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Abstract 
 

 

In this thesis, two main topics have been covered: the mechanics of strain localization in plasticity 
and the performance of several mixed finite elements subjected to plastic strain localization. 

Throughout the thesis, incompressible and cohesive-frictional, isotropic and orthotropic, elasto- 
and rigid-plastic solids are analyzed using associated or non-associated flow rules, both in the 
continuum and the discrete settings. 

Plastic yielding, strain bifurcation and strain localization are identified in the failure process prior 
to conducting a detailed analysis of strain localization. 

The mechanics of strain localization in the continuum and discrete settings, including the 
constitutive relations, the kinematics for strong and weak discontinuities, and the strain 
localization conditions are presented. Maxwell’s kinematic condition, the traction rate continuity 
and the stress rate constraints are explained, thereby distinguishing the correlations and 
differences between strain bifurcation and strain localization conditions. 

The analytical prediction of strain localization derived from the stress boundedness condition is 
proposed and numerically verified through independent simulations. Unlike predicted in classical 
strain bifurcation analysis, strain localization is independent from the elasticity behavior and is 
only related to plastic flow. Specifically, the strain localization angle depends on the stress state 
and plastic potential but not on the yield surface. 

Uniaxial computational experiments on strips subjected to uniaxial stretching and compressing in 
plane stress and plane strain to assess the theoretical analysis and Prandtl’s flat punch tests are 
performed. 

Numerical results for incompressible and cohesive-frictional, isotropic and orthotropic, 
associated and non-associated plasticity, with or without inclination angles between the material 
local axes and the global axes are compelling evidence for the proposed theoretical framework. 

Various mixed finite elements are used in this thesis. By comparing the numerical outputs, the 
advantages and disadvantages of the performance of the several mixed finite elements are shown 
regarding enhanced accuracy, computational efficiency, mesh sensitivity and stress locking.
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Resumen 
 

 

En esta tesis trata dos temas principales: la mecánica de la localización de deformaciones en 
plasticidad y el funcionamiento de varios elementos finitos mixtos sometidos a la localización de 
deformaciones plásticas. 

A lo largo de la tesis, se estudian sólidos incompresibles y cohesivo-friccionales, isotrópos y 
ortótropos, elasto- y rígidos-plásticos, utilizando reglas de flujo asociadas o no asociadas, tanto a 
en formato continuo como discreto. 

En un análisis detallado del proceso de localización de la deformación, se identifican los puntos 
de plastificación, bifurcación y localización de la deformación. 

Se presentan los mecanismos de la localización de deformaciones a nivel continuo y discreto, 
incluyendo las relaciones constitutivas, la cinemática de las discontinuidades fuertes y débiles y 
las condiciones de localización de la deformación. Se explican la condición cinemática de 
Maxwell, la condición de continuidad del incremento de tracción y la condición acotabilidad del 
incremento de la tensión, su relevancia en la bifurcación de la deformación y las condiciones de 
localización de la deformación. 

Se propone y se verifica numéricamente mediante simulaciones independientes la predicción 
analítica de la localización de la deformación a partir de la condición de acotabilidad de la tensión. 
A diferencia de lo que predice en el análisis clásico de localización de deformaciones, ésta es 
independiente del comportamiento elástico y está únicamente relacionada con el flujo plástico. 
Específicamente, el ángulo de localización de la deformación depende del estado de la tensión y 
del potencial plástico, pero no de las constantes elásticas ni de la superficie de fluencia. 

Se realizan experimentos computacionales en placas sometidas a tracción y compresión uniaxial 
en tensión y deformación plana para evaluar el análisis teórico, así como en tests de 
punzonamiento de Prandtl. 

Los resultados numéricos con plasticidad incompresible y cohesivo-friccional, isotrópa y 
ortotrópica, asociada y no asociada, con o sin ángulos de inclinación entre los ejes locales 
materiales y los ejes globales proporcionan evidencias convincentes para el marco teórico 
propuesto. 

En esta tesis se utilizan varios elementos finitos mixtos. Al comparar los resultados numéricos, 
se muestran las ventajas y desventajas del funcionamiento de varios elementos finitos mixtos con 
respecto a su precisión, la eficiencia computacional, la sensibilidad respecto a la alineación de la 
malla y el bloqueo de tensiones. 
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Chapter 1 
  

 

1 Introduction 
 

 

The motivation, state of the art, objectives and outline of the thesis are presented in this chapter. 
Specifically, the motivation and state of the art for the analysis of the strain localization in 
plasticity of orthotropic materials using the finite element method (FEM) are discussed. Lastly, a 
description of the research dissemination is included. 

 

1.1 Motivation 
 

The main objective of this thesis is to study the phenomenon of plastic strain localization in 
orthotropic materials using FEM. The motivation for orthotropic materials, plasticity, strain 
localization and FEM is discussed in this section. 

 

1.1.1 Orthotropic materials 

 

Wood, easily found in nature, is an orthotropic material very much used because of its light weight 
and hardness. Rock, often displaying orthotropic mechanical behavior, is also a traditional 
building material. From natural orthotropic materials such as wood and rocks to artificial 
orthotropic materials such as rolled metals and polymer composites developed in modern times, 
engineering progresses with the use of orthotropic materials. Many materials predominantly 
applied in civil engineering, such as timbers, geo-materials, masonry, reinforced concrete and 
fiber-reinforced polymers, are orthotropic materials. Orthotropic composite materials including 
fiber-reinforced polymer are applied to various other applications such as aircrafts, trains, vehicles, 
etc. Therefore, to design and build long-lasting civil structures, it is rewarding to study and 
characterize orthotropic materials 
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Compared to isotropic materials, orthotropic materials may exhibit enhanced mechanical 
performance regarding specific loading conditions. However, there are several difficulties in 
interpreting the properties of orthotropic materials and their experimental characterization. Also, 
composite orthotropic materials present specific failure mechanisms such as delamination. 

In recent years, Additive Manufacturing (AM) is becoming increasingly common. Plenteous 
materials are used in numerous applications of AM technology. For example, concrete is used in 
3D building construction, metals are used to produce vehicles and medical materials are 
developed for artificial bones. AM products are orthotropic when the stacking technique is used 
to manufacture them. With the development of Computer-Aided Engineering (CAE), testing a 
product using a virtual model instead of manufacturing the physical object has become possible. 
Pre-production virtual testing enables faster product development by minimizing defects. Thus, 
it is important to achieve accurate simulations that are close to actual objects. 

Owing to the aforementioned reasons, further research is required on the mechanics and 
performance of orthotropic materials. 

 

1.1.2 Plasticity, strain localization and failure 
 

In structural analysis, plastic deformation of a material often causes phenomena such as cracks 
and necking. In the field of civil engineering, for example, the plasticity of geo-materials causes 
landslides. In particular, designs that induce ductile failure, wherein the failure develops 
progressively, are preferable over those that induce brittle failure, which occurs suddenly and 
unexpectedly. Hence, failure modes need to be considered when designing structures and products. 

In addition, plastic deformation has been used in manufacturing and molding by plastic forming 
process, from the production of weapons by forging and hammering in the Bronze and Iron Age 
to modern automated production by rolling and stamping. For plastic forming processes, the 
accurate analysis of plastic deformation is essential, and various techniques have been proposed 
according to the development of the materials.  

Strain localization as a precursor to failure is often observed in narrow areas where plastic 
deformation is concentrated. Strain localization can be observed easily for a wide range of scales, 
from small material cracks to large slip lines (slip surfaces) on the Earth’s crust. 

Strain localization has been classically studied based on discontinuous bifurcation analysis, 
because the onset of strain localization requires the occurrence of strain bifurcation. Several 
analysis methods have been proposed over the last 50 years, related to the loss of material 
ellipticity with and the eigen-analysis of the elastoplastic acoustic tensor. 

However, these analyses present two shortcomings:  

(i) Classical strain localization analysis does not apply to rigid-plastic solids since they do not 
develop elastic strain and the stiffness tensor is undefined. This makes the classical analysis 
unseemly since the elastoplastic acoustic tensor is no longer well-defined. 

(ii) As the elastoplastic acoustic tensor depends on the hardening/softening modulus 𝐻𝐻, so do the 
bifurcation condition and the resulting discontinuity orientation. Though the initial bifurcation 
point corresponding to the largest hardening/softening modulus 𝐻𝐻𝑏𝑏 can be uniquely determined, 
strain localization is still indefinite and it can occur at any instant for 𝐻𝐻 ≤ 𝐻𝐻𝑏𝑏. Moreover, even if 
the hardening/softening modulus 𝐻𝐻 is specified a priori in an ad hoc manner, there may exist 
several solutions that fulfill the bifurcation condition. 



3                                           
 

 
 

To overcome these shortcomings, more stringent conditions have to be identified, and studies on 
the analysis of strain localization that can be used consistently in a given material model are 
needed. 

Additionally, consideration of isotropic plasticity was often sufficient for Subtractive 
Manufacturing. However, orthotropic plasticity needs to be considered for Additive 
Manufacturing and more modern applications; thus, the need for research on orthotropic plasticity 
is increasing, and, subsequently, there is also a need for research on strain localization of 
orthotropic plasticity. 

 

1.1.3 The Finite Element Method 
 

In modern times, a variety of advanced materials such as alloys and composite materials are used 
in production and considered in design. To analyze the behavior of the products, the Finite 
Element Method (FEM) is used. Therefore, FEM is becoming an indispensable process for new 
product development because engineers can contribute to shortening the development period, 
improving productivity and securing product quality. 

FEM can be used in fields such as stress analysis, buckling, dynamics and heat conduction. 
Furthermore, irregularly shaped structures made of various composite materials can be modelled 
using the FEM. However, depending on the finite element formulations, unreliable results may 
be obtained. 

Standard finite elements (FEs) are the basis of most FE software and are conveniently used for 
the analysis of most engineering structures.  

However, despite their advantages, standard FEs pose several obstacles that reduce the accuracy 
of the FE solution under certain conditions such as the discretization, geometry and material 
properties. 

Typical examples are mesh distortion such as irregular shapes and warped elements, volumetric 
locking in incompressible materials, and membrane locking during the bending of thin shells or 
thin plates. The lower accuracy of displacement calculation by these obstacles has an immediate 
negatively effect on stress calculation and analysis of engineering structures. 

Although beam, plate and shell elements are available, the use of solid elements for modelling 
structural elements has always been attractive due to their versatile use for modelling arbitrary 
geometries (e.g. linear/curved, thin/thick), construction details (e.g. element-stiffeners, web-
perforated steel beams, layered elements), as well as transitions between different structural 
elements. Solid elements allow for the use of general strain-driven constitutive relationships and 
they avoid the introduction of rotational degrees of freedom and awkward boundary conditions 
alternatives (“soft” and “hard” supports), as well as compatibility issues when the structural model 
requires more than one type of element. Additionally, the discretization of a structural element 
with solid elements avoids the introduction of additional kinematical hypotheses (e.g. planar 
sections, shear stresses and warping through the thickness, etc.). 

Numerous studies have been conducted over the last decades to overcome these shortcomings and 
to obtain a solution of greater accuracy. For examples, solid-shell elements have been developed 
with assumed enhanced method to include higher order modes and assumed natural strain method 
to avoid shear and membrane locking. However, for those elements that are stable, these 
enhancements cannot achieve a higher asymptotic rate of convergence of displacements than that 
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of the underlying lineal element. Interpolating with the full quadratic polynomial would be 
required for achieving this. Convergence of strains, obtained by discrete differentiation of the 
displacement field, is one order lower, resulting in turn in a poor convergence of stresses. 

In short, the challenges to overcome with FE development using independent interpolation are 
obvious; a greater rate of convergence, enhanced accuracy, locking-free and insensibility to mesh 
distortion. 

For the accurate and locking-free structural analysis of strain localization in orthotropic plasticity, 
it is necessary to develop new solid elements that overcome these challenges. 

 

1.2 State of the Art 
 

1.2.1 Orthotropic elasto-plastic behavior 
 

Failure degrades the performance and usability of engineering products and structures. 
Unexpected failure may threaten safety not only in engineering fields, but also in any aspect of 
life. In order to analyze or predict the failure of products and structures, studies in many 
engineering fields are conducted, and the development of research on plastic deformation is one 
of the most remarkable among them. 

The study of plasticity has a wide range of applications, from plastic forming during the 
manufacturing processes to predicting and preventing structural collapses. Because plasticity is 
encountered in many fields of engineering, numerous studies on this topic have been conducted 
from the past to the present. 

The study of plasticity has progressed gradually since the Industrial Revolution. Iron and steel are 
used in many factories and structures; hence, the need for accurate and reliable plastic forming of 
iron steel products has encouraged active research on plasticity. 

The contribution of early researchers made it possible to analyze the elastic behavior of materials. 
Hooke's law, which expresses the relationship between stress and strain, was formulated in 1678 
[1]. In 1750, the theory of elasticity in continuum was developed by Leonhard Euler [2]. In 1823, 
the concept of stress and the general form of the linear elastic relation was developed by 
Augustin–Louis Cauchy [3]; In addition, Cauchy laid the foundation for the finite-strain 
hypothesis. In 1831, Poisson’s ratio as one of the elastic properties was defined by Siméon Denis 
Poisson [4]. In 1773, Charles–Augustin de Coulomb proposed the first yield criterion for soils in 
his essay which was published in 1776 [5]. Coulomb’s work may have influenced Tresca's work. 
Henri Tresca had made considerable contributions to the study of plasticity. The Tresca yield 
criterion when the shear stress reaches a critical value, well known as the maximum shear stress 
theory, was proposed in 1864 [6]. Starting with Tresca's research, study on plasticity was 
expanded in various ways. A constitutive equation for perfectly plastic materials was developed 
by Adhémar Jean Claude Barré de Saint–Venant in 1870 [7]. 

Subsequently, Maurice Lévy introduced plastic strain rates to replace the plastic strains in de 
Saint–Venant’s equation [8]. 

As an alternative to considering the critical shear stress, the maximum distortion energy criterion, 
known as the von Mises yield criterion, was proposed for isochoric plastic strain in 1913 [9]. 
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The Tresca yield criterion forms a hexagonal prism in the Haigh–Westergaard (HW) stress space. 
Unlike the maximum shear stress, which is expressed as a linear equation, the von Mises yield 
criterion is expressed as a quadratic equation and appears as a cylinder in the HW stress space. In 
addition, when the material properties are identical, the surfaces in the HW stress space of the 
Tresca and von Mises yield criteria remain in contact. In 1924, Heinrich Hencky accidentally 
discovered that the von Mises yield criterion was related to distortion strain energies [10]. 

Ludwig Prandtl analyzed rigid-plastic flat punch tests under plane strain conditions. Prandtl's 
punch problem is excellent for expressing and analyzing complex stresses; furthermore, it can be 
used in slip line analysis [11].  

The Prandtl–Reuss theory using the flow rule was developed by Reuss based on Hencky’s 
deformation theory and Prandtl’s previous work [12]. In this work, it is suggested that a method 
wherein the constitutive tensor is divided into deviatoric plastic and volumetric elastic parts. 

Hill’s quadratic yield criterion was developed for orthotropic incompressible plastic deformations 
based on the von Mises model [13]. In addition, twenty-nine years after Prandtl's slip line analysis, 
Hill proposed another slip-line for the punch test [14]. 

The von Mises and Hill yield criteria were only for isochoric plastic materials. There was a need 
to develop yield criteria for pressure dependent plastic materials. The Mohr–Coulomb yield 
criterion, influenced by Tresca and Coulomb, was developed in 1900 [15]. This criterion is a 
model wherein friction and cohesion are considered for brittle materials such as soil, rock and 
concrete. 

After half a century, the Drucker–Prager yield criterion was developed to analyze pressure 
dependent materials [16]. Similar to the relationship between the Tresca and von Mises yield 
criteria, there are similarities between the Mohr–Coulomb and Drucker–Prager yield criteria. In 
addition to the linear Drucker–Prager model, various extended Drucker–Prager models 
(exponential, hyperbolic and parabolic Drucker–Prager models [17–19]) were suggested. 

Hoffman and Tsai–Wu yield criteria were suggested for orthotropic pressure dependent plastic 
materials. The two yield criteria consider the difference between the tensile and compressive 
strengths in hydrostatic stresses; both criteria are similar but with different interaction terms. The 
Hoffman yield criterion was proposed for brittle materials; uniaxial test data were required [20]. 
Tsai and Wu developed the Tsai–Wu yield criterion for orthotropic, unidirectional composite 
materials [21]. 

Incompressible plastic models that are pressure insensitive and produce an isochoric plastic flow, 
such as the Tresca, von Mises and Hill yield criteria, are suitable for metals. Conversely, pressure 
dependent plastic models, such as the Mohr–Coulomb, Drucker–Prager, Hoffman and Tsai–Wu 
models, are appropriate for simulating geological materials such as soils, rocks and concrete. 

Various yield criteria have been proposed over the years as extensions of the aforementioned ones 
for different applications. The Bresler–Pister yield criterion, an extension of the Drucker-Prager 
yield criterion to take into account multiaxial hydrostatic stresses, was proposed for concrete and 
foam in 1958 [22]. The Podgórski yield criterion for isotropic brittle and granular materials was 
proposed in 1984 [23] and contain different isotropic yield criteria such as the von Mises, Tresca, 
Mohr–Coulomb and Drucker–Prager yield criteria as particular cases. In 1991, Barlat’s yield 
criterion was proposed for anisotropic materials [24]. Studies on various types of crystal were 
carried out, particularly on aluminium alloy sheets based on a crystal plasticity model [25–26]. 
The Bigoni–Piccolroaz yield criterion, a function of seven non-negative material parameters, was 
proposed in 2004 for quasi-brittle materials [27]. Bigoni–Piccolroaz yield criterion includes 
various other yield criteria as particular cases. 
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Due to the development of AM technology, a number of advanced materials such as polymer are 
used. Additive manufacturing techniques based on filament deposition or powder bed fusion 
introduce different levels of orthotropy in the mechanical stiffness and strength of the fabricated 
components. Associated elasto-plastic cohesive-frictional models such as the Drucker–Prager, 
Hoffman and Tsai–Wu models are suitable for simulating polymeric materials such as PVC H100, 
H250 and carbon fiber composites [28–31] with isotropic and orthotropic behavior, as these 
materials show distinct strengths under tensile and compressive loading. Geomaterials like soils, 
concrete, masonry and rocks are also modelled with pressure-sensitive plasticity models; non-
associated plasticity is often used for these materials in order to better approximate the actual 
dilatant behavior. 

 

1.2.2 Strain bifurcation and localization 

 

As the load imposed on plastic materials increases beyond the yield point, plastic strains tend to 
concentrate in narrow zones. This is called strain localization (shear band); it is a typical 
phenomenon of localized failure in solids and structures [32]. 

Strain localization leads to strain (weak) discontinuities or even displacement (strong) 
discontinuities across lines in a two-dimensional space or surfaces in a three-dimensional space, 
and may cause the fracture of solid materials and the collapse of structures. 

For structural assessment, it is necessary to accurately predict failure mechanisms. Therefore, 
Failure Mechanics is a field that has been actively studied in the last century; several analytical, 
experimental and numerical research efforts have been invested in the fields of plasticity, damage 
and fracture mechanics. Recently, computational mechanics has addressed strain localization in 
plasticity and related analytical and numerical problems. 

In the past, Prandtl [11], Hencky [10, 33] and Mandel [34] interpreted the slip lines of rigid-plastic 
materials and the related failure mechanisms. The scope of strain localization analysis was 
broadened from rigid-plastic solids to elasto-plastic solids by Hill [35–36], Thomas [37] and Rice 
[38] as a strain bifurcation problem.  

Hill [35] proposed the theory of material uniqueness and stability, which became the basis of 
classical bifurcation analysis for the onset of strain localization. As the onset of strain localization 
in plastic solids was presumed to coincide with strain bifurcation, a strain bifurcation analysis 
based on the loss of uniqueness was used to predict strain localization. 

Moreover, Rice [39] expanded on the topic to analyze non-associative plasticity and anisotropic 
rigid plasticity. Rudnicki and Rice [40] investigated the general conditions for the localization in 
pressure-sensitive dilatant materials and introduced the acoustic tensor derived from the tangent 
stiffness tensor. Based on his experimental results, Rice and coworkers [41–42] presented a 
general theoretical framework including the loss of ellipticity as bifurcation criterion. 

Bigoni and Hueckel [43–44] investigated the uniqueness of the incremental response for 
associated and non-associated elastoplastic models by considering the loss of strong ellipticity. 
Nielsen and Schreyer [45] studied bifurcations in associated and non-associated elasto-plasticity 
and also used the loss of strong ellipticity as a necessary condition for localization. 

General bifurcation such as buckling and necking can be caused by loss of uniqueness. However, 
bifurcation related to strain jumps may not occur when uniqueness is lost. Rudnicki and Rice [40] 
proposed the loss of ellipticity condition to predict material instability related to strain jumps. 
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This bifurcation condition associated to the singularity of the elastoplastic acoustic tensor is 
derived from the combination of Maxwell’s kinematics and traction rate continuity condition 
across the discontinuity lines. 

In order to explain the localization phenomenon that occurs before the loss of ellipticity in non-
associated plastic materials, Bigoni and Hueckel [43] proposed the loss of strong ellipticity 
condition. The loss of ellipticity condition and the loss of strong ellipticity condition are the same 
in associated elasto-plasticity due to symmetric tangent stiffness tensor. Runesson and Ottosen 
[46] studied the directions of bifurcation and the corresponding critical hardening modulus 
derived for non-associated flow rules. 

Leroy and Ortiz performed a numerical simulation of the strain localization in frictional materials, 
such as clays, soils, rocks and concrete, using FEM [47]. Borja extensively studied strain 
localization with large deformations and strong discontinuities [48–49]. The simulation of strain 
localization in aluminum foams under compression force was performed by Forest [50]. William 
Prager studied the elasto-plastic localization properties of a non-associated Drucker–Prager model 
[51–52]. Zhang [53] investigated strain localization in damaged geomaterials, and Vrech [54] 
developed a geometrical localization method for cohesive-frictional materials with localization 
properties. Tasan [55] examined induced damage in dual-phase steels through experiments and 
simulations. 

Bifurcation analysis has been applied to both weak (strain) and strong (displacement) 
discontinuities. 

Simó, Oliver and Armero [56] studied strong discontinuities induced by strain softening 
analytically and numerically modeled in rate-independent inelastic solids. The analysis shows that 
the softening law must be re-interpreted in a distributional sense for the continuum solutions to 
make mathematical sense and provides a precise physical interpretation to the softening modulus.  

Subsequently, Oliver [57–60] studied strong discontinuities emerging from softening damage and 
elastoplastic models and found that the traction continuity condition is essential to determine the 
stress jump in the discontinuity analytically and numerically. Stress boundedness is explicitly 
considered. 

