well when considering the 
force–displacement response. The computations agree with the experi
mental observations both in terms of bearing capacity and of overall 
nonlinear behavior. 

Fig. 22 shows the evolution of the FE mesh during the simulation as a 
result of the adaptive mesh refinement capabilities introduced in the 
model. In Fig. 23 the evolution of the areas where standard and mixed 

FEs are active during the simulation is presented. The ability of the 
criterion based on σeq to allow the correct switching between standard 
and mixed formulations effectively is verified again. 

In Table 5 the cost-efficiency of the proposed AFR scheme is assessed. 
For the three cases considered (without AMR, with 1 level of AMR and 
with 2 levels of AMR), the first three columns provide the maximum 
number of degrees of freedom (Max. Ndofs) involved in the computa
tions using standard FE only, mixed FE only and AFR respectively. The 
last two columns indicate the relation between the Max. Ndofs in AFR 
with respect to the other two approaches, (standard only and mixed 
only). The analyzes performed with AFR necessitated a very small 
increment in the number of degrees of freedom with respect to the use of 
standard FEs ( 5%). 

Table 6 presents the cost-effectiveness of the AMR approach. For 
each of the contemplated cases (without refinement, with 1 level of 
refinement and with 2 levels of refinement) the first column shows the 
number of elements resulting from the adoption of a uniform mesh 
refinement strategy. The second column displays the number of nodes 
that ensue from the use of the AMR method proposed in this work. The 
third column details the ratio between the two previous values. It can be 
observed how the proposed AMR strategy allows for a very significant 
reduction in the number of elements and therefore the cost of the 
computational simulations. 

Computations with the mixed ε/u FE approach do not present any 
trace of spurious mesh dependency. The adaptive formulation approach 
allows to obtain results with enhanced accuracy and mesh objectivity 
while introducing an extremely reduced increase in the computational 
cost with respect to the use of standard FEs. The efficiencies displayed by 
the AFR and AMR methods are caused by the fact that the crack prop
agates in a reduced area of the whole structure. Only a small portion of 
the beam reaches the nonlinear regime, as it can be observed in Fig. 19, 
Fig. 22 and Fig. 23. 

Fig. 25. Detail of the initial mesh employed in the analysis of the Bocca beam 
in the central area. 

Fig. 26. Displacement contours of the Bocca beam with: (a) no AMR, (b) 1 level of AMR and (c) 2 levels of AMR.  
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4.3. Bocca beam 

This section analyzes the capabilities of the proposed model in 
reproducing the results of the doubly notched beam of the Bocca 
experiment, reported in reference [57]. Reference [57] includes as well 
the numerical simulation of the test using an automatic remeshing 
scheme to reproduce crack propagation. 

This problem has been solved in references [58,59], where particle 
meshless methods are adopted, in reference [60], where the boundary 

element method is used, in reference [61], which employed EFEM, in 
reference [62], where another automatic remeshing scheme is proposed 
and in reference [63], which introduced a localization limiter to regu
larize the problem. 

The geometry and boundary conditions of the test are detailed in 
Fig. 24. The beam has dimensions 0.8 m × 0.2 m and a thickness of 0.1 
m. Two notches of 40 mm length are introduced, and two eccentric 
forces of values F and 0.2F are applied as detailed in Fig. 24. Note that 
the beam geometry and boundary conditions are polar symmetric. The 
material parameters are given in Table 7. The Drucker-Prager damage 
criterion is adopted. The simulation is performed under crack mouth 

Fig. 27. Damage contours of the Bocca beam with: (a) no AMR, (b) 1 level of AMR and (c) 2 levels of AMR.  

Fig. 28. Detail of the computed crack trajectories for the different levels of 
mesh refinement of the Bocca beam. 

Fig. 29. Computed force–displacement curves of the Bocca beam.  
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opening displacement (CMOD) control of the upper notch. 
In order to assess the proposed AMR and AFR capabilities, a coarse 

initial mesh in considered for the present case study, and different levels 

of adaptive mesh refinement are subsequently introduced. The initial 
mesh, shown in Fig. 25, has a FE size of 5 mm, which results in a total of 
6,464 elements. This section intends to analyze the capabilities of the 
model when more than one crack develops. 

In this case study, mesh refinement takes place when the equivalent 
effective stress σeq ≥ 0.5ft and coarsening occurs when σeq ≤ 0.25ft . The 
mixed FE formulation is activated when σeq ≥ 0.75ft and deactivated 
when σeq ≤ 0.25ft. 

Fig. 26 shows the computed displacement contours of the Bocca 
beam, where results (i) without AMR, (ii) with 1 level of AMR and (iii) 
with 2 levels of AMR are contrasted. The position of the cracks can be 
located due to the high gradient of displacements that they generated. It 
can be observed how the beam breaks into 3 different pieces, and that 
the central piece is exhibiting a pure rotation motion, due to the polar 
symmetry of the applied boundary conditions. Note how the displace
ment gradients are much more localized when a lower FE size is adop
ted, due to the adaptive mesh refinement capabilities of the model. 

In Fig. 27 the computed damage contours of the Bocca beam are 
shown, comparing results (i) without AMR, (ii) with 1 level of AMR and 
(iii) with 2 levels of AMR. It can be seen how two cracks with polar 
symmetry are developing in the beam, as is expected from the applied 
boundary conditions. Fig. 28 examines the detail of the computed crack 
trajectories. It can be observed how the three simulations are producing 
practically overlapping results. Also, note that the computed fractures 
are inside the range of experimental observations. 

Fig. 29 shows the results in terms of force F vs displacement curves at 
the upper right support. The three computations considered produce 
practically matching results, with a small overestimation of the bearing 
capacity in the case calculated with the coarse mesh. It can be observed 
how the simulations with 1 and 2 levels of AMR provide almost the same 
peak load. Fig. 29 also details how the computed force–displacement 
curves agree with the experiment. This is remarkable, given that only 
one curve is provided for the original experiment in reference [57]. 

In Fig. 30 the evolution of the areas where standard and mixed FE 
formulations are active for different time-steps is shown. It can be seen 
how the proposed criterion defined in function of the equivalent effec
tive stress is able of successfully delimiting the areas where mixed FEs 
should be activated in the considered case study where two different 
cracks are evolving. Fig. 31 presents the meshes that result at the end of 

Fig. 30. Evolution of the area where standard (in blue) and mixed (in red) formulations are adopted during the simulation with 2 level adaptive mesh refinement of 
the Bocca beam. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 31. Meshes at the end of the simulations of the Bocca beam with (left) 1 level of AMR and (right) 2 levels of AMR.  

Table 8 
Cost-efficiency of the proposed mesh and formulation adaptivity scheme for the 
Bocca beam.   

Max. Ndofs 
standard 
FEs 

Max. 
Ndofs 
mixed ε/u 
FEs 

Max. 
Ndofs 
AFR 

% of Ndofs 
with 
respect to 
mixed only 

% of Ndofs 
with respect 
to standard 
only 

Without 
AMR 

13,378 40,134 17,230  42.93%  128.79% 

1 level of 
AMR 

21,878 65,634 29,894  45.55%  136.64% 

2 levels 
of AMR 

54,234 162,702 81,502  50.09%  150.28%  

Table 9 
Cost-efficiency of the proposed mesh adaptivity scheme for the Bocca beam.   

Number of elements with 
initial uniform refinement 

Max. number of 
elements with AMR 

% 

No mesh 
refinement 

6,464 –  – 

1 level of 
refinement 

25,856 10,556  40.83% 

2 levels of 
refinement 

103,424 26,402  25.53%  

Table 10 
CPU-times of the computations with standard FEs, mixed FEs and the proposed 
AFR scheme for the Bocca beam.   

CPU-times (s) 

Standard FEs AFR Mixed FEs 

Without AMR  757.09  1,193.07  5,248.93 
1 level of AMR  4,091.41  4,390.56  18,556.28 
2 levels of AMR  12,490.85  25,394.72  76,053.59  
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the simulation when the adaptive mesh refinement capabilities are 
introduced. It can be seen how the proposed model is also able to 
properly define the regions that required mesh refinement and later 
coarsening. 

In Table 8 the cost-efficiency of the proposed methodology is 
assessed. As in the previous cases, for each of the situations considered 
(without AMR, with 1 level of AMR and with 2 levels of AMR) the 
maximum number of degrees of freedom is indicated for analyzes per
formed with standard FE, mixed FE and AFR. The relation between the 

maximum number of degrees of freedom in AFR and the other two 
methods (standard only and mixed only) is also given. In the present 
analysis, where an initial coarse mesh is considered, it can be observed 
how the reduction in computational cost provided by AFR is not as 
important as in the previous sections where an initially fine mesh is 
adopted. Notwithstanding, the use of the AFR approach remains highly 
advantageous also in this instance. 