Oliver, Cervera and Manzoli [61–62] introduced the Strong Discontinuity Approach (SDA) for 
the analysis and simulation of strong discontinuities in solids using continuum plasticity models. 
They investigated under what conditions typical elasto-plastic continuum constitutive equations 
induce strong discontinuities having physical meaning. And they also investigated the link of the 
Strong Discontinuity Approach, based on the use of continuum (stress-strain) models, with the 
discrete discontinuity approach which considers a non-linear fracture mechanics environment 
and uses stress vs displacement-jump constitutive equations to model the de-cohesive behavior 
of the discontinuous interface [63–65]. 

In this works, the kinematics of weak and strong discontinuities were rigorously stablished, and 
a regularized kinematic state of discontinuity was proposed as a mean to model the formation of 
a strong discontinuity as the collapsed state of a weak discontinuity (with a characteristic 
bandwidth) induced by a bifurcation of the strain field. It is shown that, in general, such a 
bifurcation can only appear under the form of a weak discontinuity (non-zero bandwidth) and, if 
strong discontinuities are to be modeled, an additional ingredient is required. They propose a 
variable bandwidth model to characterize the transition between the weak and strong discontinuity 
regimes.  

The strong discontinuity analysis also shows that the strong discontinuity kinematics induced 
from any standard stress-strain constitutive equation a discrete (traction-vector vs displacement-
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jump) constitutive equation at the strong discontinuity once this is formed. This provides a 
fundamental link to the classical non-linear fracture mechanics, as the discrete constitutive 
equation can be regarded as the stress-jump constitutive equations used in fracture mechanics to 
rule the decohesive behavior at the interface [63]. The discrete hardening/softening parameter is 
related to the fracture energy concept. 

Further, Oliver and coworkers [66] studied the analytical and numerical resolution of the so-called 
discontinuous bifurcation problem for finding the conditions for onset and orientation of strain 
localization.  

Cervera, Chiumenti and Di Capua [67] studied J2 softening plasticity in plane stress and plane 
strain conditions and noted that the bifurcation conditions (loss of uniqueness and loss of 
ellipticity) were insufficient to determine the occurrence of strain localization and proposed a 
more stringent strain localization condition by enforcing stress boundedness. The introduction of 
this strain localization condition allows evaluating the orientations of slip lines analytically. The 
analytical predictions were independently confirmed by numerical experiments performed using 
mixed displacement/pressure finite elements.  

Cervera, Chiumenti and Wu [68–71] successfully applied the stress (rate) boundedness condition 
to the prediction of strain localization of isotropic elastoplastic models and also to strain-based 
damage models with general failure criteria. As a follow-up, Cervera, Wu, Chiumenti and Kim 
[72–73] applied the proposed localization condition to the orthotropic elastoplastic models with 
yield criteria. Extensive numerical simulations [61,68,71] confirmed the analytical solutions with 
no a priori known information in the finite element simulations.  

Cervera and Wu [68–69] proved that not only the discontinuity orientation but also the localized 
model that emerges upon strain localization, i.e., constitutive relations, evolution equations, 
traction-based failure criterion, softening functions, etc., can be determined consistently from a 
given material model. 

Remarkably, for isotropic and orthotropic elasto-plastic materials with associated evolution laws, 
the discontinuity orientation predicted from the stress (rate) boundedness condition depends 
exclusively on the plastic flow tensor, being independent from the elastic properties, the yield 
criterion and the hardening/softening modulus. 

 

1.2.3 Mixed Finite Elements 
 

The Finite Element Method (FEM) is a numerical framework that discretizes the target structure 
into several elements and obtains a discrete solution, interpolated from the computed values at 
the nodes. The FEM, which has been developed since the 1950s, is being used today in many 
fields of engineering. 

With the contribution of advances in computer hardware technology, finite element modelling 
has been widely used in the design and assessment (or evaluation) of engineering structures. In 
these processes, it is necessary to predict the mechanical behaviors such as displacements and 
stresses of engineering structures under the design loads. Simulation results obtained using the 
FEM can be used for decision making. 

FEM applications in use today, like early stage of FEM applications in 1950s, are based on the 
displacement-based FEs (referred hereafter to as standard FEs) [74]. Standard FEs have a single 
primal variable, which is the displacement field at the nodes. Standard FEs, on which most 
commercial and research FEM programs are based, are convenient used to analyze all structures. 
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However, standard FEs pose significant inefficiencies that affect the accuracy of the solution 
under certain conditions such as element locking (volumetric, shear and membrane locking) and 
stress oscillation problems [75]. Element locking is the most common phenomenon affecting the 
accuracy of the solution in FEM; it preferably occurs with lower order elements where element 
kinematics are not able to properly approximate the solution [76–78]. 

To overcome these numerical difficulties, Fraeijs de Veubeke and Herrmann proposed mixed 
elements, based on the Hellinger–Reissner (two-field) principle for incompressible and nearly 
incompressible elasticity [79–80] with pressure as an additional unknown field. 

With two primal variables instead of one as in standard FEs, this element technology is included 
in the multi-field FE approaches, and particularly in the mixed FEs [81–82]. Mixed models with 
stress variables, rather than pressure variables, were studied by Pian and Yamamoto [83–84]. Pian 
[83] derived the element stiffness matrices for assumed stress and applied the matrices on bending 
of plates and shells problems. Yamamoto [84] suggested methods to obtain approximation of 
displacement in each element with a simple polynomial and hybrid displacement elements. 

Stolarski and Belytschko [85] presented the Hu–Washizu (three-field) based mixed method, 
similar to the Hellinger–Reissner based mixed FE method. Simo and coworkers [86–89] studied 
the mixed assumed strain method of incompatible modes for nonlinear analysis and the improved 
enhanced assumed strain (EAS) methods for elasticity. Kasper and Taylor [90] investigated nearly 
incompressible elasticity and thin shell structures with assumed strain method. 

Doherty and coworkers developed the concept of selective integration elements for stress analysis 
of axisymmetric solids [91]. Subsequently, Zienkiewicz and coworkers [92–93] suggested 
reduced integration elements for accuracy, widely applicability and efficiency in plates and shells. 
Prathap and coworkers [94–96] introduced field-consistent elements used to free shear locking, 
membrane locking, Poisson’s locking and stress oscillation. 

Hughes and coworkers [81–82,97–98] proposed selective reduced integration elements (SRI) and 
B-bar method to treat anisotropic elastic materials. Zienkiewicz and Taylor [99–101] developed 
B-bar method for isotropic (nearly) incompressible solids. The B-bar and SRI methods are nearly 
similar. Both methods use the separation of the stiffness matrix into volumetric and deviatoric 
parts. SRI method computes pressure integration as a constant using only one integration point in 
the center of the element. In contrast, the B-bar method computes a constant mean stress in terms 
of the average volumetric strain. The SRI method is difficult to extend to finite strain problems, 
while B-bar method can be easily applied. 

The combination of solid elements and shell elements was also studied: the solid elements with 
the advantage of their ease of use and the shell elements with the advantage of significant 
computational cost savings as they allow to model thin structures with fewer elements.  

Wriggers and coworkers [102–104] developed the concept of solid-shell elements for combining 
the advantages of solid and shell elements. Hauptmann, Schweizerhof and coworkers [105–106] 
proposed solid-shell concept by incorporating only displacement degrees of freedom to consider 
large deformations (stretching and bending) and nearly incompressible materials. Sze and 
coworkers [107] proposed hybrid stress eight-node (hexahedral) solid-shell elements making use 
of the Assumed Natural Strain (ANS) method and, thus, including higher order hybrid elements 
to improve the bending behavior. Additionally, ANS was also used to avoid shear and membrane 
locking [105,107–110]. Besides, Reese and coworkers [111–113] solved the elastic large 
deformation, incompressibility, hourglass and bending problems using the stabilization concept 
of EAS and reduced integration. Piltner and Joseph [114] used hexahedral EAS solid-shell 
elements for avoiding locking and improving the accuracy of the solution. Areias and coworkers 
[115] investigated numerous examples of nearly incompressibility, beam and shell bending issues 
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that are prone to locking in elasticity and plasticity with hexahedral EAS solid-shell elements. 
These successfully developed solid-shell elements rely on improvements in the discrete strain 
field by adding selected strain modes that are temporarily designed to allow the enhanced element 
to exhibit the desired performance. However, for such stable elements, these enhancements cannot 
achieve a higher asymptotic rate of displacement convergence than the underlying linear element. 
For achieving the higher convergence rate, the elements have to be interpolated with the full 
quadratic polynomial. Convergence of strains, obtained by discrete differentiation of the 
displacement field, is one order lower, resulting in turn in a poor convergence of stresses. For 
these reasons, the development mixed strain/displacement finite elements show higher 
convergence rate and locking free. 

Brezzi and coworkers [116–117] addressed that mixed elements can overcome all the above 
deficiencies of the standard formulation, providing accurate and locking-free solutions of both 
displacements and stresses. Cervera and coworkers [118] showed that mixed strain/displacement 
formulation contributes to a faster rate of convergence. 

Cervera and coworkers [119–122] investigated mixed formulations with both displacement and 
stress interpolations as primary variables. In the problem of linear elasticity, nonlinear plasticity 
and strain localization, numerical results were analyzed taking into account stability and 
convergence of mixed finite elements. Recently, Cervera and coworkers [123–125] have 
presented mixed strain/displacement FEs including the B-bar method to achieve enhanced stress 
accuracy without stress locking in quasi-incompressible situations. 
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1.3 Objectives 
 

The main objectives of this work are: 

 

To develop, implement and validate a general orthotropic elasto-plastic material model 
considering the orientation of the material. 

• Elasto-plastic constitutive models for incompressible materials (von Mises and Hill yield 
criteria) are used to model various volume-preserving materials, such as metals, polymers 
and certain composites, whose behavior is pressure-independent. 

• Elasto-plastic constitutive models for pressure-dependent materials (parabolic Drucker–
Prager, Hoffman and Tsai–Wu yield criteria) are used to model pressure-sensitive 
materials such as rock, concrete, polymers and foams. 

• All the constitutive models are combined into a general orthotropic constitutive model, 
also considering non-associated plasticity. 

 

To develop and implement mixed ε/B-bar u finite elements for higher accuracy and cost 
efficiency. 

• B-bar finite elements allow the solution of problems where the material is quasi-
incompressible. However, this method works only for quadrilateral/hexahedral meshes. 

• Mixed u/p FEs enable solving problems involving incompressibility for any type of mesh, 
but their strain and stress accuracy is the same as standard FEs. 

• Mixed ε/u FEs provide results with a significant improvement in strain and stress 
accuracy and can be used with any type of mesh, not only quadrilaterals and hexahedrals. 

• Mixed ε/B-bar u FEs are developed to include the advantages of both B-bar and mixed 
ε/u FEs. 

 

To analyze the Strain localization resulting from orthotropic elasto-plasticity, both in the 
continuous and discrete settings.  

• The conditions of plastic yielding, strain bifurcation and strain localization are 
investigated. 

• The strain localization condition is derived from Maxwell’s kinematics, the plastic flow 
rule and the boundedness of the stress rate. 

• The analytical results are obtained and numerically verified. 
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1.4 Thesis outline  
 

In this thesis, two main topics have been covered: the mechanics of strain localization in plasticity 
and the performance of several mixed finite elements subjected to plastic strain localization. 

Chapter 1 introduces the work, its motivation, state of the art, objectives, and thesis outline. 
Chapter 2 introduces the constitutive laws for isotropic and orthotropic elasto-plastic models with 
a description of the material model and yield criteria. Chapter 3 presents the analytical framework 
(constitutive relations, kinematics for strong and weak discontinuities), the strain localization 
conditions, as well as the analytical results and numerical verification in terms of strain 
localization angles under plane stress and plane strain conditions. Chapter 4 introduces the mixed 
finite formulations and presents a numerical comparison of different finite elements (standard 
elements, B-bar finite elements, mixed u/p finite elements, mixed ε/u finite elements and mixed 
ε/B-bar u finite elements). Chapter 5 presents the conclusions and lines of future research. Finally, 
the articles included in this doctoral thesis by a compendium of publications are provided. 

 

The constitutive laws and finite elements used have been implemented in the COMET finite 
element program [126], developed at the International Center for Numerical Methods in 
Engineering (CIMNE). Calculations are performed with an enhanced version of the COMET 
finite element program, and pre- and post-processing are done with GiD [127], also developed at 
CIMNE. 
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1.5 Research dissemination 
 

Publications in International Peer-Reviewed Journals 

 

The doctoral Thesis is presented as a compendium of the following three publications  

 

• M. Cervera, J.Y. Wu, M. Chiumenti and S. Kim. "Strain localization analysis of Hill's 
orthotropic elastoplasticity: Analytical results and numerical verification" (2020) 
Computational Mechanics, 65, 533–554. https://doi.org/10.1007/s00466-019-01782-4 

• S. Saloustros, M. Cervera, S. Kim and M. Chiumenti. "Accurate and locking-free 
analysis of beams, plates and shells using solid elements" (2021) Computational 
Mechanics, 67, 883–914. https://doi.org/10.1007/s00466-020-01969-0 

• S. Kim, M. Cervera, J.Y. Wu and M. Chiumenti. "Strain Localization of Orthotropic 
Elasto-Plastic Cohesive-Frictional Materials: Analytical Results and Numerical 
Verification" (2021) Materials, 14(8), 2040. https://doi.org/10.3390/ma14082040 

 

In addition, one more paper has been prepared and incorporated into the thesis. The following 
manuscript is still under review by the submission date of the thesis. 

 
• M. Cervera, J.Y. Wu, S. Kim and M. Chiumenti. "On the mechanics of strain 

localization in plasticity: Isotropic and orthotropic, elasto- and rigid-plastic, 
associated and non-associated models" (2021) Submitted to Mechanics of Materials 

 
 

Presentations in International Conferences 

The research carried out during the doctoral degree program has been presented in the following 
international conference. 

 
• S. Kim, M. Cervera, M. Chiumenti and J.Y. Wu. "Strain localization analysis of Hill‘s 

orthotropic elastoplasticity: analytical and numerical appraisal" (2019) COMPLAS 
2019: XV International Conference on Computational Plasticity: Fundamentals and 
Applications. ISBN/ISSN: 978-84-949194-7-3. 

https://doi.org/10.1007/s00466-019-01782-4
https://doi.org/10.1007/s00466-020-01969-0
https://doi.org/10.3390/ma14082040
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Chapter 2 
  

 

2 Constitutive Equations for Elasto-plastic 
Orthotropic Materials 
 

 

In this Chapter, the material models used in the thesis are presented.  

Elastic, plastic, compressible and incompressible materials are described, in 3D as well as in plane 
strain and plane stress conditions. Explanations of the elasto-plastic constitutive equations are 
presented in detail using Hooke’s Law and the several yield criteria used for orthotropic materials. 

A material model is an idealized representation of the actual behavior of a material based on 
certain experiments or theories and aims to suggest that such an idealization typically lies within 
a certain accuracy range. Notably, models do not fundamentally represent a strict description of 
the material. Because simulations are model-based, they do not represent reality; instead, they 
represent a model of reality.  

Therefore, a deeper understanding of such models is required for more accurate simulation 
analyzes to be performed 

 

2.1 Material 
 

Materials are classified according to their orientation-dependent physical properties (such as 
Young's modulus or thermal conductivity). In the following sections, the subscript (∙)axis denotes 
the axis of orientation. According to this, there are: 

Isotropic materials, if the mechanical properties are the same in all directions. Examples are 
glass, metals, mortar, concrete and epoxy. 

Anisotropic materials: The mechanical properties of the material change depending on the 
considered direction. Examples are rock-forming minerals, single crystals and biological tissues.
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Orthotropic material: The mechanical properties of the material are different along three 
orthogonal axes. Examples include rolled metals and wood.  

In recent years, Additive Manufacturing (AM), a manufacturing process to create 3D objects by 
stacking, is gaining considerable interest. In AM, the material properties in-plane and out of plane 
of the stacking face are significantly different. Thus, the created 3D objects show the orthotropic 
behaviors. 

 

2.1.1 Material properties 
 

2.1.1.1 Elasticity 

An elastic material returns to its original shape and size after the force applied to the material is 
withdrawn. 

Young’s modulus, Poisson's ratio, shear modulus and bulk modulus can be used to characterize 
the elastic material behaviors. 

 

Young’s modulus 

Young’s modulus, denoted by 𝐸𝐸, refers to the mechanical property that relates tensile stress, 
denoted by 𝜎𝜎, and axial strain, denoted by 𝜀𝜀. 𝐸𝐸 = 𝜎𝜎/𝜀𝜀. 

In orthotropic materials, the Young’s moduli in the 𝑥𝑥 , 𝑦𝑦  and 𝑧𝑧  directions are 𝐸𝐸𝑥𝑥 , 𝐸𝐸𝑦𝑦  and 𝐸𝐸𝑧𝑧 , 
respectively. 

 

Poisson’s ratio 

Poisson’s ratio, denoted by 𝜈𝜈, is the negative ratio of transverse to the axial strain as the material 
is stretched. Orthotropic Poisson’s ratios (𝜈𝜈𝑥𝑥𝑥𝑥, 𝜈𝜈𝑥𝑥𝑥𝑥 and 𝜈𝜈𝑦𝑦𝑦𝑦) are defined as  

𝜈𝜈𝑥𝑥𝑥𝑥 = −
𝜀𝜀𝑦𝑦𝑦𝑦
𝜀𝜀𝑥𝑥𝑥𝑥

, 𝜈𝜈𝑥𝑥𝑥𝑥 = −
𝜀𝜀𝑧𝑧𝑧𝑧
𝜀𝜀𝑥𝑥𝑥𝑥

, 𝜈𝜈𝑦𝑦𝑦𝑦 = −
𝜀𝜀𝑧𝑧𝑧𝑧
𝜀𝜀𝑦𝑦𝑦𝑦

, (2.1) 

respectively. 

For isotropic materials, 𝜈𝜈 = 𝜈𝜈𝑥𝑥𝑥𝑥 = 𝜈𝜈𝑥𝑥𝑥𝑥 = 𝜈𝜈𝑦𝑦𝑦𝑦. 

Most isotropic materials have Poisson’s ratio ranging from 0 to 0.5. This follows from 
thermodynamic reasons, i.e., the positivity of the shear and bulk moduli. However, there are 
exceptions; for example, auxetics are materials with a negative Poisson's ratio. When stretched, 
auxetics thicken perpendicular to the applied force. This behavior is due to their particular internal 
structure. 

It should be noted that in orthotropic materials. The following relations must hold for 
thermodynamic reasons (symmetry of the elastic tensor):  

𝜈𝜈𝑦𝑦𝑦𝑦
𝐸𝐸𝑦𝑦

=
𝜈𝜈𝑥𝑥𝑥𝑥
𝐸𝐸𝑥𝑥

,
𝜈𝜈𝑧𝑧𝑧𝑧
𝐸𝐸𝑧𝑧

=
𝜈𝜈𝑥𝑥𝑥𝑥
𝐸𝐸𝑥𝑥

,
𝜈𝜈𝑦𝑦𝑦𝑦
𝐸𝐸𝑦𝑦

=
𝜈𝜈𝑧𝑧𝑧𝑧
𝐸𝐸𝑧𝑧

 (2.2) 
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As it can be seen in Eq. (2.2), some anisotropic or orthotropic materials may have one or more 
Poisson’s ratios greater than 0.5. 

 

Shear modulus 

Shear modulus, denoted by 𝜇𝜇  or 𝐺𝐺 , is the ratio of the shear stress to the shear strain. 
Experimentally, orthotropic shear moduli (𝐺𝐺𝑥𝑥𝑥𝑥,𝐺𝐺𝑥𝑥𝑥𝑥 and 𝐺𝐺𝑦𝑦𝑦𝑦) are often determined as  

𝐺𝐺𝑥𝑥𝑥𝑥 =
𝐸𝐸𝑥𝑥

2(1 + 𝜈𝜈𝑥𝑥𝑥𝑥)
, 𝐺𝐺𝑥𝑥𝑥𝑥 =

𝐸𝐸𝑥𝑥
2(1 + 𝜈𝜈𝑥𝑥𝑥𝑥)

, 𝐺𝐺𝑦𝑦𝑦𝑦 =
𝐸𝐸𝑦𝑦

2(1 + 𝜈𝜈𝑦𝑦𝑦𝑦)
 (2.3) 

For isotropic materials, 𝐺𝐺 = 𝐺𝐺𝑥𝑥𝑥𝑥 = 𝐺𝐺𝑥𝑥𝑥𝑥 = 𝐺𝐺𝑦𝑦𝑦𝑦 = 𝐸𝐸
2(1+𝜈𝜈). 

 

Bulk modulus 

Bulk modulus, denoted by 𝐾𝐾, is the rate of change the volume when the material is subjected to 
uniform pressure 𝑝𝑝. 

𝐾𝐾 = −
𝑝𝑝
𝑑𝑑𝑑𝑑
𝑉𝑉

= −
𝑝𝑝

1 − (1 + 𝜀𝜀𝑥𝑥)�1 + 𝜀𝜀𝑦𝑦�(1 + 𝜀𝜀𝑧𝑧)
≈

𝑝𝑝
𝜀𝜀𝑥𝑥 + 𝜀𝜀𝑦𝑦 + 𝜀𝜀𝑧𝑧

=
𝑝𝑝
𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣

 (2.4) 

where 𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣 = 𝜀𝜀𝑥𝑥 + 𝜀𝜀𝑦𝑦 + 𝜀𝜀𝑧𝑧 is the volumetric strain and 𝑝𝑝 is the pressure, or mean stress,  

𝑝𝑝 = 1
3
�𝜎𝜎𝑥𝑥 + 𝜎𝜎𝑦𝑦 + 𝜎𝜎𝑧𝑧�. 

For isotropic materials, 𝐾𝐾 = E
3(1−2𝜈𝜈). 

When the Poisson's ratio approaches 0.5, the bulk modulus tends to infinite and isotropic materials 
are referred to as nearly incompressible materials. In the limit, the bulk modulus of an 
incompressible isotropic material would be infinity. 

The compressibility modulus, denoted by 𝛽𝛽, is the reciprocal of the bulk modulus. Therefore, 
incompressible materials have zero compressibility. 

 

2.1.1.2 Plasticity 

A plastic material cannot return to its original shape and size after the force (over a threshold 
value) applied to the material is withdrawn. This permanent and irreversible change is known as 
plastic deformation. 

A plastic material is characterized by its yield stress and its post-yielding behavior. 

 

Yield stress 

Yield Stress, denoted by 𝜎𝜎𝑌𝑌, is the stress value at the yield strength; it indicates the beginning of 
plastic deformation. 

Perfect plasticity occurs if the material undergoes plasticity without any increase or decrease of 
the strength. 
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Hardening occurs if the material undergoes plasticity with an increase in the strength. 

Softening occurs if the material undergoes plasticity with a decrease in the strength. 

In Figure 2.1, the green, blue and red curves represent perfect plasticity, linear softening and linear 
hardening behavior, respectively. 

 

 

Figure 2.1 Stress–strain curves 

Orthotropic plasticity 

Materials with different yield stresses along three orthogonal axes are called orthotropic elasto-
plastic materials. Examples are masonry, rolled metals, alloy, polymeric material and carbon fiber 
composites. The Hill, Hoffman and Tsai–Wu yield criteria are employed in this thesis to 
characterized orthotropic elasto-plastic materials. 

 

2.1.2 Plane strain and plane stress conditions 
 

If the 3D mechanical problem satisfies the following two planar continuum conditions, it can be 
analyzed as a 2D model: 

1. The geometry is constant along a longitudinal direction. 

2. The boundary conditions, loading and material properties are constant along the 
longitudinal direction. 

 

Plane stress condition 

Plane stress refers to the condition wherein the stress through the thickness of a material (normal 
and shear) is zero. Plane stress is applicable to significantly thin flat plates; for examples, aircraft 
wing films, beams, pressure vessels, shell and membrane structures. 
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Plane strain condition 

Plane strain refers to the condition wherein the strain in the longitudinal direction (normal and 
shear) is zero. Plane strain is applicable to considerably long or thick structures; for example, line 
pipes with internal pressure or long straight gravity dams. 

Table 2.1 summarizes the stress and strain variables used in plane stress and plane strain. 

Table 2.1. Comparison of plane stress and plane strain conditions 

 Plane stress Plane strain 
Stress variables 𝜎𝜎𝑧𝑧𝑧𝑧 = 𝜎𝜎𝑥𝑥𝑥𝑥 = 𝜎𝜎𝑦𝑦𝑦𝑦 = 0 

𝜎𝜎𝑥𝑥𝑥𝑥,𝜎𝜎𝑦𝑦𝑦𝑦,𝜎𝜎𝑥𝑥𝑥𝑥 ≠ 0 
𝜎𝜎𝑥𝑥𝑥𝑥 = 𝜎𝜎𝑦𝑦𝑦𝑦 = 0 
𝜎𝜎𝑥𝑥𝑥𝑥,𝜎𝜎𝑦𝑦𝑦𝑦,𝜎𝜎𝑥𝑥𝑥𝑥 ≠ 0 

Strain variables 𝜀𝜀𝑥𝑥𝑥𝑥 = 0, 𝜀𝜀𝑦𝑦𝑦𝑦 = 0 
𝜀𝜀𝑥𝑥𝑥𝑥 , 𝜀𝜀𝑦𝑦𝑦𝑦, 𝜀𝜀𝑧𝑧𝑧𝑧, 𝜀𝜀𝑥𝑥𝑥𝑥 ≠ 0 

𝜀𝜀𝑧𝑧𝑧𝑧 = 𝜀𝜀𝑥𝑥𝑥𝑥 = 𝜀𝜀𝑦𝑦𝑦𝑦 = 0 
𝜀𝜀𝑥𝑥𝑥𝑥 , 𝜀𝜀𝑦𝑦𝑦𝑦, 𝜀𝜀𝑥𝑥𝑥𝑥 ≠ 0 

 

2.2 Constitutive equation 
 

In this section, the constitutive equation in elasto-plastic media is addressed.  

Tensor notation is used in the following. Inner product with single contraction and double 
contraction is denoted by ‘·’ and ‘:’, respectively, and the dyadic operator is denoted by ‘⨂’. 

For an elasto-plastic model, the constitutive equation is expressed in total form as 
𝜺𝜺 = 𝜺𝜺𝑒𝑒 + 𝜺𝜺𝑝𝑝,               𝝈𝝈 = 𝐃𝐃0: 𝜺𝜺e = 𝐃𝐃0: (𝜺𝜺 − 𝜺𝜺𝑝𝑝) (2.5) 

where the second-order strain tensor 𝜺𝜺 is decomposed into its elastic and plastic parts, 𝜺𝜺𝑒𝑒 and 𝜺𝜺𝑝𝑝, 
respectively. The second-order stress tensor σ is proportional to the elastic strain tensor 𝜺𝜺𝑒𝑒 , 
through the fourth-order elasticity tensor 𝐃𝐃0. All the tensors involved are symmetric. The elastic 
properties may be isotropic, orthotropic or anisotropic. 𝐃𝐃0 is addressed in detail in Section 2.3. 

The admissible stress domain is determined by the yield criterion 

Φ(𝝈𝝈, ζ) = 𝜙𝜙(𝝈𝝈) − 𝑞𝑞(ζ) ≤  0 (2.6) 

defined in terms of the equivalent stress 𝜙𝜙(𝝈𝝈) , a stress-like internal variable 𝑞𝑞(ζ)  and the 
equivalent plastic strain ζ, which determine the shape and size of the domain, respectively. Yield 
criteria for orthotropic elasto-plasticity are discussed in Section 2.4. 

The plastic strain is defined in rate form; its direction is derived from the plastic potential. In 
associated plasticity, the plastic potential is equal to the yield function; therefore, 

𝜺̇𝜺𝑝𝑝 = λ̇
∂𝜙𝜙
∂𝝈𝝈

= λ̇ 𝜦𝜦 (2.7) 

where λ̇ ≥ 0 denotes the plastic multiplier; ( )̇  is the time derivative, and the plastic flow tensor 
𝜦𝜦 = ∂𝜙𝜙 / ∂𝛔𝛔 is normal to the yield function Φ = 0. Similarly, the evolution of equivalent plastic 
strain is 

ζ̇ = λ̇
∂𝜙𝜙
∂𝑞𝑞

= −λ̇ (2.8) 

The constitutive equation in rate form follows from Eq. (2.5) as follows: 

𝛔̇𝛔 = 𝐃𝐃0: 𝜺̇𝜺𝑒𝑒 = 𝐃𝐃0: (𝜺̇𝜺 − 𝜺𝜺𝑝𝑝) = 𝐃𝐃𝑒𝑒𝑒𝑒: 𝜺̇𝜺 (2.9) 
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where the fourth-order elasto-plasticity tangent tensor 𝐃𝐃𝑒𝑒𝑒𝑒 is obtained using the Kuhn–Tucker 
and consistency conditions as 

𝐃𝐃𝑒𝑒𝑒𝑒 =
d𝝈𝝈
d𝜺𝜺

= 𝐃𝐃0 −
𝐃𝐃0:𝜦𝜦⨂𝐃𝐃0:𝜦𝜦
𝐻𝐻 + 𝜦𝜦:𝐃𝐃0:𝜦𝜦

 (2.10) 

where 𝐻𝐻 = ∂𝑞𝑞 / ∂ζ is the hardening or softening modulus. 
For perfect plasticity, 𝑞𝑞 = 𝑞𝑞0, and 𝐻𝐻 = 0. It should be noted that, in associative plasticity, the 
elasto-plastic tangent tensor 𝐃𝐃𝑒𝑒𝑒𝑒 is symmetric. 

For non-associated plasticity, a plastic potential 𝜓𝜓 = 𝜓𝜓(𝝈𝝈) is defined, so that 

𝜦𝜦𝜙𝜙 =
∂𝜙𝜙
∂𝝈𝝈

, 𝜦𝜦𝜓𝜓 =
∂𝜓𝜓
∂𝝈𝝈

 (2.11) 

where 𝜙𝜙(𝝈𝝈) is the equivalent stress used in the yield surface and 𝜓𝜓(𝝈𝝈) in the plastic potential 

𝜺̇𝜺𝑝𝑝 = λ̇ 𝜦𝜦𝜓𝜓, 𝐃𝐃𝑒𝑒𝑒𝑒 = 𝐃𝐃0 −
𝐃𝐃0:𝜦𝜦𝜓𝜓⨂𝐃𝐃0:𝜦𝜦𝜙𝜙
𝐻𝐻 + 𝜦𝜦𝜙𝜙:𝐃𝐃0:𝜦𝜦𝜓𝜓

 (2.12) 

Note that 𝐃𝐃𝑒𝑒𝑒𝑒 is non-symmetric in this case. 

 

2.3 Hooke’s law 
 

Hooke’s Law expresses a linear relationship between stress and strain. 

For linear springs, Hooke's law states that F = 𝑘𝑘x, where applied force F is linearly proportional 
to the displacement or change in length x. The proportionality constant, 𝑘𝑘, is the stiffness of the 
spring. 

For continuous media, Hooke's law is given as 𝝈𝝈 = 𝐃𝐃0: 𝜺𝜺𝑒𝑒, where the second-order stress tensor 𝝈𝝈 
is equal to the fourth-order stiffness tensor (elasticity tensor) 𝐃𝐃0 multiplied by the second-order 
strain tensor 𝜺𝜺𝑒𝑒 . Because of the symmetry of the strain, stress and elasticity tensors, Voigt’s 
notation, transforming tensors to matrices, is used in the following. 

 

2.3.1 Anisotropic materials 
 

In anisotropic materials, the stiffness matrix 𝐃𝐃0 has 36 components. As the stiffness matrix needs 
to be symmetric for thermodynamical reasons, 𝐃𝐃0 has only 21 independent components. 

⎣
⎢
⎢
⎢
⎢
⎡
𝜎𝜎𝑥𝑥𝑥𝑥 
𝜎𝜎𝑦𝑦𝑦𝑦
𝜎𝜎𝑧𝑧𝑧𝑧
𝜎𝜎𝑥𝑥𝑥𝑥
𝜎𝜎𝑥𝑥𝑥𝑥
𝜎𝜎𝑦𝑦𝑦𝑦 ⎦

⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡
D11 D12 D13 D14 D15 D16
D21 D22 D23 D24 D25 D26
D31 D32 D33 D34 D35 D36
D41 D42 D43 D44 D45 D46
D51 D52 D53 D54 D56 D56
D61 D62 D63 D64 D65 D66⎦

⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎡
𝜀𝜀𝑥𝑥𝑥𝑥 
𝜀𝜀𝑦𝑦𝑦𝑦
𝜀𝜀𝑧𝑧𝑧𝑧
𝜀𝜀𝑥𝑥𝑥𝑥
𝜀𝜀𝑥𝑥𝑥𝑥
𝜀𝜀𝑦𝑦𝑦𝑦 ⎦

⎥
⎥
⎥
⎥
⎤

 (2.13) 

 
  

https://en.wikipedia.org/wiki/Cauchy_stress_tensor
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2.3.2 Isotropic material 
 

In isotropic materials, the stiffness matrix 𝐃𝐃0 requires only two independent elastic constants (𝐸𝐸 
and 𝜈𝜈). 
 

⎣
⎢
⎢
⎢
⎢
⎡
𝜎𝜎𝑥𝑥𝑥𝑥 
𝜎𝜎𝑦𝑦𝑦𝑦
𝜎𝜎𝑧𝑧𝑧𝑧
𝜎𝜎𝑥𝑥𝑥𝑥
𝜎𝜎𝑥𝑥𝑥𝑥
𝜎𝜎𝑦𝑦𝑦𝑦 ⎦

⎥
⎥
⎥
⎥
⎤

= 2𝐺𝐺

⎣
⎢
⎢
⎢
⎢
⎡
𝜀𝜀𝑥𝑥𝑥𝑥  
𝜀𝜀𝑦𝑦𝑦𝑦
𝜀𝜀𝑧𝑧𝑧𝑧
𝜀𝜀𝑥𝑥𝑥𝑥
𝜀𝜀𝑥𝑥𝑥𝑥
𝜀𝜀𝑦𝑦𝑦𝑦 ⎦

⎥
⎥
⎥
⎥
⎤

+ 𝜆𝜆 tr(𝜀𝜀)I

=
𝐸𝐸

(1 + 𝜈𝜈)(1 − 2𝜈𝜈)

⎣
⎢
⎢
⎢
⎢
⎡
1 − 𝜈𝜈 𝜈𝜈 𝜈𝜈 0 0 0
𝜈𝜈 1 − 𝜈𝜈 𝜈𝜈 0 0 0
𝜈𝜈 𝜈𝜈 1 − 𝜈𝜈 0 0 0
0 0 0 1 − 2𝜈𝜈 0 0
0 0 0 0 1 − 2𝜈𝜈 0
0 0 0 0 0 1 − 2𝜈𝜈⎦

⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎡
𝜀𝜀𝑥𝑥𝑥𝑥 
𝜀𝜀𝑦𝑦𝑦𝑦
𝜀𝜀𝑧𝑧𝑧𝑧
𝜀𝜀𝑥𝑥𝑥𝑥
𝜀𝜀𝑥𝑥𝑥𝑥
𝜀𝜀𝑦𝑦𝑦𝑦 ⎦

⎥
⎥
⎥
⎥
⎤

 

(2.14) 

 

The conversion formulas for the alternative material properties are: 

𝜆𝜆 =
𝐸𝐸𝐸𝐸

(1 + 𝜈𝜈)(1 − 2𝜈𝜈)
, 𝐺𝐺 =

𝐸𝐸
2(1 + 𝜈𝜈)

, K =
𝐸𝐸

3(1 − 2𝜈𝜈)
 

 
(2.15) 

 
2.3.3 Orthotropic materials 
 
In orthotropic materials, the stiffness matrix 𝐃𝐃0 requires 9 independent elastic constants, namely, 
3 Young’s moduli, 3 Poisson’s ratios and 3 shear moduli. 

 

⎣
⎢
⎢
⎢
⎢
⎡
𝜎𝜎𝑥𝑥𝑥𝑥 
𝜎𝜎𝑦𝑦𝑦𝑦
𝜎𝜎𝑧𝑧𝑧𝑧
𝜎𝜎𝑥𝑥𝑥𝑥
𝜎𝜎𝑥𝑥𝑥𝑥
𝜎𝜎𝑦𝑦𝑦𝑦 ⎦

⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1 − 𝜈𝜈𝑦𝑦𝑦𝑦𝜈𝜈𝑧𝑧𝑧𝑧
𝐸𝐸𝑦𝑦𝐸𝐸𝑧𝑧Δ

𝜈𝜈𝑥𝑥𝑥𝑥 + 𝜈𝜈𝑥𝑥𝑥𝑥𝜈𝜈𝑦𝑦𝑦𝑦
𝐸𝐸𝑥𝑥𝐸𝐸𝑧𝑧Δ

𝜈𝜈𝑥𝑥𝑥𝑥 + 𝜈𝜈𝑥𝑥𝑥𝑥𝜈𝜈𝑦𝑦𝑦𝑦
𝐸𝐸𝑥𝑥𝐸𝐸𝑦𝑦Δ

0 0 0

𝜈𝜈𝑥𝑥𝑥𝑥 + 𝜈𝜈𝑥𝑥𝑥𝑥𝜈𝜈𝑦𝑦𝑦𝑦
𝐸𝐸𝑥𝑥𝐸𝐸𝑧𝑧Δ

1 − 𝜈𝜈𝑥𝑥𝑥𝑥𝜈𝜈𝑧𝑧𝑧𝑧
𝐸𝐸𝑥𝑥𝐸𝐸𝑧𝑧Δ

𝜈𝜈𝑦𝑦𝑦𝑦 + 𝜈𝜈𝑥𝑥𝑥𝑥𝜈𝜈𝑦𝑦𝑦𝑦
𝐸𝐸𝑥𝑥𝐸𝐸𝑦𝑦Δ

0 0 0

𝜈𝜈𝑥𝑥𝑥𝑥 + 𝜈𝜈𝑥𝑥𝑥𝑥𝜈𝜈𝑦𝑦𝑦𝑦
𝐸𝐸𝑥𝑥𝐸𝐸𝑦𝑦Δ

𝜈𝜈𝑦𝑦𝑦𝑦 + 𝜈𝜈𝑥𝑥𝑥𝑥𝜈𝜈𝑦𝑦𝑦𝑦
𝐸𝐸𝑥𝑥𝐸𝐸𝑦𝑦Δ

1 − 𝜈𝜈𝑥𝑥𝑥𝑥𝜈𝜈𝑦𝑦𝑦𝑦
𝐸𝐸𝑥𝑥𝐸𝐸𝑦𝑦Δ

0 0 0

0 0 0 2𝐺𝐺𝑥𝑥𝑥𝑥 0 0
0 0 0 0 2𝐺𝐺𝑥𝑥𝑥𝑥 0
0 0 0 0 0 2𝐺𝐺𝑦𝑦𝑦𝑦⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎡
𝜀𝜀𝑥𝑥𝑥𝑥  
𝜀𝜀𝑦𝑦𝑦𝑦
𝜀𝜀𝑧𝑧𝑧𝑧
𝜀𝜀𝑥𝑥𝑥𝑥
𝜀𝜀𝑥𝑥𝑥𝑥
𝜀𝜀𝑦𝑦𝑦𝑦 ⎦

⎥
⎥
⎥
⎥
⎤

 

 

(2.16) 

Δ =
1 − 𝜈𝜈𝑥𝑥𝑥𝑥𝜈𝜈𝑦𝑦𝑦𝑦 − 𝜈𝜈𝑦𝑦𝑦𝑦𝜈𝜈𝑧𝑧𝑧𝑧 − 𝜈𝜈𝑧𝑧𝑧𝑧𝜈𝜈𝑥𝑥𝑥𝑥 − 2𝜈𝜈𝑥𝑥𝑥𝑥𝜈𝜈𝑦𝑦𝑦𝑦𝜈𝜈𝑧𝑧𝑧𝑧

𝐸𝐸𝑥𝑥𝐸𝐸𝑦𝑦𝐸𝐸𝑧𝑧
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2.4 Generalized yield criteria 
 

The yield criterion is used to determine the occurrence of yielding under combined stress states; 
it is specified in relation to the material yield stress or stresses. 

Accordingly, if the stress state lies within the yield criterion, the stress state is said to be elastic; 
otherwise, it is said to be plastic. 

This section presents a general yield criterion which may include the von Mises, the Drucker–
Prager, Hill, Hoffman and Tsai–Wu yield criteria, among others. 

Orthotropic cohesive-frictional yield criteria of the form  

Φ(𝛔𝛔, ζ) = 𝜙𝜙(𝛔𝛔) − 𝑞𝑞(ζ) ≤  0 (2.17) 
are now considered. 𝜙𝜙 = 𝜙𝜙(𝛔𝛔) is the equivalent stress, 𝑞𝑞(ζ) is a stress-like internal variable and 
ζ is the equivalent plastic strain. Let (1,2,3) be the material orthotropy axes and  

𝛔𝛔T = [σ11,σ22,σ33,σ12,σ13,σ23] (2.18) 
Voigt's representation of the symmetric second-order stress tensor in those axes.  

The equivalent stress 𝜙𝜙(𝛔𝛔) is expressed as  

𝜙𝜙(𝛔𝛔)  = �3
2

(𝛔𝛔T ⋅ 𝐏𝐏 ⋅ 𝛔𝛔 + 𝐐𝐐𝐓𝐓 ⋅ 𝛔𝛔) (2.19) 

 
The generalized orthotropic matrix 𝐏𝐏 and Q vector read 

𝐏𝐏 =
1

𝐹𝐹 + 𝐺𝐺 + 𝐻𝐻

⎣
⎢
⎢
⎢
⎢
⎡𝐹𝐹 + 𝐺𝐺 −𝐹𝐹� −𝐺𝐺� 0 0 0
−𝐹𝐹� 𝐹𝐹 + 𝐻𝐻 −𝐻𝐻� 0 0 0
−𝐺𝐺� −𝐻𝐻� 𝐺𝐺 + 𝐻𝐻 0 0 0
0 0 0 2𝐿𝐿 0 0
0 0 0 0 2𝑀𝑀 0
0 0 0 0 0 2𝑁𝑁⎦

⎥
⎥
⎥
⎥
⎤

,𝐐𝐐 =
1

𝐹𝐹 + 𝐺𝐺 + 𝐻𝐻

⎣
⎢
⎢
⎢
⎢
⎡
𝐼𝐼
𝐽𝐽
𝐾𝐾
0
0
0⎦
⎥
⎥
⎥
⎥
⎤

 (2.20) 

 
where the material parameters 𝐹𝐹, 𝐺𝐺, 𝐻𝐻, 𝐹𝐹� , 𝐺𝐺�, 𝐻𝐻�, L, M, N, I, J and K are given in terms of by the 
material strengths 𝑓𝑓  (with superscripts c and t denoting compression and tension, and with 
subscript denoting the material axis (1,2,3), respectively): 

 

𝐹𝐹 =
1
2
�

1
𝑓𝑓1𝑐𝑐𝑓𝑓1𝑡𝑡

+
1

𝑓𝑓2𝑐𝑐𝑓𝑓2𝑡𝑡
−

1
𝑓𝑓3𝑐𝑐𝑓𝑓3𝑡𝑡

� ,𝐺𝐺 =
1
2
�

1
𝑓𝑓1𝑐𝑐𝑓𝑓1𝑡𝑡

−
1

𝑓𝑓2𝑐𝑐𝑓𝑓2𝑡𝑡
+

1
𝑓𝑓3𝑐𝑐𝑓𝑓3𝑡𝑡

� ,𝐻𝐻

=
1
2
�−

1
𝑓𝑓1𝑐𝑐𝑓𝑓1𝑡𝑡

+
1

𝑓𝑓2𝑐𝑐𝑓𝑓2𝑡𝑡
+

1
𝑓𝑓3𝑐𝑐𝑓𝑓3𝑡𝑡

� 
(2.21) 

𝐿𝐿 =
1
2
�

1
𝑓𝑓12

�
2

,𝑀𝑀 =
1
2
�

1
𝑓𝑓13

�
2

,𝑁𝑁 =
1
2
�

1
𝑓𝑓23

�
2

 (2.22) 

𝐼𝐼 =
1
𝑓𝑓1𝑡𝑡
−

1
𝑓𝑓1𝑐𝑐

, 𝐽𝐽 =
1
𝑓𝑓2𝑡𝑡
−

1
𝑓𝑓2𝑐𝑐

,𝐾𝐾 =
1
𝑓𝑓3𝑡𝑡
−

1
𝑓𝑓3𝑐𝑐

 (2.23) 

 
Unless otherwise stated: 

𝐹𝐹 � = 𝐹𝐹,      𝐺𝐺 � = 𝐺𝐺,      𝐻𝐻� = 𝐻𝐻 (2.24) 
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The initial stress threshold is defined as 

𝑞𝑞02 =
3
2

[𝐹𝐹 + 𝐺𝐺 + 𝐻𝐻]−1 (2.25) 

 
Different well-known quadratic isotropic and orthotropic yield criteria are obtained by 
appropriately selecting the material parameters: 

• The von Mises Yield criterion 

𝑓𝑓 = 𝑓𝑓1𝑐𝑐 = 𝑓𝑓2𝑐𝑐 = 𝑓𝑓3𝑐𝑐 = 𝑓𝑓1𝑡𝑡 = 𝑓𝑓2𝑡𝑡 = 𝑓𝑓3𝑡𝑡,       
𝑓𝑓
√3

= 𝑓𝑓12 = 𝑓𝑓13 = 𝑓𝑓23 (2.26) 

 
• The parabolic Drucker–Prager (DP) Yield criterion 

𝑓𝑓𝑐𝑐 = 𝑓𝑓1𝑐𝑐 = 𝑓𝑓2𝑐𝑐 = 𝑓𝑓3𝑐𝑐, 𝑓𝑓𝑡𝑡 = 𝑓𝑓1𝑡𝑡 = 𝑓𝑓2𝑡𝑡 = 𝑓𝑓3𝑡𝑡,         
�𝑓𝑓𝑐𝑐𝑓𝑓𝑡𝑡

√3
= 𝑓𝑓12 = 𝑓𝑓13 = 𝑓𝑓23 (2.27) 

 
• The Hill Yield criterion 

𝑓𝑓1 = 𝑓𝑓1𝑐𝑐 = 𝑓𝑓1𝑡𝑡, 𝑓𝑓2 = 𝑓𝑓2𝑐𝑐 = 𝑓𝑓2𝑡𝑡, 𝑓𝑓3 = 𝑓𝑓3𝑐𝑐 = 𝑓𝑓3𝑡𝑡 and 𝐼𝐼 = 𝐽𝐽 = 𝐾𝐾 = 0 (2.28) 
 

• The Hoffman Yield criterion 

𝐹𝐹 � = 𝐹𝐹,      𝐺𝐺 � = 𝐺𝐺,      𝐻𝐻� = 𝐻𝐻 (2.29) 
 

• The Tsai–Wu Yield criterion 

𝐹𝐹� =
1
2

1

�𝑓𝑓1𝑐𝑐𝑓𝑓1𝑡𝑡𝑓𝑓2𝑐𝑐𝑓𝑓2𝑡𝑡
, 𝐺𝐺� =

1
2

1

�𝑓𝑓1𝑐𝑐𝑓𝑓1𝑡𝑡𝑓𝑓3𝑐𝑐𝑓𝑓3𝑡𝑡
, 𝐻𝐻� =

1
2

1

�𝑓𝑓2𝑐𝑐𝑓𝑓2𝑡𝑡𝑓𝑓3𝑐𝑐𝑓𝑓3𝑡𝑡
 (2.30) 

 

Orthotropic criteria cannot be represented graphically in the Haigh–Westergaard (HW) stress 
space because they depend on the six stress components. A partial graphical representation can 
be obtained by considering them projected into the HW space when the principal stresses act on 
the material axis, that is, no shear stress appears on the material system. Such representation, 
generally as an elliptic paraboloid is offered in Figure 2.2 and Figure 2.3. All strengths are scaled 
to 1.  