Table 9 shows the cost-effectiveness of AMR in the Bocca beam 
analysis. For the three cases considered (without refinement, with 1 
level of refinement and with 2 levels of refinement) the strategies of 
uniform refinement (first column) and adaptive refinement (second 
column) are compared in terms of the number of elements that ensue in 
the computation. In the third column the ratio between the two values is 
indicated. It can be observed how the AMR capabilities of the model 
provide a noteworthy reduction in computational cost. 

To further show the increased efficiency ensuing from the adoption 
of the proposed AFR scheme, Table 10 compares the resulting CPU-times 

Fig. 32. Crack branching numerical test: (a) Geometry (mm) and (b) detail of the mesh in the area of the notch.  

Table 11 
Material properties of the crack branching numerical test.  

Young’s Modulus 20.0⋅109 Pa 
Poisson’s Ratio 0.3 
Tensile Strength 44.0⋅106 Pa 
Tensile Fracture Energy 89 J/m2  

Fig. 33. Computed damage contours at different stages of the simulation of the crack branching numerical test.  
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with corresponding simulations using standard and mixed FEs only. 
Again, each of the considered cases (without AMR, with 1 level of AMR 
and with 2 levels of AMR) are considered. Computations were carried 
out in a single thread on an Intel Core i7-6700 CPU. It can be observed 
that the CPU-times ensuing from the application of the AFR strategy are 
much lower than the ones corresponding to the use of mixed FEs. The 
order of magnitude of the computational cost of AFR is comparable to 
the one resulting from the use of standard FEs. This shows that the AFR 
approach highly reduces the cost of the simulations performed with 
mixed FEs, while preserving the quality of the results. 

4.4. Crack branching numerical test 

In this section, the numerical simulation of a crack branching test is 

performed. In this benchmark, initially proposed in reference [64], a 
square plate with an initial notch at the midheight is considered in order 
to examine the ability of the numerical approach in reproducing 
bifurcations. 

The geometry and boundary conditions of the problem are indicated 
in Fig. 32a. The plate has dimensions of 2 mm × 2 mm. The thickness of 
the notch is taken as zero. The right edge of the plate is fixed and on the 
top and bottom boundaries are imposed vertical displacements 
following the function f(x) = uv(x − 1)2

/4, uv being the displacement at 
the top-left and bottom-left corners and the origin x = 0 being placed at 
the center of the specimen so that − 1 ≤ x ≤ 1. These imposed boundary 
conditions enforce the branching of the propagating crack in the plate. 
The material properties of the test are included in Table 11, used 
together with the Rankine damage surface. 

The numerical simulation is performed with both AFR and AMR 
capabilities. In this case, 3 levels of mesh refinement are introduced. 
AMR is triggered when the equivalent effective stress σeq reaches 75% of 
the tensile strength ft. Coarsening is enabled when σeq drops below 50% 
of ft. The same thresholds are established for AFR. 

The detail of the initial mesh adopted to perform the simulation in 
the area of the notch is shown in Fig. 32b. It is a structured mesh of 40 ×
40 = 1600 quadrilateral elements. Note that this original mesh is not 
fine enough to produce an acceptable result of the numerical simulation 
if AMR is not introduced. It has been chosen to illustrate the capabilities 
of the proposed numerical scheme when a coarse mesh is initially 
considered. 

In Fig. 33 the computed damage contours at different stages of the 
simulation can be observed. It can be seen how first the crack progresses 
horizontally and then branches due to the boundary conditions imposed 
in the body. Two symmetric cracks evolve in the plate until branching 
occurs again. Then, four symmetric cracks propagate through the plate. 

Fig. 34. Crack branching numerical test: Evolution of the area where standard (in blue) and mixed (in red) formulations are adopted. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 35. Crack branching numerical test: Evolution of the refined area.  

Table 12 
Cost-efficiency of the proposed formulation adaptivity scheme for the crack 
branching numerical test.  

Max. Ndofs mixed ε/u 
FEs 

Max. Ndofs 
AFR 

% of Ndofs with respect to mixed 
only 

87,132 66,332  76.13%  

Table 13 
Cost-efficiency of the proposed mesh adaptivity scheme for the crack branching 
numerical test.  

Number of nodes with initial 
uniform refinement 

Max. number of nodes with adaptive 
mesh refinement 

% 

103,057 14,522  14.09  
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Fig. 34 shows the evolution of the area where the mixed FE formulation 
is activated during the simulation. It can be seen how mixed FEs are 
introduced in the simulation only in the areas where the cracks propa
gate. Also, in Fig. 35 the regions where the mesh is refined can be 
observed for the same time steps. This shows that the proposed criterion 
based on the equivalent effective stress is satisfactorily defining the 
areas to be refined in crack branching situations as well. 

Table 12 assesses the savings in computational cost due to the pro
posed AFR scheme. The first column indicates the maximum number of 
degrees of freedom (labelled Max. Ndofs) ensuing from computations 
with mixed FE only while the second column shows the corresponding 
value for the AFR strategy. The last column presents the relation be
tween the two previous values. In the present case where an initial 
coarse mesh is adopted, the decrease in the number of degrees of 
freedom due to the AFR scheme is not as important as in the previous 
case studies where an initially fine mesh was employed. Still, the FE 
formulation adaptivity allows to introduce a significant reduction in 
computational cost. 

Table 13 examines the cost-efficiency of the adopted AMR strategy. 
In the first column the number of nodes resulting from the use of an 
initial uniform refinement approach is provided while in the second 
column the number of nodes introduced by the ARM method is indi
cated. The third column shows the relation between the two previous 
values. It can be inferred that in this case where an initial coarse mesh is 
adopted to calculate the problem, AMR produces a large saving in the 
computational cost with respect to the use of initial mesh refinement. 

In the present case study, the adaptive mesh refinement strategy 
produces a large part of the total cost savings of the method. No sign of 
spurious mesh bias dependence can be observed. The combination of the 
AMR and AFR capabilities of the proposed model allows to obtain mesh 
objective results at a reasonable computational cost. 

5. Conclusions 

In this work, the use of an Adaptive Formulation Refinement (AFR) 
strategy is combined with the application of an Adaptive Mesh Refine
ment (AMR) approach for the cost-efficient computation of localized 
structural failure with enhanced accuracy and mesh objectivity. 

The proposed AFR strategy allows to adaptively switch between the 
standard displacement-based FE formulation and the more accurate 
mixed strain/displacement FE. An isotropic damage model is used to 
model the stiffness degradation leading to cracking and structural fail
ure. A simple and effective criterion defined in terms of the ratio be
tween the equivalent effective stresses that develop in the structure and 
the material strength is introduced to selectively activate the formula
tions. The proposed methodology has shown to significantly reduce the 
computational cost of the simulations, rendering them of the order of 
standard FE calculations, while benefitting from the enhanced accuracy 
and mesh bias objectivity of the mixed FE. 

Using a similar refinement criterion based on the same ratio between 
the equivalent effective stresses and the material strength, the adopted 
AMR strategy further reduces the required computational cost of 
structural analyses, by allowing to start the simulation with a coarse 
mesh and adaptively refining only the areas where crack propagation 
occurs, which represent a small part of the whole domain. 

The proposed model also allows for the later adaptive mesh coars
ening and formulation derefinement, switching back from mixed to stan
dard FEs, according to the corresponding criteria. The combination of 
the AFR and AMR methodologies is fairly straightforward. 

The paper includes the assessment of the proposed methodology 
through the simulation of several numerical benchmarks and experi
mental tests available in the literature. The successful computation of 
situations involving structural size effect, multiple developing cracks 
and crack branching is presented. The simulations reproduce the bearing 
capacity, force–displacement curves, crack trajectories and collapse 
mechanism observed in the experiments with enhanced accuracy. 

Complementarily, the comparison of the proposed model with the 
standard displacement-based formulation is also performed. This shows, 
on the one hand, the capacity of the adopted methodology combining 
AFR and AMR to produce converging mesh objective results, without 
any trace of spurious mesh dependence. On the other hand, the standard 
formulation alone remains spuriously mesh dependent and unreliable, 
even if the mesh is refined. 

Calculations show the capacity of the approach integrating AFR and 
AMR to obtain reliable results with high accuracy and with a compu
tational cost of the order of the standard displacement-based FE. This 
demonstrates the effectiveness of the approach in engineering practice. 
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A B S T R A C T

Friction Stir Welding (FSW) is a solid-state joining process that has several benefits over
conventional welding techniques. A major challenge is its high sensitivity to process parameters
such as advancing and rotational speed. Simulations are a key tool for understanding the
material flow and temperature evolution and help to find the best processing parameters for
a given FSW task. This work proposes using the Embedded Domain Method (EDM) for the
simulation of FSW to overcome the limitations of (purely) Lagrangian, Eulerian, or Arbitrary
Lagrangian Eulerian (ALE) approaches.

In the proposed approach, a CAD geometry of the rotating pin tool is embedded at runtime
into the computational domain, which represents the to-be-welded workpieces. Resulting
interface elements are integrated using a boundary conforming subintegration approach, and
various stabilization techniques are employed to stabilize the thermo-mechanical problem and
potential cut element instabilities.