Figure 2.2 shows two incompressible yield criteria, tensile and compressive strength are equal; 
Figure 2.2a shows isotropic von Mises cylinder with 𝑓𝑓1/𝑓𝑓2 = 𝑓𝑓1/𝑓𝑓3 = 1 and Figure 2.2b shows 
orthotropic Hill cylinder with 𝑓𝑓1/𝑓𝑓2 = 𝑓𝑓1/𝑓𝑓3 = 1.5. 

Figure 2.3 shows three cohesive-frictional yield criteria. Figure 2.3a shows isotropic parabolic 
Drucker–Prager for compressive to tensile strength ratio κ = 𝑓𝑓𝑐𝑐/𝑓𝑓𝑡𝑡 = 1.5. Figure 2.3b,c show 
the orthotropic Hoffman and Tsai–Wu criteria, respectively, for κ = 𝑓𝑓1𝑐𝑐/𝑓𝑓1𝑡𝑡 = 1.5 and 𝑓𝑓2𝑐𝑐/𝑓𝑓2𝑡𝑡 =
𝑓𝑓3𝑐𝑐/𝑓𝑓3𝑡𝑡 = 1.0. 
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(a) 

 
(b) 

Figure 2.2 Yield criteria in HW stress space, lateral and view from the hydrostatic axis:  

(a) von Mises; (b) Hill 

 
(a) 

 
(b) 

 
(c) 

Figure 2.3 Yield criteria in HW stress space, lateral and view from the hydrostatic axis:  

(a) Parabolic Drucker–Prager; (b) Hoffman; (c) Tsai–Wu. 
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Chapter 3 
  

 

3 Strain Localization in Plasticity 
 

 

In this chapter, the main topic of the thesis, the mechanics of strain localization in elasto-plastic 
materials, is addressed. Isotropic and orthotropic, incompressible and cohesive-frictional, 
associative and non-associative flows are studied. Analytical results are obtained for problems 
where the far field stress state is known. Independent numerical FE analyses are performed to 
confirm the analytical predictions. 

The outline of the Chapter is as follow. Section 3.1 presents the strain bifurcation and strain 
localization concepts used in this thesis. Section 3.2 summarizes a published journal paper on the 
strain localization analysis of Hill's orthotropic elasto-plasticity. Section 3.3 provides 
complementarily results on the dependence of the analytical strain localization angles on the 
degree of orthotropy. Section 3.4 summarizes a published journal paper on the strain localization 
of orthotropic elasto-plastic cohesive-frictional materials. Section 3.5 provides complementarily 
results on the dependence of the analytical strain localization angles on the degree of friction. 
Section 3.6 summarizes a paper under review on the mechanics of strain localization in plasticity. 

 

3.1 Strain bifurcation and strain localization analysis 
 

3.1.1 Failure analysis: continuous, localized and discrete failure 
 

Let Ω ⊂ R 
𝒏𝒏𝒅𝒅𝒅𝒅𝒅𝒅  (𝑛𝑛dim = 1, 2, 3) be an elasto-plastic solid domain where the evolution of the 

deformation process leads to failure, with the reference position vector 𝒙𝒙 ⊂ R 
𝒏𝒏𝒅𝒅𝒅𝒅𝒅𝒅 . Deformations 

of the solid are characterized by the displacement field 𝒖𝒖(𝒙𝒙) and the infinitesimal strain field 
𝜺𝜺(𝒙𝒙) = ∇sym𝒖𝒖(𝒙𝒙), where ∇sym( · ) is the symmetric gradient operator. Displacement rate jumps 
and strain rate jumps are denoted by ⟦𝒖̇𝒖⟧ and ⟦𝜺̇𝜺⟧, respectively. 
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According to the continuity of displacement and strain fields, three stages can be identified in the 
failure: continuous failure, localized failure and discrete failure. They are schematically 
represented in Figure 3.1. 

Continuous failure. The standard continuum compatibility conditions hold during the 
deformation progressing to failure; that is, the displacement and strain rate jumps do not emerge 
as the displacement and strain (rate) fields are continuous. ⟦𝒖̇𝒖⟧ = 0, ⟦𝜺̇𝜺⟧ = 0. 

Localized failure. The standard kinematic compatibility conditions in the continuum body are 
partially violated by the strain field during the deformation progressing to failure; namely, the 
displacement (rate) jump does not emerge, but strain (rate) jump occurs ⟦𝒖̇𝒖⟧ = 0, ⟦𝜺̇𝜺⟧ ≠ 0. 

Discrete failure. The displacement and strain fields appear discontinuous, resulting in fracture; 
namely, displacement and strain (rate) jumps emerge. ⟦𝒖̇𝒖⟧ ≠ 0, ⟦𝜺̇𝜺⟧ ≠ 0. 

 

(a)              (b)               (c) 

Figure 3.1 Stages of failure: (a) continuous failure, (b) localized failure and (c) discrete failure 

 

For each type of failure to occur, there are necessary requirements that hold. The necessary 
conditions can be used as identifiers to diagnose the respective stage of failure. 

In the following, the general setting of strong and regularized discontinuities and the necessary 
conditions for these to appear (the strain bifurcation, strain localization and stress boundedness 
conditions) are discussed. 

In this chapter, tensor notation is used. The inner products with single and double contractions 
are denoted by ‘·’ and ‘:’, respectively, while the dyadic operator is signified by ‘⨂’. 
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3.1.2 General setting of discontinuities 
 

Kinematics of discontinuities. Maxwell’s compatibility condition 

In the early stages of the loading and deformation process of an elasto-plastic solid, standard 
kinematics applies and both the displacement rate and strain rate fields are continuous. However, 
in softening and associated perfect plasticity, and even in hardening non-associated plasticity, slip 
lines (in 2D) or slip surfaces (in 3D) may form. Across these, the deformation can grow 
unbounded, displacement and/or strain discontinuities may appear. 

Figure 3.2a shows the elasto-plastic solid domain Ω split by a displacement discontinuity 𝑺𝑺 (the 
slip line or slip surface) into two parts Ω+ and Ω−. The orientation of the discontinuity is denoted 
with the unit normal vector 𝒏𝒏 with direction from Ω− to Ω+. Let L be a characteristic size of the 
domain.  

For the analysis of strain localization in the continuum setting and also for its numerical 
verification using FEM, it is convenient to consider a regularized discontinuity, as shown in 
Figure 3.2b. Here, subdomains Ω+ and Ω− are separated by a regularized discontinuity band 𝑩𝑩 of 
finite width b, as the distance between surfaces 𝑺𝑺+ and 𝑺𝑺−; these are weak (strain) discontinuities. 
The bandwidth b is small compared to the characteristic size of the domain L, so that 𝑏𝑏/𝐿𝐿 << 1. 

  
(a) (b) 

Figure 3.2 (a) Strong and (b) regularized discontinuities in an elasto-plastic solid. 

Figure 3.3a shows the corresponding kinematics of a strong discontinuity: the velocity and strain 
rate fields are not regular. There is a discontinuity of the displacement rate at 𝑺𝑺 of value 𝒘̇𝒘. From 
Maxwell’s compatibility condition, the jump of strain rate at 𝑺𝑺 is 

⟦𝜺̇𝜺⟧ = 𝜺̇𝜺int − 𝜺̇𝜺ext = (𝒘̇𝒘 ⨂ 𝒏𝒏)sym𝛿𝛿𝑆𝑆 (3.1) 
where 𝜺̇𝜺int is strain rate inside S and 𝜺̇𝜺ext is strain rate outside S and 𝛿𝛿𝑆𝑆 denotes the Dirac delta 
function. Note that this strain rate jump is unbounded and has a very definite structure determined 
by the direction of the discontinuity surface, as it allows for unbounded strain rate components at 
𝑺𝑺 due to the discontinuity of the displacement in the normal direction 𝒏𝒏, but not in those directions 
tangential to 𝑺𝑺.  

Figure 3.3b shows the corresponding regularized kinematics. Note that the strain localizes in the 
regularized band 𝑩𝑩. The jump of strain rate inside and outside of the localization band can be 
expressed in terms of the deformation rate vector inside the band, 𝒆̇𝒆 = 𝒘̇𝒘/𝑏𝑏, as 

⟦𝜺̇𝜺⟧ = 𝜺̇𝜺int − 𝜺̇𝜺ext = (𝒆̇𝒆 ⨂ 𝒏𝒏)sym (3.2) 
This strain rate jump is bounded and has the same structure than (3.1). 
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Note that for the band width b → 0, the strain rate in the discontinuity band 𝑩𝑩 tends to the strain 
rate in the strong discontinuity 𝑺𝑺. Reversely, a localization band 𝑩𝑩 of width b bounded by two 
weak discontinuities can be viewed as a regularized strong discontinuity 𝑺𝑺, 
 

  

(a) (b) 

Figure 3.3 Kinematics of (a) strong and (b) regularized discontinuities. 

 

Stress–strain relationship 

For elastoplastic models, the constitutive equation and generalized yield criteria are outlined in 
Section 2.2 and 2.4, respectively. 

The yield criterion is denoted by Φ(𝝈𝝈, ζ) = 𝜙𝜙(𝝈𝝈) − 𝑞𝑞(ζ) ≤  0, where 𝜙𝜙(𝝈𝝈) is the equivalent 
stress, 𝑞𝑞(ζ) is a stress-like internal variable and ζ is the equivalent plastic strain. And 𝜺̇𝜺𝑝𝑝 = λ̇ ∂𝜙𝜙

∂𝝈𝝈
=

λ̇ 𝜦𝜦 is the plastic strain rate, where the plastic multiplier λ̇ ≥ 0; the time derivative ( )̇  and the 
plastic flow tensor 𝜦𝜦 = ∂𝜙𝜙 / ∂𝛔𝛔 is normal to the yield function Φ = 0.  

The constitutive equation in rate form is expressed as 𝛔̇𝛔 = 𝐃𝐃0: 𝜺̇𝜺𝑒𝑒 = 𝐃𝐃0: (𝜺̇𝜺 − 𝜺𝜺𝑝𝑝) = 𝐃𝐃𝑒𝑒𝑒𝑒: 𝜺̇𝜺 , 
where second-order stress rate tensor 𝛔̇𝛔 and the fourth-order elasto-plasticity tangent tensor  

𝐃𝐃𝑒𝑒𝑒𝑒 =
d𝝈𝝈
d𝜺𝜺

= 𝐃𝐃0 −
𝐃𝐃0:𝜦𝜦⨂𝐃𝐃0:𝜦𝜦
𝐻𝐻 + 𝜦𝜦:𝐃𝐃0:𝜦𝜦

 (2.12) 

for the hardening or softening modulus 𝐻𝐻 = ∂𝑞𝑞 / ∂ζ. 

 

3.1.3 Strain bifurcation (SB) condition 
 
The strain bifurcation condition is usually associated to the stationarity of the stress (𝛔̇𝛔 = 0). 
Because of the constitutive equation in rate form, the stationary condition implies that the elasto-
plasticity tangent tensor 𝐃𝐃𝑒𝑒𝑒𝑒(𝐻𝐻) is singular. That is, the determinant of the tangent tensor has to 
be zero: 
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det(𝐃𝐃𝑒𝑒𝑒𝑒(𝐻𝐻,𝜦𝜦))  = 0. (3.3) 
This is the loss of uniqueness condition. Note that 𝐃𝐃𝐞𝐞𝐞𝐞 depends on the softening parameter 𝐻𝐻 and 
flow tensor 𝜦𝜦. 

Loss of uniqueness is a necessary condition for bifurcation to occur, as it implies the existence of 
a limit or stationary stress point and two alternative possible solutions obtained by perturbing the 
stationary situation, one in which all material points continue to load and another in which some 
point load while some other points unload. 

However, the loss of uniqueness condition (det(𝐃𝐃𝑒𝑒𝑒𝑒(𝐻𝐻,𝜦𝜦))  = 0) is not sufficient for bifurcation, 
because it would be satisfied at an inflection point of the constitutive relation, without implying 
loss of uniqueness. 

The necessary condition for (continuous, localized or discrete) failure to emerge is that there are 
strain rates 𝜺̇𝜺, such that 𝜺̇𝜺: 𝝈̇𝝈 ≤ 0, thus: 

𝜺̇𝜺:𝐃𝐃𝑒𝑒𝑒𝑒(𝐻𝐻,𝜦𝜦): 𝜺̇𝜺 ≤ 0. (3.4) 
Note that Eq. (3.3) is obtained by restricting Eq. (3.4) to the equality case for the symmetric elasto-
plasticity tangent tensor 𝐃𝐃𝑒𝑒𝑒𝑒(𝐻𝐻,𝜦𝜦). 

 

3.1.4 Strain localization (SL) condition 
 

The localization condition detects the formation of a discontinuity 𝑺𝑺 (the slip line or slip surface) 
along material surfaces defined by a unit normal vector 𝒏𝒏. The localization condition applies to 
both weak and strong discontinuities depending on the severity of the jumps in the displacement 
and strain fields. 

According to Maxwell’s condition (3.2), the strain rate jump can be expressed ⟦𝜺̇𝜺⟧ = (𝒆̇𝒆⨂𝒏𝒏)sym; 
from Eq. (3.2). According to Cauchy's stress theorem, the traction rate jump across the 
discontinuity 𝑺𝑺 can be obtained, ⟦𝒕̇𝒕⟧ = 0. Being 𝒕̇𝒕 = 𝒏𝒏 ∙ 𝛔̇𝛔 be the traction rate and assuming a 
linear comparison solid, this is shown to imply the singularity of the acoustic tensor in elasto-
plasticity 𝐐𝐐𝑒𝑒𝑒𝑒(𝒏𝒏,𝐻𝐻,𝜦𝜦) = 𝒏𝒏 ∙ 𝐃𝐃𝑒𝑒𝑒𝑒(𝐻𝐻,𝜦𝜦) ∙ 𝒏𝒏, that is,  

det(𝐐𝐐𝑒𝑒𝑒𝑒(𝒏𝒏,𝐻𝐻,𝜦𝜦))  = 0 (3.5) 
This is called the loss of ellipticity condition and is a necessary condition for a weak discontinuity 
to appear and localized failure to occur. This is why the loss of ellipticity condition is called the 
continuous bifurcation condition. The case det(𝐐𝐐𝑒𝑒𝑒𝑒(𝒏𝒏,𝜦𝜦,𝐻𝐻)) ≤ 0 is called the discontinuous 
bifurcation condition. [41–42] 

Classically, the problem of determining the onset of discontinuous bifurcation consists in, for a 
given stress state 𝛔𝛔 and the corresponding flow tensor 𝜦𝜦, finding the first instant (maximum 
hardening or softening coefficient 𝐻𝐻𝑐𝑐𝑐𝑐) of the loading process and the corresponding direction of 
the discontinuity 𝒏𝒏𝑐𝑐𝑐𝑐  was used. The discontinuous bifurcation condition satisfies that 
det(𝐐𝐐𝑒𝑒𝑒𝑒(𝒏𝒏𝑐𝑐𝑐𝑐,𝐻𝐻𝑐𝑐𝑐𝑐,𝜦𝜦)) ≤ 0 

However, the loss of ellipticity condition (3.5) is necessary but not sufficient for localization; see 
references [60–62] for additional details on discontinuous bifurcation analysis. 
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Let us consider the discontinuous bifurcation scenario where the material is in plastic loading 
(λ̇ ≥ 0) inside the discontinuity band 𝑩𝑩 and in elastic unloading (λ̇ = 0) outside of the band 𝑩𝑩, 
so that 

𝛔̇𝛔ext = 𝐃𝐃0: 𝜺̇𝜺ext (3.6) 

𝛔̇𝛔int = 𝐃𝐃0: (𝜺̇𝜺int − 𝜺̇𝜺𝑝𝑝) (3.7) 
where 𝛔̇𝛔int is the stress rate inside S and 𝛔̇𝛔ext is the stress rate outside S 

Hence, the jump in the stress rate reads: 

⟦𝛔̇𝛔⟧ = 𝛔̇𝛔int − 𝛔̇𝛔ext = 𝐃𝐃0: (⟦𝜺̇𝜺⟧ − 𝜺̇𝜺𝑝𝑝) = 𝐃𝐃0: �(𝒆̇𝒆⨂𝒏𝒏)sym − λ̇ 𝜦𝜦 � (3.8) 
where the Maxwell’s compatibility condition (3.2) has been used. 

Considering the traction rate jump and Cauchy’s stress theorem, ⟦𝒕̇𝒕⟧ = 𝒏𝒏 ∙ ⟦𝛔̇𝛔⟧ = 0, Eq. (3.8) 
reads: 

𝒏𝒏 ∙ �𝐃𝐃0: �(𝒆̇𝒆⨂𝒏𝒏)sym − λ̇ 𝜦𝜦 �� = 0 (3.9) 
Eq. (3.9) is alternative expression for the discontinuous bifurcation condition (3.5). 

Using the elastic acoustic tensor 𝐐𝐐0 = 𝒏𝒏 ∙ 𝐃𝐃0 ∙ 𝒏𝒏, the deformation vector rate can be obtained as 

𝒆̇𝒆 = λ̇ (𝐐𝐐0)−𝟏𝟏(𝜦𝜦:𝐃𝐃0 ∙ 𝒏𝒏) (3.10) 
 

Stress (rate) boundedness condition 

Upon strain bifurcation inside the band, and ongoing deformation, the deformation vector rate in 
the band, 𝒆̇𝒆 = 𝒘̇𝒘/𝑏𝑏, the strain rate jump, ⟦𝜺̇𝜺⟧, and the plastic strain rate in the band, 𝜺̇𝜺int

p , the 
variables inside of the band will grow much larger than the total strain rate outside the band, 𝜺̇𝜺ext, 
and the corresponding plastic strain rate, 𝜺̇𝜺ext

p , that may even vanish (on elastic unloading); this 
ensures boundedness of the stress rate outside the band, 𝛔̇𝛔ext.  

For the sake of simplicity, let us here consider the loading/unloading case; the loading\loading 
case is considered in Paper #4. Then, Eqs. (3.6), (3.7) and (3.8) may be rewritten, with the terms 
that will grow upon strain localization, inversely proportional to the bandwidth b, underlined. 

𝛔̇𝛔ext = 𝐃𝐃0: 𝜺̇𝜺ext, 𝛔̇𝛔int = 𝐃𝐃0: �𝜺̇𝜺int − 𝜺̇𝜺𝑝𝑝� (3.11) 

⟦𝛔̇𝛔⟧ = 𝛔̇𝛔int − 𝛔̇𝛔ext = 𝐃𝐃0: �⟦𝜺̇𝜺⟧ − 𝜺̇𝜺𝑝𝑝 � =  𝐃𝐃0: �(𝒆̇𝒆 ⨂ 𝒏𝒏)sym − λ̇ 𝜦𝜦� (3.12) 
 

Inside the localization band, elasto-plastic behavior and satisfaction of the yield criterion ensure 
that the stress rate remains bounded even if the strain rate is not. Consequently, the jump of the 
stress rate in Eq. (3.12), but it is bounded; therefore, stress rate boundedness, together with 
Maxwell’s compatibility (3.2), require that 

(𝒆̇𝒆⨂𝒏𝒏)sym = λ̇ 𝜦𝜦 (3.13) 
The entire jump of the strain rate is due to the plastic strain rate inside the band. This a necessary 
condition for strain localization to occur. 
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Remark 3.1: Regarding the determination of the discontinuity orientation 𝒏𝒏, Eq. (3.13) fully 
determines 𝒏𝒏. The discontinuity orientations that satisfy the discontinuous bifurcation condition 
det(𝐐𝐐𝑒𝑒𝑒𝑒(𝒏𝒏,𝐻𝐻,𝜦𝜦)) ≤ 0, do not necessarily guarantee stress (rate) boundedness. 