The predicted reaction forces and temperature evolution curves are in excellent agreement
with experimental reference data and the sensitivity analysis of process parameters shows that
the model can be used to make targeted adjustments of said parameters to gain greater control
over the process.

1. Introduction

Friction Stir Welding (FSW) is a solid-state joining process in which two facing workpieces (Fig. 1a) are welded together using a
rotating, non-consumable tool (Fig. 1b) that is plunged into the material and then moved along their interface. In FSW, the joining
process is achieved because of the heat generated by friction between the pin-tool shoulder and the workpieces, as well as by the
plastic deformation of the stirred material. Typically, the material is not melted.

This is a great advantage over conventional welding techniques since any cracking due to phase change is avoided, and welding
can be conducted in arbitrary orientations. Despite the advantages and significant attention FSW has received within industrial
sectors (especially aerospace and naval), its complexity lies in its high sensitivity to various process parameters. Controlling factors
such as rotation speed, advancing speed, pin shape, and tool tilting are key to obtaining high-quality, defect-free welds. The
numerical simulation of FSW processes can help understand these parameters’ influence on the weld quality (see [2]). Simulations
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Fig. 1. (a) Experimental welding setup, and (b) pin tool, [1].

Fig. 2. Different approaches to simulating FSW: (a) entirely Lagrangian frame of reference, (b) entirely Eulerian frame of reference, (c) entirely ALE frame of
reference, (d) AKF, partially Eulerian, partially ALE, and (e) EDM approach with Eulerian frame of reference and embedded domain. Colorcoding: ■ Lagrangian,
■ Eulerian, ■ ALE, ■ Embedded Domain.

of FSW processes are mainly focused on the prediction of the temperature distribution [3,4], the sensitivity to the process
parameters [5], the analysis of the strain rate field [6] and the material flow [7,8] as well as the contact and friction [9,10].

Due to the high temperatures in FSW, the workpiece material softens significantly in close vicinity to the tool. Considering this,
researchers have used different kinematic frameworks to model FSW processes. In a Lagrangian framework, where the computational
mesh is fixed to material particles (Fig. 2a), the workpiece is modeled as a visco-elasto-plastic solid, and the primary unknowns
are displacements. This approach allows for a very accurate description of the material’s movement and, most importantly, a
residual stress analysis. However, significant drawbacks are excessive mesh distortions, which lead to frequent and costly re-meshing
operations, including transferring unknowns and internal variables between meshes.

In contrast, there are Eulerian frameworks, where the mesh is fixed in space, the workpiece is characterized as a (very viscous)
fluid, and the primary unknowns are velocities. In an Eulerian framework, simpler material and kinematic models can be used
(visco-plastic stokes flow vs. finite strain elasto-visco-plastic solid mechanics), and faster solution times [11] can be achieved.

In the particular case of rotationally symmetric tools, the entire simulation can be carried out using an unchanging mesh (Fig. 2b).
In this case, the simulation converges to a steady-state solution. However, non-rotationally symmetric tools, also require re-meshing;
thus, an Arbitary-Lagragian–Eulerian (ALE) formulation can be an alternative (Fig. 2c).

A proposed solution to this problem is the Apropos Kinematic Framework (AKF, Fig. 2d) by Dialami et al. [12], which divides
the domain into a circular ALE subdomain that rotates in unison with the tool and the far-field that is described by an Eulerian
framework. Special attention must be given to the interface between the two subdomains. Consequently, the AKF allows for the
analysis of non-rotationally symmetric tools while avoiding any re-meshing and capitalizes on the benefits of the Eulerian framework.
Unfortunately, the AKF requires the pin rotation axis 𝐤 to be parallel to the workpiece surface normal 𝐧. If this condition is not
fulfilled, the approach cannot be used, as demonstrated in Fig. 3. This complicates the inclusion of tilt angles.

To avoid this problem, the authors present a new approach to simulate Eulerian FSW problems using an Embedded Domain
Method (EDM, Fig. 2e). EDMs are a group of closely related methods characterized by an unfitted mesh and (material) discontinuities
within elements. The most prominent examples are the Extended Finite Element Method (XFEM, see [13,14]), which enriches the
solution space with discontinuous functions, the Finite Cell Method (FCM, see [15,16]), which is characterized by large, unfitted
elements called cells and high order shape functions, the Immersed Boundary Method, (IBM, see [17]) which focuses on defining
boundary conditions independently from mesh and element boundaries and the Fictitious Domain Method (FDM, see [18,19]), which
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Fig. 3. Axis misalignment encountered in Apropos Kinematic Framework for non-zero tilt angles.

assumes either the embedded domain or its complementary part fictitious and thus not contributing to the solution. However, most
mentioned methods lack clear differentiation, and may overlap in certain aspects.

Janoske et al. [20] have used the IBM to simulate FSW by immersing an STL geometry of a pin-tool into a computational fluid
dynamics (CFD) domain. This approach allows one to work with unfitted meshes and to impose the problem’s boundary conditions
without respecting the element’s boundaries. IBM, however, does not differentiate between the inside and outside of the immersed
tool, influencing the overall solution as the workpiece and tool subdomains remain coupled.

The present work follows a similar approach by performing the computation on a regular mesh that is also not body-fitted. The
FSW tool is embedded into the computational domain (workpiece geometry). However, unlike in the IBM approach, elements are
classified as physical (not intersected by the tool), inactive (entirely inside the tool subdomain), or cut by the tool boundary. When
integrating over the domain, the physical elements are treated as usual, the inactive ones do not contribute to the solution, and the
cut elements receive special treatment to account for their partial contribution to the physical subdomain. This approach effectively
decouples the workpiece and tool subdomains, eliminating all interactions. Special numerical stabilization techniques are applied to
deal with the numerical instabilities and negatively impacted system conditioning caused by small cut elements. Finally, the friction
condition is applied to the tool-workpiece interface, which no longer coincides with the element boundaries. This approach is best
described as CUT-FEM with low-order elements, see [21].

This approach allows for using complex, non-rotationally symmetric tools while simultaneously allowing for non-zero tilt angles.
Furthermore, the workflow from tool design (using CAD software) to Finite Element simulation is fully automated and does not
require any manual mesh generation and verification. Finally, an octree refinement strategy is employed, hierarchically refining
the mesh close to the tool-workpiece interface. This refinement simultaneously serves two purposes (accurate geometry capture and
solution enhancement in the boundary layer) without needing a refinement criterium based on elaborate error estimation.

The outline of the paper is as follows: Section 2 summarizes the main equations of the thermo-mechanically coupled problem and
the material model and gives a detailed description of the problem’s boundary conditions, Section 3 covers the chosen EDM approach
and outlines the CAD-to-Simulation workflow and finally Sections 4 and 5 show selected numerical results and draw conclusions.

2. Thermo-mechanical analysis

This section presents the fundamental equations of the thermo-mechanical problem in their strong and weak forms, as well as
various stabilization terms. Furthermore the boundary conditions and the material model are explained.

2.1. Governing equations

Friction Stir Welding is a two-way, thermo-mechanically coupled process, as summarized in Fig. 4. The mechanical problem is
modeled as an incompressible Stokes flow with a non-Newtonian (shear-thinning) and temperature-dependent constitutive law. The
thermal problem describes the conduction and convection of heat generated by plastic dissipation and friction from the mechanical
problem. The thermal problem is convection-dominated, and the convective velocity is one of the unknowns of the mechanical
problem. The coupled problem is solved in a staggered manner. A detailed discussion of the governing equations of FSW and the
derivation of the weak form can be found in [2] and [22].

Mechanical. The mechanical problem is described by the balance of momentum, Eq. (1), and the incompressibility constraint,
Eq. (2).

∇ ⋅ 𝐬 + ∇𝑝 + 𝐛 = 𝟎 (1)

∇ ⋅ 𝐮 = 0. (2)

The problem is expressed in terms of two primary unknowns velocity 𝐮 and pressure 𝑝, as well as the deviatoric stress tensor 𝐬 (see
Section 2.3) and the body forces 𝐛. The problem is presented in mixed 𝐮∕𝑝 form to deal with the isochoric nature of the material
flow.
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Fig. 4. Thermo-mechanical coupling.

Fig. 5. Thermal and mechanical boundary conditions on the exterior boundaries (left) and the tool-workpiece interface 𝛤I, visualized as cross section of domain
(right).

Thermal. The strong form of the thermal problem reads

𝜌0𝑐
( 1
𝛼
𝜕 𝑇
𝜕 𝑡 + 𝐮 ⋅ ∇𝑇

)

+ ∇ ⋅ 𝐪 = 𝐷m with 𝐪 = −𝑘∇𝑇 , (3)

where the temperature 𝑇 is the primary unknown, 𝐮 the velocity (responsible for the convective heat transfer), 𝜌0 the material
density, 𝑐 the specific heat capacity, 𝑘 the thermal conductivity and 𝐪 the heat flux. 𝐷m denotes the fraction of the plastic dissipation
that is turned into heat (see Section 2.3). Note that 𝑐(𝑇 ) and 𝑘(𝑇 ) are temperature-dependent material parameters. The parameter 𝛼
is introduced to artificially accelerate the transient phase by increasing the thermal diffusion. Thus, the steady state condition can
be achieved faster. This method was first introduced by Dialami et al. [23].