Remark 3.2: The discontinuity orientation 𝒏𝒏  in the discontinuous bifurcation condition 
det(𝐐𝐐𝑒𝑒𝑒𝑒(𝒏𝒏,𝐻𝐻,𝜦𝜦)) ≤ 0 is affected by the softening parameter 𝐻𝐻 and plastic flow tensor 𝜦𝜦. In 
contrast, the discontinuity orientation 𝒏𝒏 in Eq. (3.13) is only affected by plastic flow tensor 𝜦𝜦. 

Remark 3.3: As can be seen in Eq. (3.13), the discontinuity orientation 𝒏𝒏 depends only on the 
plastic flow tensor 𝜦𝜦 and the specific stress state, but does not depend on elastic properties. 
Application to materials in rigid-plasticity can be implied from this independence. This is not the 
case with classical conditions related to strain bifurcation. 

Remark 3.4: Eq. (3.13) holds for small finite bandwidths b, as in regularized discontinuities and 
standard FEM simulations. The condition for strong discontinuities follows for the limit case of 
vanishing bandwidth 𝑏𝑏 → 0. 

Remark 3.5: Eq. (3.13) does not necessarily hold on plastic yielding or strain bifurcation. 
Therefore, a transition stage may be necessary in most situations during which plastic behavior 
happens without strain localization. Only when the localization condition is fulfilled, might true 
strain localization happen. 

 

3.1.5 Orientation of the discontinuity 
 

Strain localization plastic flow vector and tensor 

In the following, the subscript ( · )int will be omitted for the sake of simplicity, as all quantities 
refer to points inside the localization band. 

From Eq. (3.13), a plastic flow localization vector 𝛄𝛄, can be defined so that the deformation rate 
vector 𝒆̇𝒆 and the plastic flow tensor 𝜦𝜦 are written as 

𝒆̇𝒆 = λ̇𝛄𝛄,             𝜦𝜦 = (𝛄𝛄 ⨂ 𝒏𝒏)sym (3.14) 
where 𝒏𝒏 is the unit vector normal to the discontinuity 𝑺𝑺. Note that 𝜦𝜦 is a second order tensor, 
while 𝒆̇𝒆, 𝛄𝛄 and 𝒏𝒏 are vectors. 

Let 𝒎𝒎 and 𝒑𝒑 be unit vectors on the plane of the discontinuity 𝑺𝑺 such that (𝒏𝒏,𝒎𝒎,𝒑𝒑) is a basis of 
orthonormal vectors. Then, the plastic flow localization vector 𝛄𝛄, can be equivalently defined so 
that  

𝛄𝛄 = 2𝒏𝒏 ∙ 𝜦𝜦 − 𝛬𝛬𝑛𝑛𝑛𝑛𝒏𝒏 = γ𝑛𝑛𝒏𝒏+ γ𝑚𝑚𝒎𝒎+ γ𝑝𝑝𝒑𝒑 (3.15) 
The components of the plastic flow localization vector 𝛄𝛄 = (γ𝑛𝑛, γ𝑚𝑚, γ𝑝𝑝) are determined  

so that 

γ𝑛𝑛 = 𝛄𝛄 ∙ 𝒏𝒏 = 𝛬𝛬𝑛𝑛𝑛𝑛, γ𝑚𝑚 = 𝛄𝛄 ∙ 𝒎𝒎 = 2𝛬𝛬𝑛𝑛𝑛𝑛, γ𝑝𝑝 = 𝛄𝛄 ∙ 𝒑𝒑 = 2𝛬𝛬𝑛𝑛𝑛𝑛 (3.16) 

𝛄𝛄 = 𝛬𝛬𝑛𝑛𝑛𝑛𝒏𝒏 + 2𝛬𝛬𝑛𝑛𝑛𝑛𝒎𝒎 + 2𝛬𝛬𝑛𝑛𝑛𝑛𝒑𝒑 (3.17) 
Accordingly, the other components of the strain localization plastic flow tensor are zero: 

𝛬𝛬𝑚𝑚𝑚𝑚 = 0,    𝛬𝛬𝑝𝑝𝑝𝑝 = 0,   𝛬𝛬𝑚𝑚𝑚𝑚 = 0 (3.18) 
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From these equations the orientation of the slip surface may be derived. 

 

Orientation of strain localization  

The orientation of the slip lines is analytically obtained for orthotropic and pressure-dependent 
plastic solids subjected to plane strain and plane stress conditions. The strain localization angle is 
measured counter-clockwise 𝜽𝜽𝐜𝐜𝐜𝐜  ∈ [−π

2
, π
2
 ] as the angle between the vector 𝒏𝒏 normal to the 

discontinuity and the material axis 1; see Figure 3.4.  

 

Figure 3.4 Definition of the localization angle 𝜽𝜽𝐜𝐜𝐜𝐜. 

Let (𝒏𝒏,𝒎𝒎,𝒑𝒑) be the basis formed by the orthonormal vectors normal and tangential to the 
discontinuity 𝑺𝑺, such that vectors 𝒏𝒏 and 𝒎𝒎 are respectively normal and tangential to the trace of 
S in the reference plane xy and vector 𝒑𝒑 points in the out-of-plane z direction, as shown in Figure 
3.4.  

The strain localization Eq. (3.19) requires the flow tensor the plastic flow tensor 𝜦𝜦 = ∂𝜙𝜙/ ∂𝛔𝛔 to 
be expressed in this system. Let 𝜃𝜃cr be the angle between the material system (1, 2, 3) and the 
(𝒏𝒏,𝒎𝒎,𝒑𝒑) system. Then 

𝛬𝛬𝑚𝑚𝑚𝑚 = 𝛬𝛬11 sin2 𝜃𝜃cr + 𝛬𝛬22 cos2 𝜃𝜃cr + 2𝛬𝛬12 sin𝜃𝜃cr cos 𝜃𝜃cr (3.19) 

𝛬𝛬𝑝𝑝𝑝𝑝 = 𝛬𝛬33 (3.20) 

𝛬𝛬𝑚𝑚𝑚𝑚 = 0 (3.21) 

The strain localization angle 𝜃𝜃cr is obtained from the kinematic constraints in Eq. (3.19), that is, 
equating these components to zero. Solving Λ𝑚𝑚𝑚𝑚(𝜃𝜃cr) = 0 for tan𝜃𝜃cr: 

tan 𝜃𝜃cr = −
𝛬𝛬12
𝛬𝛬11

± ��
𝛬𝛬12
𝛬𝛬11

�
2

−
𝛬𝛬22
𝛬𝛬11

 (3.22) 
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As it can be seen, the strain localization angle 𝜃𝜃cr  depends on the stress state upon strain 
localization. The condition 𝛬𝛬𝑝𝑝𝑝𝑝(𝜃𝜃𝑐𝑐𝑐𝑐) =  𝛬𝛬33 = 0 Eq. (3.20) needs to be imposed in plane stress 
and plane strain conditions. 

Remark 3.6: For the case of 𝛬𝛬12 = 0, where the no shear stress acts on the material axes, Eq. 
(3.23) simplifies to 

tan𝜃𝜃cr = ±�−
𝛬𝛬22
𝛬𝛬11

 (3.23) 

Remark 3.7: The angle of the slip lines (counter-clockwise from 1-axis) is 𝜃𝜃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝜋𝜋
2
− 𝜃𝜃𝑐𝑐𝑐𝑐: 

tan𝜃𝜃slip = (tan 𝜃𝜃cr)−1 (3.24) 

Remark 3.8: The above expressions are obtained for the stress expressed in the material system. 
These are obtained from the stresses in the global (x,y,z) system by standard transformation. For 
instance, in plane strain conditions 

�

𝜎𝜎11
𝜎𝜎22
𝜎𝜎33
𝜎𝜎12

� = �
cos2 α sin2 α 0 −2 cosα sinα
sin2 α cos2 α 0 2 cosα sinα

0 0 1 0
cosα sin α − cos α sin α 0 cos2 α − sin2 α

� �

𝜎𝜎𝑥𝑥𝑥𝑥
𝜎𝜎𝑦𝑦𝑦𝑦
𝜎𝜎𝑧𝑧𝑧𝑧
𝜎𝜎𝑥𝑥𝑥𝑥

� (3.25) 

where α is the tilt angle between the global axis x and the material local axis 1 measured counter-
clockwise. 
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3.2 Strain localization analysis of Hill's orthotropic 
elastoplasticity: Analytical results and numerical verification 
 

Article Data: 

Title: Strain localization analysis of Hill's orthotropic elastoplasticity: Analytical results and 
numerical verification. 

Authors: M. Cervera, J.Y. Wu, M. Chiumenti and S. Kim 

Journal : Computational Mechanics, 65, 533–554 (2020) 

https://doi.org/10.1007/s00466-019-01782-4 

 

Scientific Contribution: 

In this paper, the strain localization analysis of Hill’s orthotropic plasticity is addressed. In 
particular, the localization condition derived from the boundedness of stress rates together with 
Maxwell’s kinematics is employed. Similarly to isotropic plasticity considered in our previous 
work, the plastic flow components on the discontinuity surface vanish upon strain localization. 
Compared to the classical work based on the discontinuous bifurcation analysis, the resulting 
localization angles in orthotropic plastic materials are independent from the elastic constants, but 
rather, they depend exclusively on the material parameters involved in the plastic flow in the 
material axes. This turns out to be coincident with Hill’s results for strictly incompressible rigid-
plastic problems, extending them to general elasto-plastic materials.  

Application of the above localization condition to Hill’s orthotropic plasticity in 2-D plane stress 
and plane strain conditions yields closed-form solutions of the localization angles. It is found that 
the two discontinuity lines in plane strain conditions are always perpendicular to each other, and 
for the states of no shear stresses, the localization angle depends only on the tilt angle of the 
material axes with respect to the global ones.  

The analytical results are then validated by independent numerical simulations. Being the plastic 
flow purely isochoric, the B-bar finite element is employed to deal with the incompressibility of 
plastic flow. 

For a strip regarding a horizontal slit under vertical stretching in plane stress and plane strain as 
well as Prandtl’s problem of indentation by a flat rigid die in plane strain, numerical results are 
presented for both isotropic and orthotropic plasticity models with or without tilt angle. The 
influence of various parameters is studied. In all cases, the critical angles predicted from the 
localization condition coincide with the numerical results, giving compelling supports to the 
analytical prognosis. 

Interestingly, as for Prandtl’s punch test in plane strain the material right under the rigid footing 
is almost free of shear stresses, the localization angles are also independent from the stress state 
and can be determined as those for a slit under vertical stretching. 

  

https://doi.org/10.1007/s00466-019-01782-4
https://doi.org/10.1007/s00466-019-01782-4
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3.3 Hill's orthotropic elasto-plasticity: dependence of the 
strain localization angles on the degree of orthotropy 
 

In this section, a complementary analytical study on the dependence of the strain localization 
angles on the degree of orthotropy for Hill's orthotropic elasto-plasticity is presented. 

The von Mises and Hill yield criteria are used; for the sake of clearness, no tilt between the 
material and the global axes is considered. Both plane strain and plane stress conditions are 
contemplated. For purely cohesive models, tensile and compression tests lead to identical results; 
thus, only vertical uniaxial tensile loading is studied, along material direction 2. All material 
strengths are scaled to 1. The degree of orthotropy is studied in terms of ratio 𝛼𝛼 = 𝑓𝑓1/𝑓𝑓2. The von 
Mises criterion corresponds to 𝛼𝛼 = 1.0. 

Cross sections of the von Mises and Hill yield criteria for strength ratio 𝛼𝛼 = 1.25 and 𝛼𝛼 = 0.8 
under plane stress and plane stress are shown in Figures 3.5 and 3.6, respectively. From these, the 
strain localization angles can be measured in a counter–clockwise manner from the 1–axis. See 
the geometrical interpretation of the strain localization angle in the Section 3.4 of Paper #3. 

For plane strain, Figure 3.5 depicts both yield criteria as parallel straight lines; strain localization 
angles ensue at 45°.  

 

 (a)      (b) 

Figure 3.5 Cross sections of the von Mises and Hill yield criteria under plane strain:  

(a) 𝛂𝛂 = 𝟏𝟏.𝟐𝟐𝟐𝟐 for the Hill yield criterion and (b) 𝛂𝛂 = 𝟎𝟎.𝟖𝟖 for the Hill yield criterion 

 
For plane stress, Figure 3.6 depicts both yield criteria as ellipses; different strain localization 
angles follow depending on the strength ratio 𝛼𝛼. This dependence may be analytically deduced, 
as follows. 
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 (a)      (b) 

Figure 3.6 Cross sections of the von Mises and Hill yield criteria under plane stress:  

(a) 𝛂𝛂 = 𝟏𝟏.𝟐𝟐𝟐𝟐 for the Hill yield criterion and (b) 𝛂𝛂 = 𝟎𝟎.𝟖𝟖 for the Hill yield criterion 

 

The stress state for uniaxial tension under plane stress is  

𝜎𝜎11 = 0, 𝜎𝜎22 = 𝜎𝜎 > 0, 𝜎𝜎12 = 0, 𝜎𝜎33 = 0 (3.26) 
 

Strain localization angles under plane stress are obtained as (See Eq. (49) of Paper #3) 

tan𝜃𝜃slip = (tan𝜃𝜃cr)−1 = ±�−
𝛬𝛬11
𝛬𝛬22

= ±�
2𝐹𝐹𝜎𝜎22 − 𝐼𝐼

2(𝐹𝐹 + 𝐻𝐻)𝜎𝜎22 + 𝐽𝐽
 (3.27) 

where F, H, I and J are the matrix coefficient in Eq. (2.20). 

Let be the strength ratio 𝛼𝛼 = 𝑓𝑓1/𝑓𝑓2 and 𝑓𝑓3 = 𝑓𝑓2 =1 for the Hill yield criterion. Then, 𝐹𝐹 = 1
2𝛼𝛼2

, 

𝐺𝐺 = 1
2𝛼𝛼2

, 𝐻𝐻 = 1 − 1
2𝛼𝛼2

, I = J = 0 are obtained from Eqs. (2.21) – (2.24) and (2.28). 

Then: 

tan𝜃𝜃slip = ±�
𝐹𝐹

𝐹𝐹 + 𝐻𝐻
= ±�

1
2𝛼𝛼2

= ±
1

√2𝛼𝛼
 (3.28) 

It is observed that, for plane stress, the tangent value of strain localization angles and the strength 
ratio 𝛼𝛼 are inversely proportional .This is shown in Figures 3.7. 

Figure 3.8 shows the strain localization angle versus the strength ratio 𝛼𝛼 both for plane strain and 
plane stress.  
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Figure 3.7 Curve of tangent of strain localization angle – strength ratio 𝛂𝛂 under plane stress 

 

  

Figure 3.8 Curves of strain localization angle – strength ratio 𝛂𝛂 
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3.4 Strain Localization of Orthotropic Elasto-Plastic 
Cohesive-Frictional Materials: Analytical Results and 
Numerical Verification 
 

Article Data: 

Title: Strain Localization of Orthotropic Elasto-Plastic Cohesive-Frictional Materials: 
Analytical Results and Numerical Verification. 

Authors: S. Kim, M. Cervera, J.Y. Wu and M. Chiumenti 

Journal : Materials, 14 (8), 2040 (2021) 

https://doi.org/10.3390/ma14082040 

 

Scientific Contribution: 

In this paper, strain localization analysis for orthotropic-associated plasticity in cohesive-
frictional materials is addressed. Specifically, the necessary localization condition is derived from 
Maxwell’s kinematics, the plastic flow rule and the boundedness of stress rates. The analysis is 
applicable to strong and regularized discontinuity settings.  

Contrariwise to the usually studied conditions for strain bifurcation, these proffer requirements 
do not depend on the elastic properties of the medium, but only on the plastic flow provided by 
the adopted plastic potential. Expanding on previous works, the quadratic orthotropic Hoffman 
and Tsai–Wu models are investigated and compared to pressure insensitive and sensitive models 
such as von Mises, Hill and Drucker–Prager.  

Application of the above localization conditions to isotropic and orthotropic cohesive-frictional 
plastic models derives analytical solutions for the strain localization angle and the slopes of the 
ensuing slip lines. The distinct effects of compressive and tensile loading are also evaluated. 

Analytical localization angles are obtained in uniaxial tension and compression under plane stress 
and plane strain conditions. These are only dependent on the plastic potential adopted; ensuing, a 
geometrical interpretation in the stress space is offered.  

The analytical results are then validated by independent numerical simulations. The B-bar finite 
element is used to deal with the limiting incompressibility in the purely isochoric plastic flow. 
For a strip under vertical stretching in plane stress and plane strain and Prandtl’s problem of 
indentation by a flat rigid die in plane strain, numerical results are presented for both isotropic 
and orthotropic plasticity models with or without tilting angle between the material axes and the 
applied loading. In the first problem, the far field stress state is known, and the analytical results 
can be verified directly from the numerical simulations. In the second problem, once the failure 
mechanism and the corresponding stress field are computationally evaluated, these are shown to 
conform precisely with those anticipated by the strain localization condition. 

The influence of frictional behavior is studied. In all the investigated cases, the numerical results 
provide compelling support to the analytical prognosis. 

  

https://doi.org/10.3390/ma14082040
https://doi.org/10.3390/ma14082040
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3.5 Cohesive-frictional models: dependence of the 
localization angles on the degree of friction 
 

In this section, a complementarily analytical study on the dependence of the strain localization 
angles on the degree of friction for cohesive-frictional elasto-plasticity is presented. 

The Drucker–Prager, Hoffman and Tsai–Wu yield criteria are used; for the sake of clearness, no 
tilt between the material and the global axes is considered. Both plane strain and plane stress 
conditions are contemplated. For cohesive-frictional models, behavior under compression and 
tension is different; thus, both vertical uniaxial tensile and compressive loadings are studied, along 
material direction 2. All material strengths are scaled to 1. The degree of friction is studied in 
terms of ratio κ = 𝑓𝑓1𝑐𝑐/𝑓𝑓1𝑡𝑡. The von Mises criterion corresponds to κ = 1.0. 

Cross sections of Drucker–Prager, Hoffman and Tsai–Wu yield criteria with κ = 1.25 and 0.8 
under plane strain and plane stress are shown in Figures 3.9 and 3.10, respectively. From these, 
strain localization angles can be measured in a counter–clockwise manner from the 1–axis. See 
the geometrical interpretation of the strain localization angle in the Section 3.4 of Paper #3. 

For plane strain, Figure 3.9 depicts all the yield criteria as parabolas. The friction ratio κ 
determines the location of the vertex of the parabola, different for κ > 1 and 0 < κ < 1. The 
cross sections of the yield criteria are parallel lines when friction ratio κ = 1, as for the von Mises 
and Hill yield criteria. 

 

 (a)      (b) 

Figure 3.9 Cross sections of the Drucker–Prager, Hoffman and Tsai–Wu yield criteria under plane 
strain: (a) 𝛋𝛋 = 𝟏𝟏.𝟐𝟐𝟐𝟐 and (b) 𝛋𝛋 = 𝟎𝟎.𝟖𝟖 

For plane stress, Figure 3.10 depicts yield criteria as ellipses; material strengths define the 
intersections with the 1–axis and 2–axis. 

For both plane strain and plane stress, different strain localization angles follow depending on the 
friction ratio κ. This dependence may be analytically deduced, as follows. 
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 (a)      (b) 

Figure 3.10 Cross sections of the Drucker–Prager, Hoffman and Tsai–Wu yield criteria under 
plane stress: (a) 𝛋𝛋 = 𝟏𝟏.𝟐𝟐𝟐𝟐 and (b) 𝛋𝛋 = 𝟎𝟎.𝟖𝟖 

The stress state for uniaxial tension under plane stress is  

𝜎𝜎11 = 0, 𝜎𝜎22 = 𝜎𝜎 > 0, 𝜎𝜎12 = 0, 𝜎𝜎33 = 0 (3.26) 
 

Strain localization angles under plane stress are obtained as (See Eq. (49) of Paper #3) 

tan𝜃𝜃slip = (tan𝜃𝜃cr)−1 = ±�−
𝛬𝛬11
𝛬𝛬22

= ±�
2𝐹𝐹𝜎𝜎22 − 𝐼𝐼

2(𝐹𝐹 + 𝐻𝐻)𝜎𝜎22 + 𝐽𝐽
 (3.27) 

where F, H, I and J are the matrix coefficient in Eq. (2.20). 

Let be the friction ratio κ = 𝑓𝑓1𝑐𝑐/𝑓𝑓1𝑡𝑡, 𝑓𝑓1𝑐𝑐 = 𝑓𝑓2𝑐𝑐 = 𝑓𝑓3𝑐𝑐 = κ and 𝑓𝑓1𝑡𝑡 = 𝑓𝑓2𝑡𝑡 = 𝑓𝑓3𝑡𝑡 = 1 for the Drucker–
Prager yield criterion. Then, 𝐹𝐹 = 𝐻𝐻 = 1

2κ
 and 𝐼𝐼 = 𝐽𝐽 = 1 − 1

κ
 are obtained by Eqs. (2.21) – (2.24) 

and (2.27). 

Then,  

tan 𝜃𝜃slip = ±�
2𝐹𝐹𝜎𝜎22 − 𝐼𝐼

2(𝐹𝐹 + 𝐻𝐻)𝜎𝜎22 + 𝐽𝐽
± �2𝐹𝐹𝜎𝜎 − 𝐼𝐼

4𝐹𝐹𝜎𝜎 + 𝐼𝐼
= ±�

2 − κ
κ + 1

 (3.29) 

Additionally, let us consider the case with a reciprocal friction ratio 1
κ
 under uniaxial compression. 

Then, 𝑓𝑓1𝑡𝑡 = 𝑓𝑓2𝑡𝑡 = 𝑓𝑓3𝑡𝑡 = κ, 𝑓𝑓1𝑐𝑐 = 𝑓𝑓2𝑐𝑐 = 𝑓𝑓3𝑐𝑐 = 1 , 𝜎𝜎22 =–𝜎𝜎 , 𝐹𝐹 = 𝐻𝐻 = 1
2κ

 and 𝐼𝐼 = 𝐽𝐽 = 1
κ
− 1 . As a 

result, tan 𝜃𝜃slip = ±�2𝐹𝐹𝜎𝜎−𝐼𝐼
4𝐹𝐹𝜎𝜎+𝐼𝐼

= ±�2−κ
κ+1

 in uniaxial compression is the same as that in Eq. (3.29). 