2.2. Boundary conditions

Fig. 5 shows the thermal and mechanical boundary conditions of the problem. The mechanical friction and loading conditions,
as well as the thermal friction dissipation condition are applied on the tool-workpiece interface 𝛤I ⊂ 𝛤 , a subset of the domain’s
boundary.

Mechanical loading. The mechanical problem of Eqs. (1) and (2) is complemented by the boundary conditions

𝐮 = 𝐮̄ on 𝛤𝑢 and (4)

𝐬𝐧 + 𝑝𝐧 = 𝐭̄ on 𝛤𝑡, (5)

where 𝐮̄ and 𝐭̄ are the prescribed velocities and tractions, respectively. The boundary conditions on 𝛤 ∩𝛤I (excluding the interface),
are shown in Fig. 5.

The vertical loading/no penetration condition restricts the velocity component normal to 𝛤I. For this purpose the normal projector
is introduced as 𝖯n = 𝐧⊗ 𝐧. On surfaces parallel to the pin axis (𝐧 ⋅ 𝐤 = 0), the velocity is restricted to 0 (no penetration) and on
surfaces perpendicular to the pin axis the velocity is restricted to a given velocity 𝑢̄v, to account for the vertical tool loading. On
surfaces that are neither parallel nor perpendicular to the pin axis, the velocity is constrained to a proportion of 𝑢v. Hence,

𝐮 ⋅ 𝖯n = −𝑢̄v𝐤 ⋅ 𝖯n. (6)

Remark 1. There are two different approaches to account for the vertical loading: the application of a uniform vertical velocity
field (Dirichlet conditions) or a uniform pressure distribution (Neumann’s condition). Since the tool is modeled as a rigid body, the
Dirichlet boundary conditions approach is chosen. See [9].
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Fig. 6. Kinematics and exterior normals on tool-workpiece interface 𝛤I: top view (left), and cross section (right).

Fig. 7. Reaction forces and torque definitions.

Mechanical friction. Friction only occurs in plane with 𝛤I, hence the friction condition affects all velocity components except the
ones normal to the surface. For this purpose the tangential projector is introduced as 𝖯t = 𝟏 − 𝖯n. The applied tractions are

𝐭̄ = 𝐭̄f = 𝑎 ‖(𝐮̄p − 𝐮) ⋅ 𝖯t‖𝑞−1
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑎⋆

(𝐮̄p − 𝐮) ⋅ 𝖯t , (7)

where 𝐮̄p is the pin velocity at the interface, 𝐮 is the material velocity at the interface (see Fig. 6), 𝑎 is the friction parameter and
𝑞 is the sensitivity parameter. The term 𝑎⋆ determines how strongly (𝐮̄p − 𝐮) ⋅ 𝖯t ≈ 0 is enforced.

Dialami et al. [9] and Dialami et al. [1] showed that good results can be achieved when a Modified Newton Friction Law is used.
Here the friction parameter 𝑎 is modified geometrically to account for the non-uniform pressure field under the tool shoulder. For
moderate values of 𝑎 some amount of slip occurs, whereas for large values a full stick condition is recovered (i.e., Regular Newton
Friction Law).

𝑎(𝑥, 𝑦, 𝜓) = 1
2

(

𝑎max + 𝑎min +
(

𝑎max − 𝑎min
)

t anh 6 (𝑥 cos𝜓 + 𝑦 sin𝜓)
𝑅

)

(8)

The friction parameter 𝑎 depends on the position relative to the pin rotation axis (distances 𝑥, 𝑦 and angle 𝜓), as shown in
Eq. (8). The function yields high friction values (𝑎 → 𝑎max) in front of the tool and low friction values (𝑎 → 𝑎min) behind the tool.
Dialami et al. [24] show that by introducing the in-plane rotation angle 𝜓 , the obtained reaction forces (Fig. 7) are in even better
agreement with experimental results.

Fig. 8 shows plots of Eq. (8). On the left, 𝑎 is depicted as a function of only 𝑥, with 𝜓 = 0◦. On the right, 𝑎 is shown as a function
of both 𝑥 and 𝑦 with an in-plane angle 𝜓 > 0◦. Note that the slope of the transition from 𝑎min to 𝑎max also depends on the radius 𝑅.
For the part of 𝛤I that is the pin (depicted in blue), the radius of the pin is used 𝑅 = 𝑅Pin. For the remaining part of 𝛤I that is the
shoulder (depicted in orange), the radius of the shoulder is used 𝑅 = 𝑅Shd.

The effect of the different parameters is shown qualitatively in Fig. 9. Fig. 9a shows that with a full stick model (𝑎min = 𝑎max) the
resulting tractions are of equal magnitude. In terms of the resulting reaction forces their effect cancels out, both in welding direction
and perpendicular to it. Previous works have shown that this leads to a substantial underestimation of the lateral reaction forces 𝐹𝑦.
By introducing an 𝑎min value that is low enough to permit slipping in the rear part of the tool, the tractions in −𝑦 decrease, which
yields a net reaction force in +𝑦, as shown in Fig. 9b. Introducing the in-plane rotation angle 𝜓 allows for even greater control. As
the angle is increased, the lateral net force remains largely unchanged (especially for small angles), while the net reaction force in
welding direction decreased as the forces in 𝑥 no longer cancel out.

A study of the influence of the different friction parameters is presented in Section 4.2.

Thermal. The thermal problem of Eq. (22) is complemented by the boundary conditions

𝑇 = 𝑇̄ on 𝛤𝑇 , and (9)

Computer Methods in Applied Mechanics and Engineering 435 (2025) 117539 

5 

C Publication 3 169Publication 3: Embedded Technology for Enhanced Modeling
of Friction Stir Welding Processes



H. Venghaus et al.

Fig. 8. Geometrically modified friction parameter 𝑎(𝑥, 𝑦, 𝜓). Pin radius 𝑅Pin at 0.0035 m, shoulder radius 𝑅Shd at 0.0085 m (dotted lines). (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 9. Different slip patterns for (a) Regular Newton (Full Stick), (b) Modified Newton with 𝜓 = 0, and (c) Modified Newton with 𝜓 > 0. Coloring: ■ 𝐮 ≈ 𝐮p
(material velocity close to pin velocity, i.e., sticking) and ■ 𝐮 < 𝐮p (material velocity lower than pin velocity, i.e., slipping).

𝐪 ⋅ 𝐧 = 𝑞 on 𝛤𝑞 , (10)

where 𝑇̄ are the prescribed temperatures and 𝑞 are the prescribed heat fluxes. The boundary conditions on 𝛤 ∩ 𝛤𝐼 (excluding the
interface), are shown in Fig. 5. The heat fluxes 𝑞lat , 𝑞t op, 𝑞back are modeled as Robin boundary conditions, as shown in Eq. (11),
where ℎ(𝑇 ) is the heat transfer coefficient and 𝑇 the temperature at domain boundary and 𝑇env the environment temperature.

𝑞 = ℎ(𝑇 ) (𝑇 − 𝑇̄env) (11)

The heat fluxes on 𝛤I, caused by the friction dissipation are computed as

𝑞f r ic = 𝜑f r 𝐭̄f ⋅ (𝐮̄p − 𝐮) ⋅ 𝖯t , (12)

based on the tangential components of the tractions and velocity differences, as introduced previously. The proportionality factor
𝜑f r determines how much friction dissipation is converted into heat. Based on the thermal conductivity properties of the tool and
workpiece materials, it can be determined how much heat is absorbed by either part. See [3] for a more detailed explanation. In
this work it is assumed that 75% of the friction dissipation is converted to heat and half of it is absorbed by the workpiece, resulting
in 𝜑f r = 0.375.

2.3. Material modeling

Visco-plastic behavior is widely used to describe the non-Newtonian material flow of metal-forming processes, including FSW. The
overall behavior is shear-thinning, which means that under low strain rates, the material response is very viscous, while under high
strain rates, the material becomes less viscous. In this work, the material behavior is described using the Norton–Hoff law [25,26],
which models the strain rate-stress relation as a power law

𝐬 = 2𝜇ef f 𝐞 = 2𝜇ef f ∇s𝐮 with 𝜇ef f (𝑇 , 𝛾) = 𝜇0(𝑇 ) 𝛾𝑚(𝑇 )−1, (13)

where 𝐞 = ∇s𝐮 is the deviatoric strain rate, ∇s𝐮 being the symmetric gradient of the velocity, 𝛾 =
√

2‖𝐞‖ the equivalent strain rate,
𝜏 = 𝜇ef f 𝛾 the equivalent stress, and 𝜇0 the consistency parameter. Finally, 𝑚 is the so-called flow index. Shear-thinning behavior is
observed for 𝑚 < 1, and Newtonian behavior is recovered for 𝑚 = 1.
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Fig. 10. Temperature and strain rate dependent effective viscosity and equivalent stress.