It is observed that, for plane stress, the strain localization angle of the Drucker–Prager yield 
criterion for the friction ratio κ in compressive loading is identical to that for 1

κ
 in the tensile 

loading. The strain localization angles under plane strain can be similarly obtained. 
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Figure 3.11 shows the strain localization angle versus the friction ratio κ under plane strain in 
both tensile and compressive loading. A negative correlation is found in tension and a positive 
correlation is found in compression between the strain localization angles and the friction ratio κ. 
It is also observed that sensibility of the three criteria to friction is quite different. 

Figure 3.12 shows the strain localization angle versus the friction ratio κ under plane stress in 
both tensile and compressive loading. Again, a negative correlation is found in tension and a 
positive correlation is found in compression. 

Note that Hoffman’s criterion is insensitive to friction in compression. 

 

(a) 

 

(b) 

Figure 3.11 Curves of strain localization angle – friction ratio 𝛋𝛋 under plane strain:  
(a) Tension and (b) Compression 
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(a) 

 

(b) 

Figure 3.12 Curves of strain localization angle – friction ratio 𝛋𝛋 under plane stress:  
(a) Tension and (b) Compression 

  



43                                           
 

 
 

3.6 On the mechanics of strain localization in plasticity: 
Isotropic and orthotropic, elasto- and rigid-plastic, associated 
and non-associated models 
 

Article Data: 

Title: On the mechanics of strain localization in plasticity: Isotropic and orthotropic, elasto- 
and rigid-plastic, associated and non-associated models. 

Authors: M. Cervera, J.Y. Wu, S. Kim and M. Chiumenti 

Journal : International Journal of Solids and Structures (Under review) 

 

Scientific Contribution: 

As strain localization is usually prognostics of localized failure in solids and structures, prediction 
of its occurrence and quantification of its adverse effects are of both theoretical and practical 
significance. Regarding plastic solids, onset of strain localization was presumed to be coincident 
with strain bifurcation, and the discontinuous bifurcation analysis was usually adopted to 
determine the discontinuity orientation though it does not apply to rigid-plastic solids. 

However, recent studies indicate that strain bifurcation and localization correspond to distinct 
stages of localized failure and should be dealt with separately. In this paper, the mechanics of 
strain localization is addressed for perfect and softening plasticity in the most general context. 
Both isotropic and orthotropic, elasto- and rigid-plastic solids with associated and non-associated 
flow rules are analytically considered and numerically validated, extending our previous work on 
softening plasticity with associated evolution laws. In addition to Maxwell’s kinematics and 
continuity of the traction rate for strain bifurcation, a novel necessary condition, i.e., the stress 
rate objectivity (independent from the discontinuity bandwidth), and the resulting kinematic and 
static constraints, are derived for the occurrence of strain localization. In particular, the 
localization angles of the discontinuity band (surface) depend only on the specific stress state and 
the plastic flow tensor, relevant neither to the material elastic constants nor to the plastic yield 
function. 

Moreover, it is found that a transition stage generally exists in the case of plane strain during 
which the orientation of plastic flow rotates progressively such that strain localization may occur. 
Back-to-back numerical predictions of some benchmark problems, involving both perfect and 
softening plasticity, sufficiently justify the analytical results. 

Consequently, strain localization is more demanding than the classical continuous/discontinuous 
strain bifurcation, though both accounts for the plastic loading/unloading and loading/loading 
scenarios. For the plane strain condition, there generally exists a transition stage between plastic 
yielding/strain bifurcation and strain localization. Moreover, regarding the stress (rate) within the 
discontinuity band, the boundedness condition and the continuity condition, both assuming plastic 
loading/unloading with associated evolution laws in strain softening solids, are recovered as 
particular cases of strong discontinuities with a vanishing bandwidth and of regularized ones with 
a finite bandwidth, respectively. 

The concept of “slip-line” or “zero rate of extension” is also incorporated for rigid-plastic solids 
and soils). The kinematic and static constraints upon strain localization were then derived 
analytically. In particular, the localization angles of the discontinuity band (surface) depend only 
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on the specific stress state and the plastic flow tensor, relevant neither to the elastic material 
constants nor to the plastic yield function. During the transition stage the orientation of the 
discontinuity band (surface) rotates progressively to the localization angle. For the plane strain 
condition, the yield function affects evolution process upon which the out-of-plane stress for 
strain localization is achieved and consequently the transition stage, but not the localization angle. 

The above strain localization condition and analytical results for the localization angle are 
validated numerically by several benchmark examples. The stabilized mixed finite element 
formulation is adopted to deal with the quasi-incompressible deformations resulting from the von 
Mises and Hill potential functions. It is found that for perfectly and softening plastic solids with 
either associated or non-associated evolution laws, upon strain localization and thereafter the 
stresses inside the discontinuity band are indeed independent of the bandwidth, validating the 
postulated assumption.  

Moreover, similarly to our previous work on plastic or damaging solids, the numerically predicted 
localization angles are coincident with those given by the analytical results, further justifying the 
proposed strain localization condition. As it applies to isotropic and orthotropic rigid-/elasto-
plastic solids with associated or non-associated flow rules, the proposed strain localization 
condition can be used to determine the discontinuity orientation in the numerical modeling of 
localized failure in solids. 
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Chapter 4 
  

 

4 Irreducible and Mixed Finite Element 
formulations 
 

 

In this chapter, several irreducible and mixed finite element formulations are compared with 
regard to their performance concerning strain approximation in: 

• accurate and locking-free analysis of beams, plates and shells using solid elements, and 

• strain localization stemming from plastic flow concentrating in narrow bands.  

The outline of the Chapter is as follows. Section 4.1 presents the various finite element 
formulations used in this Thesis. Section 4.2 summarizes a published paper on the accuracy of 
mixed strain/displacement finite elements on the analysis of beams, plates and shells. Section 4.3 
presents some results regarding strain localization in incompressible and frictional plastic flow. 

 

4.1 Irreducible and Mixed Finite Elements 
 

This section summarizes the formulation of 5 irreducible and mixed finite element formulations: 

• Irreducible 𝒖𝒖 finite elements 

• B-bar finite elements 

• Mixed u/p finite elements 

• Mixed ε/u finite elements 

• Mixed ε/B-bar u finite elements 

For each formulation the continuous strong and variational forms and the corresponding discrete 
finite element form are discussed.  
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4.1.1 Irreducible 𝒖𝒖 finite elements 

 

Irreducible strong form 

In standard FE formulations, the strong form of the nonlinear solid mechanics problem is written 
in terms of the displacement 𝒖𝒖 field.  

In 3D analysis, following Voigt’s notation, 𝒖𝒖 is a vector of 3 components. The displacements 𝒖𝒖 =
(𝑢𝑢, 𝑣𝑣,𝑤𝑤)𝑇𝑇  can be linked to the total strain 𝜺𝜺 = �𝜀𝜀𝑥𝑥 , 𝜀𝜀𝑦𝑦, 𝜀𝜀𝑧𝑧, 𝜀𝜀𝑥𝑥𝑥𝑥, 𝜀𝜀𝑦𝑦𝑦𝑦, 𝜀𝜀𝑥𝑥𝑥𝑥�

𝑇𝑇  through the 
compatibility equation 

𝜺𝜺 = 𝐒𝐒𝒖𝒖 (4.1) 

where 𝐒𝐒 is the differential symmetric gradient operator, defined as 

𝐒𝐒 = �
𝜕𝜕𝑥𝑥 0 0
0 𝜕𝜕𝑦𝑦 0
0 0 𝜕𝜕𝑧𝑧

𝜕𝜕𝑦𝑦 0 𝜕𝜕𝑧𝑧
𝜕𝜕𝑥𝑥 𝜕𝜕𝑧𝑧 0
0 𝜕𝜕𝑦𝑦 𝜕𝜕𝑥𝑥

�

𝑇𝑇

 (4.2) 

And the stress vector 𝝈𝝈 = �𝜎𝜎𝑥𝑥,𝜎𝜎𝑦𝑦,𝜎𝜎𝑧𝑧, 𝜏𝜏𝑥𝑥𝑥𝑥, 𝜏𝜏𝑦𝑦𝑦𝑦, 𝜏𝜏𝑥𝑥𝑥𝑥�
𝑇𝑇  can be related to the body forces 𝐟𝐟 =

�𝑓𝑓𝑥𝑥 ,𝑓𝑓𝑦𝑦,𝑓𝑓𝑧𝑧�
𝑇𝑇 through Cauchy’s equilibrium equation 

𝐒𝐒𝑇𝑇𝝈𝝈+ 𝐟𝐟 = 𝟎𝟎 (4.3) 

where 𝐒𝐒𝑇𝑇 is the differential divergence operator, adjoint to the 𝐒𝐒 in (4.1). 

The stress vector 𝛔𝛔 and the strain vector 𝜺𝜺 are connected by the constitutive equation: 

𝛔𝛔 = 𝐃𝐃𝑠𝑠𝜺𝜺 (4.4) 

where 𝐃𝐃𝑠𝑠 is the secant constitutive matrix.  

Substituting Eq. (4.1) and (4.4) into Eq. (4.3) yields Navier’s equation, in terms of the 
displacement field 𝒖𝒖, only: 

𝐒𝐒𝑇𝑇𝐃𝐃𝑠𝑠 𝐒𝐒 𝒖𝒖 + 𝐟𝐟 = 𝟎𝟎 (4.5) 

To be solved with the appropriate Dirichlet’s and Newman’s boundary conditions, where the 
boundary of the domain Γ comprises the union of the Dirichlet’s boundary Γ𝑢𝑢 and the Newman’s 
boundary Γ𝑡𝑡, such that Γ = Γ𝑢𝑢 ∪ Γ𝑡𝑡 and {Ø} = Γ𝑢𝑢 ∩ Γ𝑡𝑡.  

 

Irreducible variational form 

The variational form of the problem is then obtained as follows. Firstly, Eq. (4.5) is pre-multiplied 
by an arbitrary virtual displacement 𝛿𝛿𝒖𝒖 and integrated over the spatial domain: 

� 𝛿𝛿𝒖𝒖𝑇𝑇[𝐒𝐒𝑇𝑇𝐃𝐃𝑠𝑠𝐒𝐒 𝒖𝒖] dΩ
Ω

+ � 𝛿𝛿𝒖𝒖𝑇𝑇𝐟𝐟 dΩ
Ω

= 0      ∀𝛿𝛿𝒖𝒖 (4.6) 

The virtual displacement 𝛿𝛿𝒖𝒖 conforms with the boundary conditions, so that 𝛿𝛿𝒖𝒖 = 𝟎𝟎    in Γ𝑢𝑢.  

Then, the Divergence Theorem is considered in the first term of Eq. (4.6), so that 



47                                           
 

 
 

� (𝑺𝑺𝛿𝛿𝒖𝒖)T(𝐃𝐃𝑠𝑠𝐒𝐒 𝒖𝒖)dΩ
Ω

= �𝛿𝛿𝒖𝒖T𝐟𝐟dΩ
Ω

+� 𝛿𝛿𝒖𝒖T𝒕̅𝒕dΓ
Γ𝑡𝑡

     ∀𝛿𝛿𝒖𝒖 (4.7) 

 

FE approximation 

Then, as usual, the FE discrete problem is derived by discretizing the spatial domain in FE, such 
that Ω =∪ Ω𝑒𝑒, and by taking discrete FE approximations of the displacements 𝒖𝒖 

𝒖𝒖 ≅ 𝒖𝒖� = 𝑵𝑵𝑢𝑢𝑼𝑼 (4.8) 

where 𝑼𝑼 is a vectors comprising the values of the displacements at the nodes of the finite element 
mesh. 𝑵𝑵𝑢𝑢 are the matrices containing the interpolation functions adopted in the FE approximation. 

In the Galerkin method, the same approximation is taken for the discrete virtual displacements so 
that  

𝛿𝛿𝒖𝒖 ≅ 𝛿𝛿𝒖𝒖� = 𝑵𝑵𝑢𝑢𝛿𝛿𝑼𝑼 (4.9) 

The submatrices of 𝑵𝑵𝑢𝑢 are diagonal matrices and the corresponding components are 
𝑁𝑁𝑢𝑢

(𝑖𝑖) 𝑖𝑖nterpolation functions, (𝑖𝑖) being the node counter. 

Introducing these approximations, Eq. (4.7) becomes: 

� 𝛿𝛿𝑼𝑼𝑇𝑇𝑩𝑩𝑢𝑢
𝑇𝑇  (𝐃𝐃𝑠𝑠𝑩𝑩𝑢𝑢 𝑼𝑼) dΩ

Ω
= 𝑊𝑊� (𝛿𝛿𝑼𝑼)   ∀𝛿𝛿𝑼𝑼 (4.10) 

where 𝑩𝑩𝑢𝑢 is the discrete strain-displacement matrix defined as 

𝑩𝑩𝑢𝑢 = 𝐒𝐒𝑵𝑵𝑢𝑢 (4.11) 

The submatrices of 𝑩𝑩𝑢𝑢 have the structure corresponding to the 𝐒𝐒 operator in Eq. (4.2), and their 

components are the Cartesian derivatives of the 𝑁𝑁𝑢𝑢
(𝑖𝑖) interpolation functions �𝜕𝜕𝑁𝑁

(𝑖𝑖)

𝜕𝜕𝜕𝜕
; 𝜕𝜕𝑁𝑁

(𝑖𝑖)

𝜕𝜕𝜕𝜕
; 𝜕𝜕𝑁𝑁

(𝑖𝑖)

𝜕𝜕𝜕𝜕
�, 

(𝑖𝑖) being the node counter. 

In Eq. (4.10), 𝑊𝑊� (𝛿𝛿𝑼𝑼) is the work done by the tractions 𝒕̅𝒕 and body forces 𝐟𝐟 defined as 

𝑊𝑊� (𝛿𝛿𝑼𝑼) = � 𝛿𝛿𝑼𝑼𝑇𝑇𝑵𝑵𝑢𝑢
𝑇𝑇𝐟𝐟 dΩ

Ω
+� 𝛿𝛿𝑼𝑼𝑇𝑇𝑵𝑵𝑢𝑢

𝑇𝑇𝒕̅𝒕 dΓ
Γ𝑡𝑡

 (4.12) 

In (4.10) and henceforth, integrals over the domain are understood as the sum of the integrals over 
the elements in the FE mesh 

� (·) 𝑑𝑑Ω
Ω

= �� (·) dΩ𝑒𝑒
Ω𝑒𝑒𝑒𝑒

 (4.13) 

Also, with some abuse of notation, 𝑼𝑼 (and 𝛿𝛿𝑼𝑼) are to be considered as the nodal values over the 
whole FE mesh. This implies the corresponding assembling operations for elemental matrices and 
vectors into global entities. 

The virtual displacement 𝛿𝛿𝑼𝑼 are arbitrary nodal vectors that appear in the system of equations 
(4.10). Therefore, the system of equations for the Galerkin method becomes 

𝑲𝑲𝑼𝑼 = 𝑭𝑭 (4.14) 

with  
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𝑲𝑲 = �𝑩𝑩𝑢𝑢
𝑇𝑇𝐃𝐃𝑠𝑠𝑩𝑩𝑢𝑢dΩ

Ω
 (4.15) 

𝑭𝑭 = �𝑵𝑵𝑢𝑢
T𝐟𝐟dΩ

Ω
+�𝑵𝑵𝑢𝑢

T𝒕̅𝒕dΓ
Ω

 (4.16) 

 

4.1.2 B-bar finite elements 
 

Volumetric and deviatoric strain 

The strain tensor is split into its volumetric and deviatoric components as: 

𝜺𝜺 =
1
3
𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣𝐈𝐈 + 𝒆𝒆 (4.17) 

where 𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣 and 𝒆𝒆 are the volumetric strain and the deviatoric strain vector, respectively, defined 
as 

𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣 = 𝜀𝜀𝑥𝑥 + 𝜀𝜀𝑦𝑦 + 𝜀𝜀𝑧𝑧 (4.18) 

𝒆𝒆 = �𝜀𝜀𝑥𝑥 −
1
3
𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣 , 𝜀𝜀𝑦𝑦 −

1
3
𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣 , 𝜀𝜀𝑧𝑧 −

1
3
𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣 , 𝜀𝜀𝑥𝑥𝑥𝑥, 𝜀𝜀𝑦𝑦𝑦𝑦, 𝜀𝜀𝑥𝑥𝑥𝑥�

𝑇𝑇
 (4.19) 

and 𝐈𝐈 = (1 1 1 0 0 0)𝑇𝑇 is the second order identity tensor expressed in Voigt’s notation. 

 The volumetric strain 𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣 can be computed as the divergence of the displacements 𝒖𝒖 

𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣 = 𝐆𝐆𝑇𝑇𝒖𝒖 (4.20) 

where 𝐆𝐆𝑇𝑇 = �𝜕𝜕𝑥𝑥 ,𝜕𝜕𝑦𝑦,𝜕𝜕𝑧𝑧� is the divergence operator and is the adjoint of the gradient operator. 
Then  

1
3
𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣𝐈𝐈 =

1
3
𝐈𝐈(𝐆𝐆𝑇𝑇𝒖𝒖) =

1
3
𝐇𝐇𝒖𝒖 (4.21) 

where 𝐇𝐇 is the matrix operator  

𝐇𝐇 = 𝐈𝐈𝐆𝐆𝑇𝑇 = �
𝜕𝜕𝑥𝑥 𝜕𝜕𝑥𝑥 𝜕𝜕𝑥𝑥
𝜕𝜕𝑦𝑦 𝜕𝜕𝑦𝑦 𝜕𝜕𝑦𝑦
𝜕𝜕𝑧𝑧 𝜕𝜕𝑧𝑧 𝜕𝜕𝑧𝑧

0 0 0
0 0 0
0 0 0

�

𝑇𝑇

 (4.22) 

Similarly, the deviatoric strains can be computed from the displacements 𝒖𝒖: 

𝒆𝒆 = 𝐒𝐒𝒖𝒖 −
1
3
𝐇𝐇𝒖𝒖 = 𝐖𝐖𝒖𝒖 (4.23) 

where 𝐖𝐖 is the matrix operator  

𝐖𝐖 = 𝐒𝐒 −
1
3
𝐇𝐇 =

1
3 �

2𝜕𝜕𝑥𝑥 −𝜕𝜕𝑥𝑥 −𝜕𝜕𝑥𝑥
−𝜕𝜕𝑦𝑦 2𝜕𝜕𝑦𝑦 −𝜕𝜕𝑦𝑦
−𝜕𝜕𝑧𝑧 −𝜕𝜕𝑧𝑧 2𝜕𝜕𝑧𝑧

3𝜕𝜕𝑦𝑦 0 3𝜕𝜕𝑧𝑧
3𝜕𝜕𝑥𝑥 3𝜕𝜕𝑧𝑧 0

0 3𝜕𝜕𝑦𝑦 3𝜕𝜕𝑥𝑥
�

𝑇𝑇

 (4.24) 
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Note that  

𝐒𝐒 =
1
3
𝐇𝐇 + 𝐖𝐖 (4.25) 

The discrete strain-displacement matrix 𝑩𝑩𝑢𝑢 can be correspondingly split in its volumetric and 
deviatoric components as follows 

𝑩𝑩𝑢𝑢 = 𝐒𝐒 𝑵𝑵𝑢𝑢 =
1
3
𝐇𝐇𝑵𝑵𝑢𝑢 +𝐖𝐖𝑵𝑵𝑢𝑢 = 𝑩𝑩𝑢𝑢

vol + 𝑩𝑩𝑢𝑢
dev (4.26) 

 

The B-bar element 

The B-bar element is a particular implementation of the mixed displacement/pressure 
quadrilateral Q1P0 element in which the constant pressure has been eliminated at element level 
at the expense of renouncing the incompressible limit. This is accomplished by evaluating the 
constant mean stress in terms of the mean volumetric strain, the latter computed from the nodal 
displacements. 

The standard discrete strain-displacement 𝑩𝑩𝑢𝑢 matrix, computed at each integration point from the 
Cartesian derivatives of the nodal shape functions, is split into its volumetric and deviatoric parts 

𝑩𝑩𝑢𝑢 = 𝑩𝑩𝑢𝑢
vol +𝑩𝑩𝑢𝑢

dev (4.27) 

A mean volumetric sub-matrix 𝑩𝑩�vol is computed as 

𝑩𝑩�𝒖𝒖vol =
1
ng

��𝑩𝑩𝑢𝑢
vol�𝑘𝑘

ng

𝑘𝑘=1
 (4.28) 

where ng is the number of integration points in the element. 

The B-bar discrete strain-displacement matrix is obtained as 

𝑩𝑩�𝑢𝑢 = 𝑩𝑩�𝑢𝑢vol +𝑩𝑩𝑢𝑢
dev (4.29) 

Adopting the B-bar operator in Eq. (4.28), requires, correspondingly, averaging the mean stress 
over the finite element, so that the elemental stiffness matrix is symmetrical. 

The system of equations to be solver for the B-bar element is  

𝑲𝑲𝑼𝑼 = 𝑭𝑭 (4.30) 

with  

𝑲𝑲 = � (𝑩𝑩�𝑢𝑢)𝑻𝑻𝐃𝐃𝒔𝒔𝑩𝑩�𝑢𝑢𝑑𝑑𝑑𝑑
𝛺𝛺

 (4.31) 
 

𝑭𝑭 = �𝑵𝑵𝑢𝑢
T𝒇𝒇d𝛺𝛺

𝛺𝛺
+ �𝑵𝑵𝑢𝑢

T𝒕̅𝒕d𝛤𝛤
𝛺𝛺

 (4.32) 
 

By design, the B-bar element has some zero-energy modes that may show as spurious hour-
glassing in some instances. This may be avoided by using  

𝑩𝑩�𝑢𝑢stab = 𝑩𝑩�𝑢𝑢 + (1− τ)�𝑩𝑩𝑢𝑢
vol − 𝑩𝑩�𝑢𝑢vol� (4.33) 
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For τ = 1, then 𝑩𝑩�𝑢𝑢
stab = 𝑩𝑩�𝑢𝑢

vol +𝑩𝑩𝑢𝑢
dev = 𝑩𝑩�𝑢𝑢 is identical to the B-bar formulation. For τ = 0, then 

𝑩𝑩�𝑢𝑢
stab = 𝑩𝑩𝑢𝑢

vol +𝑩𝑩𝑢𝑢
dev is identical to the standard 𝒖𝒖 formulation. 