Fig. 11. Linearized material law.

The plastic dissipation is computed as 𝐬 ∶ 𝐞, where the operator, : ‘‘ is defined as the double contraction of two tensors (i.e., 𝑠𝑖𝑗𝑒𝑖𝑗),
and the proportionality factor 𝜑pl determines how much of the plastic dissipation is accounted for as a heat source for the thermal
problem. In this work a value of 𝜑pl = 0.75 is assumed.

𝐷m = 𝜑pl 𝐬 ∶ 𝐞 (14)

The model’s temperature dependency further influences its non-linear behavior. Higher temperatures lead to lower viscosities,
and a weaker shear thinning effect, as illustrated in Fig. 10.

Due to the highly non-linear nature of the presented material law, the authors have proposed a linearized version. Dialami et al.
[23], Venghaus et al. [27]. The power law is converted to a piecewise linear function by evaluating the original law at strain rates
of 1.0, 10.0, 100.0, and 1000.0 1/s and linearly interpolating the results, as seen in Fig. 11. The linearized material law performs
superior with regard to convergence rates and numerical stability.

2.4. Finite element approximation

Mechanical. Mixed finite element formulations are only naturally stable (i.e., they satisfy the inf-sup condition, [28]) for certain
combinations of shape functions. To use arbitrary shape function orders (including linear/linear) stabilization techniques need to be
applied. In this work the Orthogonal Subgird Scale stabilization (OSS) is used. See [29] and [30] for an in depth derivation of the
OSS stabilization and [22] for its application to FSW problems. Additional stabilization terms are introduced in Section 3.2, which
are linked to EDM.

The stabilized weak form of the problem stated in Eqs. (1) and (2) reads

∫𝛺
∇𝑠𝛿𝐮ℎ ⋅ 𝜇ef f∇s𝐮ℎ d𝑉 + ∫𝛺

(∇ ⋅ 𝛿𝐮ℎ) 𝑝ℎ d𝑉 + ∫𝛺
𝛿 𝑝ℎ (∇ ⋅ 𝐮ℎ)d𝑉

−
∑

𝐾
𝜏𝐾 ∫𝐾(𝛺)

∇𝛿 𝑝ℎ ⋅ 𝖯⟂ℎ [∇𝑝ℎ]d𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
OSS

= ∫𝛺
𝛿𝐮ℎ ⋅ 𝐛d𝑉 + ∫𝛤t

𝛿𝐮ℎ ⋅ 𝐭̄ d𝐴, (15)

The unknowns are 𝐮ℎ = 𝐍𝐮𝐔ℎ and 𝑝ℎ = 𝐍𝑝𝐏ℎ, where 𝐔ℎ and 𝐏ℎ are the nodal values of the velocity and pressure fields. 𝐍𝐮 and
𝐍𝑝 are the corresponding shape functions. The test functions are defined using the same set of shape functions (Galerkin method),
hence 𝛿𝐮ℎ = 𝐍𝐮𝛿𝐔ℎ and 𝛿 𝑝ℎ = 𝐍𝑝𝛿𝐏ℎ.

The OSS stabilization parameter is
𝜏𝐾 = 𝑐1

ℎ2

𝜇ef f
, (16)

where ℎ is the element size and 𝑐1 is the (user defined) stabilization constant. The operator 𝖯⟂ℎ denotes the projection onto the space
orthogonal to the finite element space.
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Fig. 12. Refinement levels and layers.

Thermal. Convection dominated thermal problems can experience instability. In this work, Variational Multi-Scale (VMS) stabiliza-
tion is used to address this issue. See [31] for a comparison of different stabilization techniques for diffusion–convection–reaction
equations (including VMS) and [22] on the stabilization of FSW problems.

Note that the terms containing second order derivatives (i.e., the Laplacian operators 𝛥), disappear when using linear elements.
The stabilized weak form of Eq. (3) reads

∫𝛺
𝛿 𝑇ℎ 𝜌0𝑐

(

1
𝛼
𝜕 𝑇ℎ
𝜕 𝑡 + 𝐮ℎ ⋅ ∇𝑇ℎ

)

d𝑉 + ∫𝛺
∇𝛿 𝑇ℎ ⋅ 𝑘∇𝑇ℎ d𝑉

+
∑

𝐾
𝜍𝐾 ∫𝐾(𝛺)

𝐮ℎ∇𝛿 𝑇ℎ ⋅ 𝖯⟂ℎ
[

𝐮ℎ∇𝑇ℎ
]

d𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
OSS

= ∫𝛺
𝛿 𝑇ℎ𝐷m d𝑉 − ∫𝛤𝑞

𝛿 𝑇ℎ 𝑞 d𝐴, (17)

with

𝜍𝐾 =
(

𝑐2
𝑘
ℎ2

+ 𝑐3
𝜌0 𝑐 ‖𝐮‖

ℎ

)−1
. (18)

The unknown is 𝑇ℎ = 𝐍𝑇𝐓ℎ, where 𝐓ℎ are the nodal values of the temperature and 𝐍𝑇 are the corresponding shape functions.
The tests functions are defined using the same shape functions (Galerkin method), hence 𝛿 𝑇ℎ = 𝐍𝑇 𝛿𝐓ℎ and 𝑐2 and 𝑐3 are the (user
defined) stabilization constants. A BDF1 time integration scheme is used for time discretization.

3. Non-body-fitted FSW simulation

This section outlines the specific EDM used in the present work. The computational domain is split into a physical subdomain
(the workpiece), where the governing equations of the thermo-mechanical problem are solved, and a second subdomain (the tool),
where a harmonic extension of the physical solution is computed. The subdomains are decoupled, thus, the tool subdomain does
not influence the solution in the physical subdomain. This approach was chosen because the tool is considered a rigid body, and
heat fluxes between the workpiece and tool are negligible. Therefore, neither a mechanical nor a thermal solution is required in
the tool subdomain. Though, the harmonic extensions is necessary to ensure good initial conditions for nodes that change state and
become part of the physical subdomain as the tool rotates.

As it is common for EDMs, the interface between physical and inactive subdomains does not align with the mesh; thus, cut elements
appear. Section 3.1 explains how the embedded tool geometry is made accessible to the finite element algorithm to determine
physical, inactive and cut elements.

The present work uses linear tetrahedral elements to discretize the computational domain. Although they are less accurate than
higher-order elements or different topologies (e.g., hexahedral), the meshes are easy to generate, and the numerical integration
is cheaper due to the lower number of integration points. Most important, the integration of the cut elements is relatively
straightforward, as the linear elements can easily be subdivided into boundary conforming sub-integration cells (see Section 3.2).

Finally, linear elements are a good choice when dealing with VMS-stabilized mixed formulations and Ghost Stabilization (see
Section 3.2). One reason is that projections to the finite element space (which both methods heavily rely on) can be performed using
lumped mass matrices. Since the shape functions are positive throughout the entire element, row summing can be utilized without
the risk of negative mass matrix entries.

A sufficient degree of accuracy is achieved by refining the finite element mesh. The refinement criterion of choice is a Layers-
and-Levels criterion, which ensures a specified number of subdivisions of cut elements (levels) and a specified number of smallest
elements next to the interface (layers, see Fig. 12). An additional condition, called two-one-balancing, enforces that the refinement
level of neighboring elements can only differ by one.

3.1. Domain description

EDM simulations require classifying elements; in this work the options are physical, inactive or cut. In order to carry out this
classification, the finite element algorithm needs access to a description of the shape of the embedded domain (or its boundary).
Two viable methods exist: explicit Boundary Representations (BREPs) or implicit level set functions. In the following, both approaches
are briefly outlined, and the author’s choice is motivated.
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Fig. 13. Selection of domain description methods.

Fig. 14. CAD to simulation workflow.

On the one hand, the use of the BREP approach gives access to an explicit description of the embedded domain’s shape. This
could be facilitated by giving the finite element algorithm access to an STL, STEP, or IGES geometry (see Fig. 13a,b) and performing
checks for each element against the BREP to see if (and how) they intersect (see [32]). This approach can yield exceptionally accurate
results because it uses the unaltered shape of the embedded domain. However, this approach can be tedious to implement as the
resulting physical and inactive sub-integration cells can be as geometrically complex as the original BREP.

On the other hand, Implicit domain descriptions do not provide an explicit description of a shape but easily answer the question
of where a given point lies in relation to the described shape. This is commonly known as a level set function [33,34]. An isosurface
of this level set function becomes an implicit description of the domain’s boundary. A signed distance function is the simplest
example of a level set function, where the level set value is the shortest orthogonal distance from a given point to the domain
boundary. Positive values describe points outside the domain, negative ones are points inside the domain, and zero values indicate
points belonging to the boundary. Level set function can be global, thus defined on the entire domain (Fig. 13c) or discrete and
thus are defined for a finite set of points in space (Fig. 13d).

This work uses a discrete level set function. The discrete values 𝜦ℎ are obtained by computing the signed distances of the finite
element nodes to the surface of a CAD geometry. The values are then interpolated within the elements using shape functions 𝐍𝜆.
The same shape functions are used as for the interpolation of unknowns and spatial coordinates (isoparametric concept).

𝜆ℎ = 𝐍𝜆𝜦ℎ (19)

This approach is less accurate than the spline-based BREP approach since it relies on the shape functions. However, it is much
more robust since it only requires a finite set of level set values, and the resulting physical and inactive sub-integration cells have
relatively simple topologies. The full workflow is depicted in Fig. 14 and includes the following steps:

1. Creation of FSW tool geometry in CAD software of choice (STEP/IGES),
2. Conversion into a triangulation (see Remark 2),
3. Computation of discrete signed distance function and interpolation of level set function using element shape functions,
4. Computation of surface normals (see. Remark 3),
5. Octree-based mesh refinement, using layers and levels refinement criteria.

The library used to access the CAD geometry is [35] and the efficient evaluation of the signed distance function is based on works
by Slyadnev et al. [36].

Remark 2. Converting the smooth and parameterized CAD geometry into a discrete triangulation seems counter-intuitive since
the CAD surface provides a more accurate description of the geometry. However, computing the signed distance function can be
computationally demanding, especially if the CAD geometry consists of many irregular spline surfaces. Using a triangulation (similar
to an STL surface description) rather than the original parameterized CAD geometry speeds up the computation of the signed distance
function. The main advantage is that an octree search algorithm quickly identifies the relevant subset of facets for each FE node.
The subsequent computation of the orthogonal distance is performed much faster as the facets of the triangulation are of much
simpler topology.

Computer Methods in Applied Mechanics and Engineering 435 (2025) 117539 

9 

C Publication 3 173Publication 3: Embedded Technology for Enhanced Modeling
of Friction Stir Welding Processes



H. Venghaus et al.

Fig. 15. Domain description methods.

Remark 3. Accurate surface normals are crucial for the correct application of the friction boundary condition (see Section 2.2).
Tests by the authors have shown that the normals obtained from the discrete level set function (although they are true to the cut
elements) were not suitable and polluted the solution. As a remedy, the surface integration points of the cut elements are projected
onto the triangulation of the CAD surface, and a more accurate normal is recovered from the surface itself. Even better normals
could be recovered from the parameterized CAD surface, but, as explained in the previous remark, working directly with the CAD
surface leads to increased computing times.

3.2. Cut element integration

A major challenge when using EDMs is the integration of cut elements. This includes both the integration of the (discontinuous)
volume as well as the integration of the immersed boundary in order to apply boundary conditions. In the end, two sets of integration
points (volume and boundary) are required. Different methods can be applied to determine the correct amount of integration points,
their location as well as the corresponding weights.

For the present work the boundary conforming subintegration approach is used. Based on the discrete level set function (Fig. 15a),
the intersection points are computed on the element boundaries (Fig. 15b). Next, each resulting sub-element is subdivided into sub-
integration cells of known topology (e.g., triangles in Fig. 15c, tetrahedra in 3D) and finally Gauss–Legendre integration points are
placed in the sub-integration cells. Their weights are adjusted accordingly.

The benefits of this approach are its low computation cost and the relatively low number of resulting integration points (see
Figs. 15d and e). Other known approaches are Moment Fitting [37,38], which requires solving a least squares problem for each
element (computationally expensive but very versatile), and octree subintegration, which is very stable but results in a much larger
number of integration points. However, there are methods to reduce the final number of integration points in octree subintegration
by merging sub cells (39).

Octree subintegration is frequently used for higher order elements since the integration accuracy can be easily increased by
adding few more refinement levels. This is not possible for the boundary conforming subintegration approach presented in this
work. However, when using linear elements and a discrete level set approach, the geometrical approximation error is dominant due
to the use of linear shape functions to interpolate the nodal level set values. Consequentially, the boundary conforming subintegration
approach can accurately integrate the cut elements with a minimal number of integration points. To achieve more accurate results
the geometrical approximation error is tackled by simply refining the mesh, as shown in Fig. 14 (5).

Dirichlet boundary conditions. Since 𝛤I is an immersed boundary, Dirichlet boundary conditions cannot be enforced in strong form
by prescribing the nodal unknowns. Therefore, the vertical loading/no penetration condition is applied using the penalty method
and is integrated on the right hand side of Eq. (15). The prescribed tractions are thus expanded as 𝐭̄ = 𝐭̄f + 𝐭̄v with

𝐭̄v = 𝑏 (−𝑢̄v𝐤 − 𝐮) ⋅ 𝖯n. (20)

The penalty factor to enforce the velocity constraint is 𝑏 and it is chosen large enough to ensure (−𝑢̄v𝐤 − 𝐮) ⋅ 𝖯n ≈ 0.

Small cut stabilization. Independently from the employed integration approach, small cut elements pose a problem. They consid-
erably worsen the conditioning of the linear system, which is detrimental when using iterative solvers. The present work uses the
Ghost Stabilization approach by Burman [40] to overcome the problem. The conditioning is enhanced by stabilizing the gradients
of the unknowns (i.e., ∇𝐮 and ∇𝑝), using orthogonal projections to the finite element space. In contrast to OSS stabilization, Ghost
stabilization is only applied to the cut elements, and to the first two layers of physical elements 𝐾(𝛺1st2), as shown in Fig. 16. The
same applies for the orthogonal projections 𝖯ℎ required for Ghost Stabilization.

Computer Methods in Applied Mechanics and Engineering 435 (2025) 117539 

10 

C Publication 3 174Publication 3: Embedded Technology for Enhanced Modeling
of Friction Stir Welding Processes



H. Venghaus et al.

Fig. 16. Ghost Stabilization on cut elements and first two physical layers ■.

The fully stabilized weak form of the mechanical problem reads

∫𝛺
∇𝑠𝛿𝐮ℎ ⋅ 𝜇ef f∇s𝐮ℎ d𝑉 + ∫𝛺

(∇ ⋅ 𝛿𝐮ℎ) 𝑝ℎ d𝑉 + ∫𝛺
𝛿 𝑝ℎ (∇ ⋅ 𝐮ℎ)d𝑉

−
∑

𝐾
𝜏𝐾 ∫𝐾(𝛺)

∇𝛿 𝑝ℎ ⋅ 𝖯⟂ℎ [∇𝑝ℎ]d𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
OSS

+
∑

𝐾
𝛾1𝐾 ∫𝐾(𝛺1st 2)

∇𝛿𝐮ℎ ⋅ 𝖯⟂ℎ [∇𝐮ℎ]d𝑉

+
∑

𝐾
𝛾2𝐾 ∫𝐾(𝛺1st 2)

∇𝛿 𝑝ℎ ⋅ 𝖯⟂ℎ [∇𝑝ℎ − 𝐛]d𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
GS

= ∫𝛺
𝛿𝐮ℎ ⋅ 𝐛d𝑉 + ∫𝛤t

𝛿𝐮ℎ ⋅ 𝐭̄ d𝐴,

(21)

with the stabilization parameters

𝛾1𝐾 = 𝑐4
ℎ2

𝜏𝐾
and 𝛾2𝐾 = 𝑐5𝜏𝐾 , (22)

where 𝑐4 and 𝑐5 are (user defined) stabilization constants. Note that 𝜏𝐾 stems from the definition of the Variational Multiscale
Stabilization (see Eq. (16)).

The temperature problem is stabilized in an equivalent way, penalizing the temperature gradients ∇𝑇 . The fully stabilized weak
form reads

∫𝛺
𝛿 𝑇ℎ 𝜌0𝑐

(

1
𝛼
𝜕 𝑇ℎ
𝜕 𝑡 + 𝐮ℎ ⋅ ∇𝑇ℎ

)

d𝑉 + ∫𝛺
∇𝛿 𝑇ℎ ⋅ 𝑘∇𝑇ℎ d𝑉

+
∑

𝐾
𝜍𝐾 ∫𝐾(𝛺)

𝐮∇𝛿 𝑇ℎ ⋅ 𝖯⟂ℎ
[

𝐮∇𝑇ℎ
]

d𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
OSS

+
∑

𝐾
𝜀𝐾 ∫𝐾(𝛺1st 2)

∇𝛿 𝑇 ⋅ 𝖯⟂ℎ [∇𝑇 ]d𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
GS

= ∫𝛺
𝛿 𝑇ℎ𝐷m d𝑉 − ∫𝛤𝑞

𝛿 𝑇ℎ 𝑞 d𝐴,

(23)

with the stabilization parameter

𝜀𝐾 = 𝑐6
ℎ2

𝜍𝐾
, (24)

where 𝑐6 is a (user defined) stabilization constant. Note that 𝜍𝐾 stems from the definition of the VMS stabilization (see Eq. (18)).

3.3. Harmonic extensions

The computational domain is divided into the workpieces (physical subdomain) and the tool. Assuming a rigid tool and neglecting
the heat fluxes between tool and workpiece, the subdomain representing the pin tool is inactive. Hence, nothing is assembled in the
corresponding elements and the inactive subdomain is therefore completely disregarded and does not influence the solution of the
physical one.