 

4.1.3 Mixed 𝒖𝒖/p finite elements 

 

Volumetric and deviatoric stress and split constitutive equation 

Similarly to the strain tensor, the stress tensor is split into its volumetric and deviatoric 
components as: 

𝝈𝝈 = 𝑝𝑝𝐈𝐈 + 𝒔𝒔 (4.34) 

where 𝑝𝑝 and 𝒔𝒔 are the pressure and the deviatoric stress vector respectively, defined as 

𝑝𝑝 =
1
3 �
𝜎𝜎𝑥𝑥 + 𝜎𝜎𝑦𝑦 + 𝜎𝜎𝑧𝑧� (4.35) 

𝒔𝒔 = �𝜎𝜎𝑥𝑥 − 𝑝𝑝,𝜎𝜎𝑦𝑦 − 𝑝𝑝,𝜎𝜎𝑧𝑧 − 𝑝𝑝, 𝜏𝜏𝑥𝑥𝑥𝑥, 𝜏𝜏𝑦𝑦𝑦𝑦, 𝜏𝜏𝑥𝑥𝑥𝑥�
𝑇𝑇 (4.36) 

Now, a volumetric/deviatoric split constitutive law is contemplated so that: 

𝑝𝑝 = 𝐾𝐾𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣 (4.37) 

𝒔𝒔 = 𝐃𝐃𝑠𝑠dev𝜺𝜺 (4.38) 

where 𝐾𝐾 is the secant bulk modulus and 𝐃𝐃𝑠𝑠devis the secant deviatoric constitutive matrix. 

 

Mixed u/p strong form 

In mixed u/p FE formulations, the strong form of the nonlinear solid mechanics problem is written 
in terms of the displacement 𝒖𝒖 and pressure p fields.  

The split of the stresses in Eq. (4.34) is introduced in Cauchy’s equilibrium equation in Eq. (4.3): 

𝐒𝐒𝑇𝑇𝒔𝒔 + 𝐆𝐆𝑝𝑝 + 𝐟𝐟 = 𝟎𝟎 (4.39) 

where 𝐒𝐒𝑇𝑇𝐈𝐈 = 𝐆𝐆 has been substituted. Eqs. (4.38) and (4.1) are used to yield: 

𝐒𝐒𝑇𝑇�𝐃𝐃𝑠𝑠dev𝐒𝐒𝒖𝒖� + 𝐆𝐆𝑝𝑝 + 𝐟𝐟 = 𝟎𝟎 (4.40) 

Then, by introducing Eq. (4.20) in Eq. (4.37) it is possible to write 

𝐆𝐆𝑇𝑇𝒖𝒖 =
𝑝𝑝
𝐾𝐾

 (4.41) 

Eqs. (4.39) and (4.41) constitute the mixed u/p strong form: 

𝐒𝐒𝑇𝑇�𝐃𝐃𝑠𝑠dev𝐒𝐒𝒖𝒖� + 𝐆𝐆𝑝𝑝 + 𝐟𝐟 = 𝟎𝟎 (4.42) 

𝐆𝐆𝑇𝑇𝒖𝒖 −
𝑝𝑝
𝐾𝐾

= 0 (4.43) 

to be solved with the appropriate Dirichlet’s and Newman’s boundary conditions. 
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Mixed u/p variational form 

The variational form of the mixed u/p problem is then obtained as follows. Firstly, Eq. (4.42) is 
pre-multiplied by an arbitrary virtual strain displacement 𝛿𝛿𝒖𝒖  and integrated over the spatial 
domain; also, the Divergence Theorem is considered in the two terms on the left hand side. 
Secondly, Eq. (4.43) is pre-multiplied by an arbitrary virtual pressure vector 𝛿𝛿𝛿𝛿 and integrated 
over the spatial domain. 

The resulting mixed u/p variational form is: 

� (𝐒𝐒𝛿𝛿𝒖𝒖)𝑇𝑇�𝐃𝐃𝑠𝑠
dev𝐒𝐒𝒖𝒖�dΩ

Ω
+ � (𝐒𝐒𝛿𝛿𝒖𝒖)𝑇𝑇(𝑝𝑝𝑰𝑰)dΩ

Ω
= � 𝛿𝛿𝒖𝒖𝑇𝑇𝐟𝐟 dΩ

Ω
+ � 𝛿𝛿𝒖𝒖𝑇𝑇𝒕̅𝒕 dΓ

Γ𝑡𝑡
   ∀𝛿𝛿𝒖𝒖 (4.44) 

� 𝛿𝛿𝛿𝛿𝑇𝑇(𝐆𝐆𝑇𝑇𝒖𝒖) dΩ
Ω

−� 𝛿𝛿𝛿𝛿𝑇𝑇
𝑝𝑝
𝐾𝐾

 dΩ
Ω

= 0   ∀𝛿𝛿𝛿𝛿 (4.45) 

The mixed problem to be solved is to find the unknowns 𝒖𝒖 and 𝑝𝑝 that verify the system of Eqs. 
(4.44) – (4.45) and that comply with the boundary conditions.  

 

FE approximation 

The FE discrete problem is derived by discretizing the spatial domain in FE, such that Ω =∪ Ω𝑒𝑒, 
and by taking discrete FE approximations of the displacements 𝒖𝒖 and the pressure 𝑝𝑝: 

𝒖𝒖 ≅ 𝒖𝒖� = 𝑵𝑵𝑢𝑢𝑼𝑼 (4.46) 

𝑝𝑝 ≅ 𝑝̂𝑝 = 𝑵𝑵𝑝𝑝𝑷𝑷 (4.47) 

where 𝑼𝑼 and 𝑷𝑷 are vectors comprising the values of the displacements and pressures at the nodes 
of the finite element mesh. 𝑵𝑵𝑢𝑢and 𝑵𝑵𝑝𝑝 are the matrices containing the interpolation functions 
adopted in the FE approximation. 

In the Galerkin method, the same approximation is taken for the discrete virtual displacements, 
and virtual pressure so that  

𝛿𝛿𝒖𝒖 ≅ 𝛿𝛿𝒖𝒖� = 𝑵𝑵𝑢𝑢𝛿𝛿𝑼𝑼 (4.48) 

𝛿𝛿𝛿𝛿 ≅ 𝛿𝛿𝑝̂𝑝 = 𝑵𝑵𝑝𝑝𝛿𝛿𝑷𝑷 (4.49) 

The submatrices of 𝑵𝑵𝑢𝑢and 𝑵𝑵𝑝𝑝 are diagonal matrices and the corresponding components are 𝑁𝑁𝑢𝑢
(𝑖𝑖), 

𝑁𝑁𝑒𝑒
(𝑖𝑖) and 𝑁𝑁𝑝𝑝

(𝑖𝑖) interpolation functions, (𝑖𝑖) being the node counter. 

Introducing these approximations, the system of Eqs. (4.44) – (4.45) becomes: 

� 𝛿𝛿𝑼𝑼𝑇𝑇𝑩𝑩𝑢𝑢
𝑇𝑇�𝐃𝐃𝑠𝑠dev𝑩𝑩𝑢𝑢𝑼𝑼�dΩ

Ω
+� 𝛿𝛿𝑼𝑼𝑇𝑇𝑩𝑩𝑢𝑢

𝑇𝑇�𝑵𝑵𝑝𝑝𝑷𝑷𝐈𝐈�dΩ
Ω

= 𝑊𝑊� (𝛿𝛿𝑼𝑼)   ∀𝛿𝛿𝑼𝑼 (4.50) 

� 𝛿𝛿𝑷𝑷𝑇𝑇𝑵𝑵𝑝𝑝
𝑇𝑇(𝐆𝐆𝑇𝑇𝑵𝑵𝑢𝑢𝑼𝑼) dΩ

Ω
−� 𝛿𝛿𝑷𝑷𝑇𝑇𝑵𝑵𝑝𝑝

𝑇𝑇 𝑵𝑵𝑝𝑝𝑷𝑷
𝐾𝐾

 dΩ
Ω

= 0   ∀𝛿𝛿𝛿𝛿 (4.51) 

In (4.50) – (4.51), the remarks made in Eqs. (4.11), (4.12) and (4.13) apply. Also, with some abuse 
of notation, 𝑼𝑼 and 𝑷𝑷 (and 𝛿𝛿𝑼𝑼 and 𝛿𝛿𝑷𝑷) are to be considered as the nodal values over the whole FE 
mesh.  

Note that the second term in Eq. (4.50) can also be rewritten as 
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� 𝛿𝛿𝑼𝑼𝑇𝑇𝑩𝑩𝑢𝑢
𝑇𝑇  �𝑵𝑵𝑝𝑝𝑷𝑷𝐈𝐈�𝑑𝑑𝑑𝑑

𝛺𝛺
= � 𝛿𝛿𝑼𝑼𝑇𝑇𝑵𝑵𝑢𝑢

𝑇𝑇𝐒𝐒𝑇𝑇𝐈𝐈𝑵𝑵𝑝𝑝𝑷𝑷𝑑𝑑𝑑𝑑
𝛺𝛺

= � 𝛿𝛿𝑼𝑼𝑇𝑇𝑵𝑵𝑢𝑢
𝑇𝑇𝐆𝐆𝑵𝑵𝑝𝑝𝑷𝑷𝑑𝑑𝑑𝑑

𝛺𝛺
 (4.52) 

where 𝐆𝐆 = 𝐒𝐒𝑇𝑇𝐈𝐈 is used again. This shows that the resulting problem is symmetric. 

The virtual displacement 𝛿𝛿𝑼𝑼  and virtual pressure 𝛿𝛿𝑷𝑷  are arbitrary; therefore, the system of 
equations for the mixed Galerkin method becomes 

�𝑲𝑲
dev 𝑸𝑸
𝑸𝑸𝑇𝑇 −𝑴𝑴

� �𝑼𝑼𝑷𝑷� = �𝑭𝑭𝟎𝟎� (4.53) 

where [𝑼𝑼 𝑷𝑷]𝑇𝑇 is the array of nodal values of displacements and pressure and 

𝑲𝑲dev = � 𝑩𝑩𝑢𝑢
𝑇𝑇𝐃𝐃𝑠𝑠dev𝑩𝑩𝑢𝑢dΩ

Ω
 (4.54) 

𝑴𝑴 = � 𝑵𝑵𝑝𝑝
𝑇𝑇 1
𝐾𝐾
𝑵𝑵𝑝𝑝dΩ

Ω
 (4.55) 

𝑸𝑸 = � 𝑵𝑵𝑢𝑢
𝑇𝑇𝐆𝐆𝑵𝑵𝑝𝑝dΩ

Ω
 (4.56) 

𝑭𝑭 = � 𝑵𝑵𝒖𝒖
𝑻𝑻𝐟𝐟 dΩ

𝛀𝛀
+� 𝑵𝑵𝒖𝒖

𝑻𝑻𝒕̅𝒕 dΓ
𝚪𝚪𝒕𝒕

 (4.57) 

Note that the Galerkin problem is symmetric. 

Note also that if 1/𝐾𝐾 ≠ 0, the second equation in Eq. (4.53) may be solved for 𝑷𝑷 = 𝑴𝑴−𝟏𝟏𝑸𝑸𝑇𝑇𝑼𝑼 
and substituted into the first one to yield:  

�𝑲𝑲dev + 𝑸𝑸𝑸𝑸−1𝑸𝑸𝑻𝑻�𝑼𝑼 = 𝑭𝑭 (4.58) 

which may be solved for 𝑼𝑼. This procedure is impractical if M and Q are global matrices. 

 

Discontinuous pressure interpolation  

If the selected interpolation for the pressure is inter-element discontinuous, then the second 
equation in Eq. (4.53) may be solved element-by-element and the substitution in Eq. (4.58) can 
be carried out in practice. 

In particular, for a bilinear quadrilateral element, if the pressure is constant over the element, the 
Q1P0 element is obtained, where 

𝑲𝑲 = 𝑲𝑲dev + 𝑲𝑲vol (4.59) 

𝑲𝑲dev = � �𝑩𝑩𝑢𝑢
dev�

𝑻𝑻𝑫𝑫𝒔𝒔 𝑩𝑩𝑢𝑢
devdΩ

Ω
 (4.60) 

𝑲𝑲vol = � �𝑩𝑩�𝑢𝑢vol�
𝑻𝑻𝑫𝑫𝒔𝒔 𝑩𝑩�𝑢𝑢voldΩ

Ω
 (4.61) 

Because of the orthogonality between deviatoric and volumetric operator, the K matrix in Eq. 
(4.64) is identical to that in Eq. (4.31). 
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VMS stabilization 

The interpolation functions in Eqs. (4.46) – (4.47) must satisfy the Inf-Sup condition [116] to 
ensure the stability of the solution obtained in the system of equations (4.53). Unfortunately, this 
condition is not verified if equal order interpolations are used for all the unknown fields. In such 
case, the solution is unstable and a suitable stabilization method is needed. 

In this work, linear approximations in all the interpolation functions are used together with a 
stabilization procedure which circumvents the strictness of the Inf-Sup condition. The 
stabilization procedure consists in the modification of the discrete variational form using the 
Variational Multiscale Stabilization (VMS) Method, introduced in [128–129]. 

The basic idea of the stabilization procedure is to enhance the FE approximation of the continuous 
solution in Eqs. (4.46) – (4.47) by adding to the discrete fields 𝒖𝒖ℎ and 𝑝𝑝ℎ a term approximating 
the finer sub-grid scale that cannot be captured a priori at the FE scale: 𝒖𝒖� and 𝑝𝑝�: 

𝒖𝒖 ≅ 𝒖𝒖� = 𝒖𝒖ℎ + 𝒖𝒖� (4.62) 

𝑝𝑝 ≅ 𝑝̂𝑝 = 𝑝𝑝ℎ + 𝑝𝑝� (4.63) 

The subscales are computed in terms of the residuals of the discrete solution, so that,  

𝒖𝒖� = 𝜏𝜏𝑢𝑢�𝐒𝐒𝑇𝑇�𝐃𝐃𝑠𝑠dev𝐒𝐒𝒖𝒖ℎ� + 𝐆𝐆𝑝𝑝ℎ + 𝐟𝐟� (4.64) 

𝑝𝑝� = 𝜏𝜏𝑝𝑝 �𝐆𝐆𝑇𝑇𝒖𝒖ℎ −
𝑝𝑝ℎ
𝐾𝐾 �

 (4.65) 

Here the stabilization parameters 𝜏𝜏𝑢𝑢 and 𝜏𝜏𝑝𝑝 are chosen to obtain optimal convergence rate upon 
mesh refinement [119,125]. 

𝜏𝜏𝑢𝑢 = 𝑐𝑐𝑢𝑢
ℎ2

2𝐺𝐺𝑠𝑠
 (4.66) 

𝜏𝜏𝑝𝑝 = 𝑐𝑐𝑝𝑝
2
3
𝐺𝐺𝑠𝑠 �

1 + 𝜈𝜈
1 − 𝜈𝜈

� (4.67) 

where 𝐺𝐺𝑠𝑠 is the effective (secant) shear modulus and 𝑐𝑐𝑢𝑢, 𝑐𝑐𝑝𝑝 are O(1) coefficients. 

Introducing the multiscale approximations in Eqs. (4.62) – (4.63), together with the subscales in 
Eqs. (4.64) – (4.65) into the variational form in Eqs. (4.44) – (4.45) results in the stabilized 
algebraic system: 

�
𝑲𝑲dev + 𝜏𝜏𝑝𝑝𝑲𝑲𝑢𝑢 �1 −

𝜏𝜏𝑝𝑝
𝐾𝐾
�𝑸𝑸

�1 −
𝜏𝜏𝑝𝑝
𝐾𝐾
�𝑸𝑸𝑇𝑇 −�1 −

𝜏𝜏𝑝𝑝
𝐾𝐾
�𝑴𝑴− 𝜏𝜏𝑢𝑢𝑲𝑲𝑝𝑝

� �𝑼𝑼𝑷𝑷� = �𝑭𝑭𝟎𝟎� (4.68) 

where [𝑼𝑼 𝑷𝑷]𝑇𝑇 is the array of nodal values of displacements and pressure and the new matrices 
are  

𝑲𝑲𝑢𝑢 = � 𝑵𝑵𝑢𝑢
𝑇𝑇𝐆𝐆𝐆𝐆𝑇𝑇𝑵𝑵𝑢𝑢dΩ

Ω
 (4.69) 

𝑲𝑲𝑝𝑝 = � 𝑵𝑵𝑝𝑝
𝑇𝑇𝐆𝐆𝑇𝑇𝐆𝐆𝑵𝑵𝑝𝑝 dΩ

Ω
 (4.70) 

Note that the VMS stabilized problem is symmetric. 
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The stabilization used is variationally consistent, because residual-based stabilization procedures 
do not introduce any consistency error. For a converged solution, when the size of the element ℎ 
tends to zero, ℎ → 0, the stabilization terms vanish. For non-converged solutions, the added 
stabilization terms are small, as they depend on the residuals of the discrete solution. 

For a given FE mesh, using different values of the stabilization procedure produces slightly 
different results. This is akin to use different FE interpolations of the same order of convergence 
with the same nodal arrangement.  

 

4.1.4 Mixed 𝜺𝜺/𝒖𝒖 finite elements 

 

Mixed ε/u strong form 

In mixed ε/u FE formulations, the strong form of the nonlinear solid mechanics problem is written 
in terms of the strain ε and displacement 𝒖𝒖 fields.  

The displacements 𝒖𝒖 are related to the total strains 𝜺𝜺 through the compatibility equation 

𝜺𝜺 = 𝐒𝐒𝒖𝒖 (4.71) 

where 𝐒𝐒 is the differential symmetric gradient operator, and the stress vector 𝝈𝝈 is related to the 
body forces 𝐟𝐟 through Cauchy’s equilibrium equation 

𝐒𝐒𝑇𝑇𝝈𝝈+ 𝐟𝐟 = 𝟎𝟎 (4.72) 

where 𝐒𝐒𝑇𝑇 is the differential divergence operator. The stress vector 𝛔𝛔 and the strain vector 𝜺𝜺 are 
connected by the constitutive equation: 

𝛔𝛔 = 𝐃𝐃𝑠𝑠𝜺𝜺 (4.73) 

where 𝐃𝐃𝑠𝑠 is the secant constitutive matrix.  

By combining Eqs. (4.74) – (4.75), the symmetrical mixed ε/u strong form of the problem is as: 

−𝐃𝐃𝑠𝑠𝜺𝜺 + 𝐃𝐃𝑠𝑠𝐒𝐒𝒖𝒖 = 0 (4.74) 

𝑺𝑺𝑇𝑇(𝐃𝐃𝑠𝑠𝜺𝜺) + 𝐟𝐟 = 0 (4.75) 

to be solved with the appropriate Dirichlet’s and Newman’s boundary conditions. 

 

Mixed ε/u variational form  

The corresponding weak form of the problem is obtained through three steps. First, Eqs. (4.74) 
and (4.75) are multiplied by an arbitrary virtual strain vector 𝛿𝛿𝜺𝜺 and arbitrary virtual displacement 
vector 𝛿𝛿𝒖𝒖, respectively. Second, each of the multiplied equations is integrated over the domain 
Ω. Third, the Divergence Theorem is applied in the first term of the second equation.  

The resulting mixed ε/u variational form is: 

−�𝛿𝛿𝜺𝜺𝑇𝑇𝐃𝐃𝑠𝑠𝜺𝜺dΩ
Ω

+ �𝛿𝛿𝜺𝜺𝑇𝑇𝐃𝐃𝑠𝑠𝐒𝐒𝒖𝒖dΩ
Ω

= 0   ∀𝛿𝛿𝜺𝜺 (4.76) 
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� (𝑺𝑺𝛿𝛿𝒖𝒖)𝑇𝑇(𝐃𝐃𝑠𝑠𝜺𝜺)dΩ
Ω

= �𝛿𝛿𝒖𝒖T𝐟𝐟dΩ
Ω

+ � 𝛿𝛿𝒖𝒖T𝒕̅𝒕dΓ
Γ𝑡𝑡

   ∀𝛿𝛿𝒖𝒖 (4.77) 

The mixed problem to be solved is to find the unknowns ε and u that verify the system of Eqs. 
(4.76) – (4.77) and that comply with the boundary conditions.  

 

FE approximation 

The mixed finite approximation is similar to the Standard FEs described previously, only the 
strain field needs to be considered. The domain is discretized into finite elements (Ω𝑒𝑒), such that 
Ω ≌ ΣΩ𝑒𝑒 ; displacements 𝒖𝒖  and strains 𝜺𝜺  are approximated by taking the discrete FE 
interpolations: 

𝒖𝒖 ≌ 𝒖𝒖� = 𝑵𝑵𝑢𝑢𝑼𝑼 (4.78) 

𝜺𝜺 ≌ 𝜺𝜺� = 𝑵𝑵𝜀𝜀𝑬𝑬 (4.79) 

where U and E are the displacement and strain vectors representing the nodal discrete 
displacements 𝒖𝒖� and nodal discrete strain 𝜺𝜺� values in the finite element mesh.  

In the Galerkin method, the same approximation is taken for the discrete virtual displacements, 
and virtual strains so that  

𝛿𝛿𝒖𝒖 ≅ 𝛿𝛿𝒖𝒖� = 𝑵𝑵𝑢𝑢𝛿𝛿𝑼𝑼 (4.80) 

𝛿𝛿𝜺𝜺 ≅ 𝛿𝛿𝜺𝜺� = 𝑵𝑵𝜀𝜀𝛿𝛿𝑬𝑬 (4.81) 

The submatrices of 𝑵𝑵𝑢𝑢 and 𝑵𝑵𝜀𝜀  are diagonal matrices and the corresponding components are 
𝑁𝑁𝑢𝑢

(𝑖𝑖) and 𝑁𝑁𝜀𝜀
(𝑖𝑖) interpolation functions, (𝑖𝑖) being the node counter. 

Introducing these approximations, the system of Eqs. (4.76) – (4.77) becomes: 

−�𝛿𝛿𝑬𝑬𝑇𝑇𝑵𝑵𝜀𝜀
𝑇𝑇𝐃𝐃𝑠𝑠𝑵𝑵𝜀𝜀𝑬𝑬dΩ

Ω
+ �𝛿𝛿𝑬𝑬𝑇𝑇𝑵𝑵𝜀𝜀

𝑇𝑇𝐃𝐃𝒔𝒔𝑩𝑩𝑢𝑢𝑼𝑼dΩ
Ω

= 0                            ∀𝛿𝛿𝑬𝑬 (4.82) 

�𝛿𝛿𝑼𝑼𝑇𝑇𝑩𝑩𝑢𝑢
𝑇𝑇𝐃𝐃𝒔𝒔𝑵𝑵𝜀𝜀𝑬𝑬dΩ

Ω
= 𝑊𝑊� (𝛿𝛿𝑼𝑼)                                                               ∀𝛿𝛿𝑼𝑼 (4.83) 

In Eqs. (4.82) – (4.83), the remarks made in Eqs. (4.11), (4.12) and (4.13) apply. Also, with some 
abuse of notation, 𝑼𝑼 and 𝑬𝑬 (and 𝛿𝛿𝑼𝑼 and 𝛿𝛿𝑬𝑬) are to be considered as the nodal values over the 
whole FE mesh. 