However, problems occur when the level set function is updated every time step, as it is the case for non-rotationally symmetric
tools. Consequentially, some FE nodes change from being part of the inactive subdomain to the physical one. The lack of realistic
initial conditions for the new physical nodes harms convergence. As a solution, the inactive subdomain is not entirely disregarded
but a harmonic extension is computed instead (see [21]). This is done for both the thermal and the mechanical problem and ensures
good initial conditions for the non-linear iterative process.

Given the relative simplicity of the thermal problem, the same convection–diffusion equation is also solved in the inactive
subdomain. Only the two subdomains are uncoupled by eliminating all contributions from inactive elements to nodes that belong
to cut elements during assembly.
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Fig. 17. Position of thermocouples in relation to tool.

Table 1
Thermocouple coordinates.

𝑦 [mm] 𝑧 [mm]

A −11.0 −2.0
B −11.0 −5.0
C −5.0 −5.0

Fig. 18. (a) Tool geometry, (b) computational domain and its dimensions, and (c) cross section of mesh.

However, a similar approach for the mechanical problem failed since the very non-linear, temperature-dependent Stokes flow is
a much more complicated problem, and numerical instabilities were observed when also solving the Stokes flow equations in the
inactive subdomain. As a remedy, a much simpler, one-dimensional Poisson problem is solved for each of the four unknowns: 𝑢𝑥,
𝑢𝑦, 𝑢𝑧, and 𝑝. Again, both subdomains are uncoupled.

4. Numerical examples

The numerical examples are selected to show how the EDM approach can be used to simulate FSW problems of industrial interest
and achieve a good agreement between experimental data and simulation results. First, the parameter fitting process is explained,
using available experimental data as reference. Then, the numerical results are analyzed and the sensitivity analysis of different
processing parameters is presented.

To assess the quality of the results, the reaction forces and torque (𝐹𝑥, 𝐹𝑦, 𝐹𝑧, 𝑀 , see Fig. 7), as well as temperature evolution
at three positions (𝑇A−C) are considered. The temperature evolution was recorded as functions of time 𝑇 (𝑡), using thermocouples
(K-type, 0.5 mm) at fixed (material) positions, shown in Fig. 17 and Table 1, respectively. Since the simulation is carried out in a
Eulerian framework, the experimental temperature-over-time functions were converted to the frame of reference of the simulation,
becoming temperature-over-distance functions 𝑇 (𝑥). This is possible because of the uniform flow at the thermocouple positions, where
𝑢𝑦 and 𝑢𝑧 ≈ 0.

Fig. 18a shows the tool geometry, the computational domain is of size 50 mm × 50 mm × 10 mm (Fig. 18b), and a detail of
the mesh (Fig. 18c). A summary of all process and numerical parameters is given in Table 2. The temperature-dependent material
parameters of the used aluminum alloy (Al6063-T6) 𝜇0, 𝑚, 𝑐 and 𝑘 are shown in Figs. 20 and 21. Fig. 19 shows a cross section of
the computational domain, highlighting the different element types (physical, inactive and cut) as well as the zero iso surface of
the level set function.

The computational domain consists of approximately 115 000 nodes and 458 000 tetrahedral elements. On average 300 000
elements (66%) are classified as physical, 83 000 (18%) as cut and 75 000 (16%) as inactive. Each simulation was carried out for
0.3 s, with a time step size of 0.0025 s, which corresponds to 120 steps. Given a tool rotation frequency of 𝜔 = 600 RPM (10 Hz),
this leads to a tool rotation of 9◦ per step and 40 time steps per revolution. After about 40 time steps (1 full revolution) a periodic
steady-state solution is obtained. The reaction forces presented in Sections 4.2, 4.3 and 4.5 are averaged over the last two full
rotations (steps 41 to 120). Distributed memory parallelization using MPI [41] is employed. Each simulation took about 2 h 40’,
using 8 processors at a time.
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Fig. 19. Level set iso line and element types: Physical ■, Cut ■ and Inactive ■.

Fig. 20. Temperature dependent specific heat capacity and thermal conductivity of Al6063-T6.

Fig. 21. Temperature depndent Norton-Hoff Consistency and Flow Index of Al6063-T6.

4.1. Mesh convergence study

Convergence studies for immersed methods, using the method of manufactured solutions (MoMS) have been presented by Burman
et al. [42] and Petö et al. [43], among others. Regarding the specific problem, presented in this work, a mesh convergence study
was conducted to observe the behavior of the reaction forces 𝐹𝑥, 𝐹𝑦, and 𝐹𝑧, the torque 𝑀 , and the maximum temperature 𝑇max for
different levels of mesh refinement (see Fig. 12).

For the coarsest mesh, three levels of mesh refinement were applied, resulting in approximately 160 000 elements. For the
finest mesh, seven levels were applied, resulting in approximately 50 Million elements. In order to encourage a smooth solution, an
unfeatured, cylindrical tool and a full-stick friction law (𝑎min = 𝑎max = 420 ⋅ 106) were selected.

The results are shown in Fig. 22, indicating convergence for all variables. The convergence rates for the reaction forces are
approximately 1.5, while the convergence rate for the torque is approximately 2.0. Both values are above 1.0, which is the expected
value for stresses using linear shape functions and, therefore, for reaction forces as well.

4.2. Parameter study: Friction, loading and dissipation

The phenomenological friction law (as introduced in Section 2.2) is mainly controlled by three parameters: the penalty
parameters 𝑎max, 𝑎min and the in-plane rotation angle 𝜓 . For the parameter fitting, 𝑎max is fixed at 800 ⋅ 106 as this ensures a sticking
condition in front of the tool. 𝑎min is varied between 45 ⋅ 106 and 62 ⋅ 106 to allow for different levels of slip on the back part of the
tool. The in-plane rotation angle 𝜓 is varied between 12.25◦ and 16.25◦.

Fig. 23 shows that modifying 𝑎min and 𝜓 affects the reaction forces 𝐹𝑥 and 𝐹𝑦, while 𝐹𝑧, the torque 𝑀 and the temperatures
remain unchanged.
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Table 2
Process and numerical parameters.

Parameter Value Unit

Advancing Velocity 𝑢adv 400 mm/min
Tool Rotation Frequency 𝜔 600 RPM
Tool Axis 𝐤 𝐞𝑧 –
Plunging Depth 𝑑 0.05 mm

Vertical Loading 𝑢v 2.96 mm
Upper Friction Penalty 𝑎max 800 ⋅ 106 –
Lower Friction Penalty 𝑎min 58 ⋅ 106 –
Sensitivity Parameter 𝑞 0.1 –
Loading/No Pen. Penalty 𝑏 5.0 ⋅ 1011 –
In-Plane Angle 𝜓 14.25 ◦ (Deg)
Transition Slope 𝑠 4.0 –

Refinement Levels 5 –
Refinement Layers 1 –
Stabilization Constants 𝑐1 1.0 –

𝑐2 4.0 –
𝑐3 2.0 –
𝑐4 1.0 –
𝑐5 5.0 –
𝑐6 0.001 –

Element Size (finest) ℎ ∼ 0.16 mm
Number Nodes ∼ 115 000 –
Number Elements ∼ 458 000 –

Parameter Value Unit

Inflow Env. Temp. 𝑇̄in 37 ◦C
Backplate Env. Temp. 𝑇̄back 20 ◦C
Lateral Env. Temp. 𝑇̄lat 50 ◦C
Top Env. Temp. 𝑇̄t op 20 ◦C
Backplate HTC ℎback 2 500 W/(m2K)
Lateral HTC ℎlat 50 000 W/(m2K)
Top HTC ℎt op 100 W/(m2K)
Specific Heat Capacity 𝑐 Fig. 20 J/Kg/K
Thermal Conductivity 𝑘 Fig. 20 W/m/K
Density 𝜌0 2 700 kg/m3

Thermocouple Positions Fig. 17

Shoulder Radius 𝑅sh 8.5 mm
Pin Radius 𝑅pin 3.5 mm
Pin Length 𝑙pin 3.8 mm
Thread Type M7 Left Hnd.
Speed-Up 𝛼 100 –

Aluminum Alloy Al6063-T6
Norton-Hoff Consistency 𝜇0 Fig. 21 Pa sm

Norton-Hoff Flow Index 𝑚 Fig. 21
Material Dissipation Fra. 𝜙pl 0.75 –
Friction Dissipation Fra. 𝜙f r 0.375 –

Table 3
Calibrated friction, loading and dissipation parameters.

Parameter 𝑎min 𝜓 𝑢v 𝜙pl 𝜙f r
58.0 ⋅ 106 14.25◦ 2.96 mm/s 0.75 0.375

The vertical velocity 𝑢v (Fig. 24) is varied between 2.56 mm/s and 3.36 mm/s, being related to the vertical reaction force 𝐹𝑧,
while leaving the other reactions unchanged .

The material dissipation fraction 𝜙pl (Fig. 25) is varied between 0.68 and 0.82. This corresponds to converting 68 to 82% of
plastic dissipation into heat. Note that the friction dissipation fraction 𝜙f r is pegged to the plastic dissipation fraction in a ratio of
𝜙f r = 𝜙pl∕2. The trend clearly shows that the higher the fractions 𝜙pl and 𝜙f r are, the higher the maximum temperature and, in
turn, the lower the reaction forces and torque. This relationship can be easily explained by the softening of the material at higher
temperatures.

Fig. 26 shows the temperature curves for observation point A (see Fig. 17). Here, the same trend as for the maximum temperature
can be observed. While the friction and loading parameters have little to no effect on the temperatures, the dissipation fractions 𝜙pl
and 𝜙f r clearly have.

4.3. Model calibration

The friction law, vertical velocity, and dissipation parameters introduced in the previous section were fitted to obtain a good
match with experimental results in terms of the reaction force and temperature evolution. The fitting was carried out using Dakota
[44]. Table 3 shows the resulting parameters.

The resulting reaction forces and torque are shown in Table 4, showing a good agreement between simulation results and
experimental data. Fig. 27 shows the comparison of the three temperature profiles, achieving an exceptional agreement with the
experimental data. The experimental data was obtained by our industrial partner Norsk Hydro ASA and was first published by
Dialami et al. [1].

4.4. Numerical results analysis

The velocity contour (Fig. 28a) shows that the highest velocities occur in the boundary layer, especially on the outermost
perimeter of the shoulder. It can also be seen that high velocity gradients occur at the shoulder surface, while rapidly decreasing in
the interior. However, the side view shows that in the area where the shoulder meets the pin, moderate velocities occur, progressing
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Fig. 22. Evolution of reaction forces, torque and maximum temperature due to mesh refinement, as well as convergence rate of reaction forces and torque
(bottom left).

Fig. 23. Reaction forces, torque and maximum temperature in response to friction parameters 𝑎min and 𝜓 .

Table 4
Reaction forces and torque, experiments vs. simulations.

𝐹𝑥 𝐹𝑦 𝐹𝑧 𝑀

Experimental Data 700.0 N −1000.0 N 8000.0 N 62.0 Nm
Fitting 672.3 N −1008.5 N 8257.1 N 67.5 Nm
Error 4.0% 0.9% 3.2% 8.9%
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Fig. 24. Reaction forces, torque and maximum temperature in response to friction parameter 𝑢v.

Fig. 25. Reaction forces, torque and maximum temperature in response to friction parameter 𝜙pl.

Fig. 26. Temperature at point A in response to parameter changes.

Fig. 27. Experimental temperatures ■ vs. temperatures obtained from simulation ■.
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Fig. 28. Contour plots of velocity 𝐮 and pressure 𝑝.

Fig. 29. Contour plots of plastic dissipation 𝐷m and friction dissipation 𝑞f r ic.

deeper into the material. The transition from full stick on the left to moderate slip on the right and the in-plane rotation angle 𝜓
are clearly visible in the top view.

The pressure field (Fig. 28b) is reasonably smooth, showing the highest values where the friction condition transitions from
slipping to sticking and vice versa. The field is dominated by the pressure buildup due to the vertical loading and the advancing of
the tool.

Figs. 29a and b depict the plastic and friction dissipation, respectively. Naturally, the plastic dissipation is highest where the
largest strain rates occur, and the friction dissipation is highest where the most slip occurs (see velocity field).

The temperature field (Fig. 30a) shows a consistent inflow temperature of 37 ◦C. The highest temperatures is located in the
contact area, and the effect of the heat convection due to the tool movement is also evident.

Fig. 30b shows the effective viscosity 𝜇ef f , being highly dependent on the temperature field and the strain rate. Low viscosities
are caused by high temperatures (softening) and high strain rates (shear-thinning nature of the Norton-Hoff law). As a result of both
effects, the lowest viscosities occur in the stir zone.

4.5. Sensitivity analysis: Processing parameters and tool size

This study aims to examine the influence of processing parameters on reaction forces and heat generation. Fig. 31 shows that
increasing the rotational speed leads to a decrease in all reaction forces and an increase in the temperature field (see also temperature
evolution in Fig. 35, top left). The decrease in reaction forces is due to increased temperatures which are responsible for the material
softening.
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Fig. 30. Contour plots of temperature 𝑇 and effective viscosity 𝜇ef f .

Fig. 31. Reaction forces, torque and maximum temperature in response to rotational velocity 𝜔.

Fig. 32. Reaction forces, torque and maximum temperature in response to advancing velocity 𝑢adv.

The tool advancing velocity 𝑢adv affects the longitudinal reaction force 𝐹𝑥 and leaves all other reaction forces relatively unchanged
(see Fig. 32). This behavior is very much in line with the actual FSW process experience. Note that the maximum temperature
marginally decreases as the tool advancing velocity is increased. The more pronounced heat convection explains this effect.

The plunging depth 𝑑 affects the advancing force 𝐹𝑥, the torque𝑀 , as well as the maximum temperature 𝑇max and the temperature
evolution 𝑇 (𝑥), as shown in Fig. 33. The deeper the tool is plunged into the material, the larger the contact area between the tool
and the workpiece is, leading to larger forces in welding direction, torque and maximum temperature. The temperature increase
recorded in Fig. 35 has most likely two causes: the generally increased heat generation due to the larger contact area and the closer
proximity to the thermocouple.

For the last test (see Fig. 34), the tool has been scaled to sizes ranging from 90 and 110% of its original dimensions. On the
one hand, the longitudinal force 𝐹𝑥 and the lateral force 𝐹𝑦 show a similar behavior, compared to the first test (Fig. 31), where the
rotational speed has been changed. The cause is most likely the increased temperatures, which are similar to the first test (rotational
speed). As a result, 𝐹𝑥 and 𝐹𝑦 decrease for larger tools. However, the decrease of 𝐹𝑥 is less substantial as in the first case, although
the increase in temperature is comparable.

On the other hand, the torque 𝑀 and plunging force 𝐹𝑧 show a different trend. This is caused by the larger cross section of the
scaled-up tools. The increased shoulder radius causes the increase in torque — dominating the softening of the material due to the
increased temperatures. The increased shoulder radius is also responsible for the increased plunging forces 𝐹𝑧.
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Fig. 33. Reaction forces, torque and maximum temperature in response to plunging depth 𝑑.

Fig. 34. Reaction forces, torque and maximum temperature in response to the tool scale.

Fig. 35. Temperature at point A in response to parameter changes.

Note that the tool scale has a bigger influence on the temperature evolution (Fig. 35, bottom right) than the rotational speed
(Fig. 35, top left). At the same time, the maximum temperatures 𝑇max of both tests (Figs. 31 and 34) show very similar values. This
effect can be explained with the changing distances between tool and thermocouple in the scaled tool analysis.

This study clearly shows that the developed model allows for an accurate analysis of the FSW process. Parameter changes cause
a clear trend in the thermo-mechanical behavior of the FSW process in line with expectations. Through the optimization of process
parameters it is possible to achieve desired outcomes in terms of reaction forces and temperature, thereby providing control over
the process.

For instance, higher advancing speeds are needed to speed up the overall welding process. The model predicts increased
advancing reaction forces 𝐹𝑥 as a result, but the rotational velocity can now be adjusted by the correct amount to counter that
effect.

Similarly, to weld thicker plates, a larger tool might be chosen to ensure that the stir zone protrudes deeper into the plates.
Again, the rotational velocity can be adjusted accordingly to ensure that the peak temperatures remain constant even though a
larger tool is used.

5. Conclusions

This work presents an Embedded Finite Element approach to simulate Friction Stir Welding processes and overcome the
limitations of (purely) Lagrangian, Eulerian, or Arbitrary Lagrangian Eulerian approaches. The thermo-mechanical problem is solved
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by, splitting the computational domain in a non-mesh conforming manner into a physical part (workpiece) and an inactive one (pin-
tool). The resulting cut elements are integrated using a boundary conforming subintegration approach. The domain decomposition
is accomplished using the level set function, which is directly computed from CAD geometry. Numerical stability is addressed by
stabilizing the mechanical mixed velocity–pressure problem and the convection dominated thermal problem using the Variational
Multiscale Method, by computing a harmonic extension in the inactive subdomain, and by employing the Ghost Stabilization
technique to stabilize small cuts.

The friction law is calibrated by adjusting a set of numerical friction parameters and comparing the resulting reaction forces and
temperature evolution curves to experimental data. The results are in excellent agreement with the experimental data, showing the
validity of the new approach.

Furthermore, a sensitivity analysis of different processing parameters such as advancing speed, rotational speed, and tool size, is
presented, showing that the model yields results that align with the expectations of FSW processes. Hence, the model can be used
to adjust processing parameters in physical FSW applications in a targeted manner, allowing for greater control over the process.

The authors look forward to using the developed model to analyze the effect of tool tiling, various tool features such as complex
shoulder geometries, shoulder-pin aspect ratios and threading as well as the prediction of welding defects.
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