The virtual displacement 𝛿𝛿𝑼𝑼  and virtual pressure 𝛿𝛿𝑬𝑬  are arbitrary; therefore, the system of 
equations for the mixed Galerkin method becomes 

�
−𝑴𝑴 𝑸𝑸

    𝑸𝑸T 𝟎𝟎� �
𝑬𝑬
𝑼𝑼� = �𝟎𝟎𝑭𝑭� (4.84) 

where [𝑬𝑬 𝑼𝑼]𝑇𝑇 is the array of nodal values of strains and displacements and  

𝑴𝑴 = �𝑵𝑵𝜀𝜀
𝑇𝑇𝐃𝐃𝒔𝒔𝑵𝑵𝜀𝜀dΩ

Ω
 (4.85) 

𝑸𝑸 = �𝑵𝑵𝜀𝜀
T𝐃𝐃𝒔𝒔𝑩𝑩𝑢𝑢dΩ

Ω
 (4.86) 

𝑭𝑭 = �𝑵𝑵𝑢𝑢
𝑇𝑇𝐟𝐟dΩ

Ω
+ �𝑵𝑵𝑢𝑢

𝑇𝑇𝒕̅𝒕dΓ
Ω

 (4.87) 

Note that the Galerkin problem is symmetric. 
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Note that if 𝐃𝐃𝒔𝒔 is not singular, the first equation in Eq. (4.84) may be solved for 𝑬𝑬 = 𝑴𝑴−𝟏𝟏𝑸𝑸𝑇𝑇𝑼𝑼 
and substituted into the second one to yield:  

(𝑸𝑸𝑸𝑸−1𝑸𝑸𝑇𝑇)𝑼𝑼 = 𝑭𝑭 (4.88) 

which may be solved for 𝑼𝑼. This procedure is impractical if M and Q are global matrices. 
However, if the selected interpolation for the strains is inter-element discontinuous, then the first 
equation in Eq. (4.84) may be solved element-by-element and the substitution in Eq. (4.94) can 
be carried out in practice. This is the design of many successful enhanced strain finite elements. 

 

VMS stabilization 

The interpolation functions in Eqs. (4.78) – (4.79) must satisfy the Inf-Sup condition [116] to 
ensure the stability of the solution obtained in the system of equations (4.84). In this work, linear 
approximations are used together with a VMS stabilization procedure which circumvents the 
strictness of the Inf-Sup condition.  

The FE approximation of the continuous solution in Eqs. (4.78) – (4.79) is enhanced by adding 
to the discrete fields 𝒖𝒖ℎ and 𝜺𝜺ℎ a subscale term, 𝒖𝒖� and 𝜺𝜺� , respectively, approximating a finer sub-
grid scale that cannot be captured a priori at the FE scale: 

𝒖𝒖 ≅ 𝒖𝒖� = 𝒖𝒖ℎ + 𝒖𝒖� (4.89) 

𝜺𝜺 ≅ 𝜺𝜺� = 𝜺𝜺ℎ + 𝜺𝜺� (4.90) 

The subscales are computed in terms of the residuals of the discrete solution, so that, is adopted 
herein, corresponding to the residual based sub-grid approach 

𝒖𝒖� = 𝜏𝜏𝑢𝑢 [𝐒𝐒𝑇𝑇𝐃𝐃𝑠𝑠𝜺𝜺ℎ + 𝐟𝐟] (4.91) 

𝜺𝜺� = 𝜏𝜏𝜀𝜀[𝐒𝐒𝒖𝒖ℎ − 𝜺𝜺ℎ] (4.92) 

Here the stabilization parameters 𝜏𝜏𝑢𝑢 and 𝜏𝜏𝜀𝜀 are chosen to obtain optimal convergence rate upon 
mesh refinement [119,125]. 

𝜏𝜏𝑢𝑢 = 𝑐𝑐𝑢𝑢
ℎ2

2𝐺𝐺𝑠𝑠
 (4.93) 

𝜏𝜏𝜀𝜀 = 𝑐𝑐𝜀𝜀
ℎ
𝐿𝐿

 (4.94) 

where 𝐺𝐺𝑠𝑠 is the effective (secant) shear modulus, L is a characteristic length of the problem and 
𝑐𝑐𝑢𝑢, 𝑐𝑐𝜀𝜀  are O(1) coefficients. 

It is worth noting that the stabilized approximation of the strain field in Eq. (4.90), substituting 
the interpolation in Eq. (4.81) and the subscale in Eq. (4.92), reads 

𝜺𝜺 ≅ 𝜺𝜺� = 𝑵𝑵𝜀𝜀𝑬𝑬 + 𝜏𝜏𝜀𝜀(𝑩𝑩𝑢𝑢𝑼𝑼−𝑵𝑵𝜀𝜀𝑬𝑬) = (1 − 𝜏𝜏𝜀𝜀)𝑵𝑵𝜀𝜀𝑬𝑬+ 𝜏𝜏𝜀𝜀𝑩𝑩𝑢𝑢𝑼𝑼 (4.95) 

where 0 ≤ 𝜏𝜏𝜀𝜀 ≤ 1  and 𝑩𝑩𝑢𝑢 = 𝐒𝐒𝑵𝑵𝑢𝑢  is the standard compatibility matrix. Note that 𝜏𝜏𝜀𝜀 = 0 
corresponds to the strain interpolation of the non-stabilized problem, while 𝜏𝜏𝜀𝜀 = 1 corresponds 
to the strain interpolation from the standard displacement-based formulation. 

Introducing the multiscale approximations in Eqs.(4.89) – (4.90), together with the subscales in 
Eqs. (4.91) – (4.92) into the variational form in Eqs. (4.76) – (4.77) results in the stabilized 
algebraic system: 
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�
−(1 − 𝜏𝜏𝜀𝜀)𝑴𝑴− 𝜏𝜏𝑢𝑢𝑳𝑳 (1 − 𝜏𝜏𝜀𝜀)𝑸𝑸

(1 − 𝜏𝜏𝜀𝜀)𝑸𝑸𝑇𝑇 𝜏𝜏𝜀𝜀𝑲𝑲
� �𝑬𝑬𝑼𝑼� = �𝟎𝟎𝑭𝑭� (4.96) 

where 

𝑲𝑲 = �𝑩𝑩𝑢𝑢
𝑇𝑇𝐃𝐃𝒔𝒔𝑩𝑩𝑢𝑢dΩ

Ω
 (4.97) 

𝑳𝑳 = � (𝑵𝑵𝑒𝑒
𝑇𝑇𝐃𝐃𝑠𝑠𝑇𝑇)(𝐃𝐃𝑠𝑠𝑵𝑵𝑒𝑒) dΩ

Ω
 (4.98) 

Note that the VMS stabilized problem is symmetric. 

Note also that if 𝐃𝐃𝒔𝒔 is not singular, the substitution procedure outlined in Eq. (4.88) is formally 
applicable to the VMS stabilized problem, even if it practical application has to be carefully 
considered if the matrices involved are globally defined. 

The remarks about the consistency of residual-based stabilization methods made in the previous 
Section with regard the stabilized u/p elements are relevant here with regard the stabilized ε/u 
elements. 

 

4.1.5 Mixed 𝜺𝜺/B-bar 𝒖𝒖 finite elements 
 

The mixed ε/B-bar u finite element is a particular implementation of the mixed 
displacement/strain/pressure quadrilateral Q1Q1P0 element in which the constant pressure has 
been eliminated at element level at the expense of renouncing the incompressible limit. This is 
accomplished by evaluating the constant mean stress in terms of the mean volumetric strain, the 
latter computed from the nodal displacements. 

The implementation of the mixed ε/B-bar u element is similar to the irreducible B-bar element. It 
consists in substituting the standard discrete strain-displacement 𝑩𝑩𝑢𝑢 matrix, computed at each 
integration point from the Cartesian derivatives of the nodal shape functions, by the B-bar discrete 
strain-displacement matrix 𝑩𝑩�𝑢𝑢 computed as 

𝑩𝑩�𝑢𝑢 = 𝑩𝑩�𝑢𝑢vol +𝑩𝑩𝑢𝑢
dev (4.99) 

where the constant 𝑩𝑩�𝑢𝑢vol is computed as 

𝑩𝑩�𝒖𝒖vol =
1
ng

��𝑩𝑩𝑢𝑢
vol�𝑘𝑘

ng

𝑘𝑘=1
 (4.100) 

where ng is the number of integration points in the element. 

Adopting the B-bar operator in Eqs. (4.99) – (4.100), matrices 𝑸𝑸 and 𝑲𝑲 read  

𝑸𝑸 = �𝑵𝑵𝜀𝜀
𝑇𝑇𝐃𝐃𝒔𝒔𝑩𝑩�𝑢𝑢dΩ

Ω
 (4.101) 

𝑲𝑲 = �𝑩𝑩�𝑢𝑢𝑇𝑇𝐃𝐃𝒔𝒔 𝑩𝑩�𝑢𝑢dΩ
Ω

 (4.102) 
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4.1.6 Secant matrix for plasticity 
 

In the previous Sections it is assumed that the constitutive relationship between strains and 
stresses is written in secant form as:  

𝛔𝛔 = 𝐃𝐃𝑠𝑠𝜺𝜺 (4.103) 

where 𝐃𝐃𝑠𝑠 is the secant constitutive matrix.  

In plasticity, the constitutive equation is written as: 

𝛔𝛔 = 𝐃𝐃𝑜𝑜�𝜺𝜺 − 𝜺𝜺𝑝𝑝� = 𝐃𝐃0: (𝜺𝜺 − 𝜺𝜺𝑝𝑝) (4.104) 

where 𝐃𝐃0  is the elastic constitutive matrix and 𝜺𝜺𝑝𝑝  is the plastic strain. Both expressions are 
equivalent with 𝐃𝐃𝑠𝑠 as the symmetric matrix 

𝐃𝐃𝑠𝑠 = 𝐃𝐃0 −
(𝐃𝐃0𝜺𝜺𝑝𝑝)𝑻𝑻(𝐃𝐃0𝜺𝜺𝑝𝑝)

𝜺𝜺𝑻𝑻𝐃𝐃0𝜺𝜺𝑝𝑝
 (4.105) 
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4.2 Accurate and locking-free analysis of beams, plates and 
shells using solid elements 

 

Article Data: 

Title: Accurate and locking-free analysis of beams, plates and shells using solid elements. 

Authors: S. Saloustros, M. Cervera, S. Kim and M. Chiumenti 

Journal : Computational Mechanics, 67, 883–914 (2021) 

https://doi.org/10.1007/s00466-020-01969-0 

 

Scientific Contribution: 

This paper investigates the capacity of solid finite elements with independent interpolations for 
displacements and strains to address shear, membrane and volumetric locking in the analysis of 
beam, plate and shell structures. The performance of the proposed strain/displacement 
formulation is compared to the standard one through the analysis of a set of eleven benchmarks 
problems of beam, shell and plate structures. In addition to the relative performance of both finite 
element formulations, the paper studies the effect of discretization and material characteristics. 
The first refers to different solid element typologies (hexahedra, prisms) and shapes (regular, 
skewed, warped configurations). The second refers to isotropic, orthotropic and layered materials, 
and nearly incompressible states. For the analysis of nearly incompressible cases, the B-bar 
method is employed in both standard and strain/displacement formulations. Numerical results 
show the enhanced accuracy of the proposed strain/displacement formulation in predicting 
stresses and displacements, as well as producing locking-free discrete solutions, and 
asymptotically converging to the corresponding continuous problems. All problems are analyzed 
using solid finite elements, which are available at all FE codes and can be conveniently used for 
the modelling of any type of structure and with any type of general constitutive model. 
 
The performance of the present FE is investigated considering several modelling choices, such as 
different element typologies (hexahedra and prisms) and mesh configurations (regular, skewed, 
warped). The effect of material properties is studied by considering isotropic and orthotropic cases, 
as well as compressible and nearly incompressible materials. For the latter, the use of the B-bar 
method, as a way to address volumetric locking, is investigated. Laminated multi-layered 
orthotropic material distribution is also investigated. 
 
Numerical results demonstrate that ε/u FEs far outperform the corresponding standard ones in 
estimating displacements and stresses, providing locking membrane and shear free solutions. The 
use of the B-bar method is beneficial for the performance of the present formulation in the 
incompressibility limit, guaranteeing convergence in displacements and stresses. The simulated 
cases studied here show that FEs with independent interpolations for displacements and strains 
are an effective alternative for simulating complex stress states in beam, shell and plate structures 
with enhanced accuracy. 
  

https://doi.org/10.1007/s00466-020-01969-0
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4.3 On the performance of different FE formulations with 
regard strain localization 
 

In this Section, the performance of the different finite FE formulations introduced in Section 4.1 
is assessed with regard their relative merits for modelling strain localization induced by plastic 
flow. 

For doing this, a benchmark problem is selected: a strip subjected to uniaxial tension via imposed 
vertical displacements at the top and bottom ends; the horizontal movement is not restrained. As 
shown in Figure 4.1, the strip has dimensions 10 m × 20 m (width × height). A sharp horizontal 
slit (2 m) is inserted in the center of strip to introduce the perturbation necessary to trigger strain 
localization. Plane strain conditions are investigated. 

 

Figure 4.1 Dimensions of the strip stretching test 

In this problem the far field stress state is:  

𝜎𝜎𝑥𝑥 = 0, 𝜎𝜎𝑦𝑦 = 𝜎𝜎 > 0, 𝜏𝜏𝑥𝑥𝑥𝑥 = 0  

The sharp horizontal slit causes a stress concentration that triggers the onset of plastic behavior 
and strain localization; subsequently, straight slip lines stem from these and cross the strip at well-
defined slopes that must follow the angles predicted from the localization analysis.  

The following material properties are used: Young’s modulus E = 1.0 ×107 MPa, Poisson’s ratio 
ν = 0.2. Isotropic elasto-plastic models with pressure independent von Mises (VM) and pressure 
dependent Drucker-Prager (DP) yield criteria are investigated. Perfect plasticity is assumed.  

Due to the double symmetry of the strip and the boundary conditions, only a quarter of the domain 
needs to be analyzed. Structured meshes of regular triangles and quadrilaterals are employed. 
Square elements (0.1 m × 0.1 m) are arranged 50 horizontally and 100 vertically, with a total of 
5,000 elements used for plane strain 2D simulations. Triangular meshes are constructed by 
halving the square elements; the nodal arrangement is preserved. In all cases, 500 time steps are 
performed to complete the analyses. 
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The following cases are compared: 

Tris FE, VM: irreducible u, mixed u/p and mixed ε/u FEs 

Quads FE, VM: irreducible u, B-bar, mixed u/p, mixed ε/u and mixed ε/B-bar u FEs 

Quads FE, DP: irreducible u, B-bar, mixed ε/u and mixed ε/B-bar u FEs  

For each FE simulation, a Figure shows the computed failure mechanism and the corresponding 
contour fills of: (a) vertical y-displacement [0 : 0.4] m, (b) equivalent plastic strain [0 : 2.0], (c) 
Lode’s angle [0° : 60°], (d) J2 stress [0 : 10000] MPa, (d) mean stress [-3000 : 7000] MPa and (e) 
vertical 𝜎𝜎𝑦𝑦 stress [-5000 : 15000] MPa. Ranges used in the figures are indicated in brackets. 

 

4.3.1 Triangles, von Mises: irreducible 𝒖𝒖, mixed 𝒖𝒖/p and mixed 𝜺𝜺/𝒖𝒖 FEs 
 

Isotropic von Mises J2 plasticity with yield strength 𝜎𝜎𝑌𝑌 = 1.0 × 104 MPa is now considered. 
Insensitive to pressure, under plane strain, uniaxial tensile tests show localization angles at + 45° 
from the horizontal axis, measured in a counter-clockwise manner. 

The vertical reaction–displacement curves for the u, mixed u/p and mixed ε/u triangular meshes 
are shown in Figure 4.2. As you can see, the global responses for all three are satisfactory, and no 
signs pressure locking are observed. 

Figure 4.3 shows the results corresponding to the triangular irreducible u FEs. Because of the 
favorable mesh alignment of the triangles, the contour fills of the (a) vertical displacement and 
(b) equivalent plastic strain indicate the correct strain localization. Note that the displacement 
jump and the strain localization occur across one single element. 

Lode’s angle (c) is correctly evaluated as 30° inside and in the vicinity of the localization band. 
However, clear signs of pressure locking are observed in the results of the mean stress (e) that 
reflect also on the contour-fills of the vertical σy stress (f). This affects also the J2 stress (d), but 
this is not obvious in the figure. 

These results are due to the isochoric character of the plastic flow of the von Mises model and the 
inability of the standard elements to reproduce a purely sliding behavior even if the mesh is 
favorably aligned. 

Figure 4.4 shows the results corresponding to the triangular mixed u/p FEs. For this particular 
case, the triangular u/p FEs perform admiringly. The contour fills of the (a) vertical displacement 
and (b) equivalent plastic strain and Lode’s angle correspond to the expected results. Also, no 
sign of pressure locking is observed in the results of the mean stress (e) nor the vertical σy stress 
(f) or the J2 stress (d). Note that the displacement jump and the strain localization occur across 
one single element. 

Figure 4.5 shows the results corresponding to the triangular mixed ε/u FEs. Again, the contour 
fills of the (a) vertical displacement and (b) equivalent plastic strain and Lode’s angle correspond 
to the expected results. Note that in this case, the displacement jump and the strain localization 
occur across three elements, due to the continuity of the strain interpolation. As for the irreducible 
elements, the incompressible plastic flow induces pressure locking in the results of the mean stress 
(e) and the vertical σy stress (f). 
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Figure 4.2 Evolution curves of vertical reaction – displacement for Tris FE for the von Mises yield criterion 

                                                                       
(a)               (b)                 (c)                                (d)              (e)               (f)    

Figure 4.3 Contour fills for triangular irreducible u FE, von Mises: (a) Y-disp, (b) Equiv. plast. strain, (c) Lode angle, (d) J2 stress, (e) Mean stress, (f) Y-stress 
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(a)               (b)                 (c)                                (d)              (e)               (f)    

Figure 4.4 Contour fills for triangular mixed u/p,  FE, von Mises: (a) Y-disp, (b) Equiv. plast. strain, (c) Lode angle, (d) J2 stress, (e) Mean stress, (f) Y-stress 

                                                                        
(a)               (b)                 (c)                                (d)              (e)               (f)    

Figure 4.5 Contour fills for triangular mixed ε/u FE, von Mises: (a) Y-disp, (b) Equiv. plast. strain, (c) Lode angle, (d) J2 stress, (e) Mean stress, (f) Y-stress
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4.3.2 Quadrilaterals, von Mises: irreducible 𝒖𝒖, B-bar, mixed 𝒖𝒖/p, mixed 𝜺𝜺/𝒖𝒖 and 

mixed 𝜺𝜺/B-bar 𝒖𝒖 FEs 
 

The vertical reaction–displacement curves for Quads FE for the von Mises yield criterion are 
shown in Figure 4.6. In some cases, pressure locking leads to overstiff responses. The global 
response of irreducible u quadrilaterals and mixed ε/u quadrilaterals is much stiffer than the global 
responses of the other FEs, which do not show signs of pressure locking. 

Figure 4.7 shows the results corresponding to the quadrilateral irreducible u FEs. Results are 
completely pressure locked, to the extent that no strain localization band can be identified. Note 
that the results are far worse than those obtained with the triangular mesh; this is only attributable 
to the favorable orientation of the triangles. 

Figure 4.8 shows the results corresponding to the B-bar quadrilateral FEs. The beneficial effect 
of the selective integration of the volumetric strain and stress introduced by the B-bar procedure 
is immediately obvious. Good agreement is found with the u/p solution in Figure 4.4, although 
two differences are noted. One is the wider spread of the displacement jump and the strain 
localization in the quadrilateral mesh and the other is the obvious piece-wise constant 
interpolation of the mean-stress, which also shows in the vertical stress. 

Figure 4.9 shows the results corresponding to the u/p quadrilateral FEs. These are very similar to 
those of the B-bar element, apart from displaying an inter-element continuous interpolation of the 
pressure. 

Figure 4.10 shows the results for the mixed ε/u quadrilaterals. Like for their triangular 
counterparts, the solution appears to be significantly pressure-locked. 

Finally, Figure 4.11 shows the results for the mixed ε/B-bar u quadrilaterals. As for their 
irreducible B-bar counterpart, pressure locking is overcome and the results are satisfactory. 

 

Figure 4.6 Evolution curves of vertical reaction–displacement for Quads FE for the von Mises yield 
criterion



65 

 

                                                                      
(a)               (b)                 (c)                                (d)              (e)               (f)    

Figure 4.7 Contour fills for quadrilaterals irreducible u FE, von Mises: (a) Y-disp, (b) Equiv. plast. strain, (c) Lode angle, (d) J2 stress, (e) Mean stress, (f) Y-stress 

                                                                        
(a)               (b)                 (c)                                (d)              (e)               (f)    

Figure 4.8 Contour fills for quadrilaterals B-bar FE, von Mises: (a) Y-disp, (b) Equiv. plast. strain, (c) Lode angle, (d) J2 stress, (e) Mean stress, (f) Y-stress 
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(a)               (b)                 (c)                                (d)              (e)               (f)       

Figure 4.9 Contour fills for quadrilaterals mixed u/p FE, von Mises: (a) Y-disp, (b) Equiv. plast. strain, (c) Lode angle, (d) J2 stress, (e) Mean stress, (f) Y-stress 

                                                                                  
(a)               (b)                 (c)                                (d)              (e)               (f)    

Figure 4.10 Contour fills for quadrilaterals mixed ε/u FE, von Mises: (a) Y-disp, (b) Equiv. plast. strain, (c) Lode angle, (d) J2 stress, (e) Mean stress, (f) Y-stress 
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(a)               (b)                 (c)                                (d)              (e)               (f)    

Figure 4.11 Contour fills for quads mixed ε/B-bar u FE, von Mises: (a) Y-disp, (b) Equiv. plast. strain, (c) Lode angle, (d) J2 stress, (e) Mean stress, (f) Y-stress
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4.3.3 Quadrilaterals, Drucker-Prager: irreducible 𝒖𝒖, B-bar, mixed 𝜺𝜺/𝒖𝒖 and mixed 

𝜺𝜺/B-bar 𝒖𝒖 FEs 
 

Isotropic Ducker–Prager plasticity with compressive strength 𝑓𝑓𝑐𝑐 = 1.5 × 104 MPa and tensile 
strength 𝑓𝑓𝑡𝑡 = 1.0 × 104 MPa is now considered. Under plane strain, uniaxial tensile tests show 
localization angles at + 24.0948° from the horizontal axis, measured in a counter-clockwise 
manner. 

The vertical reaction–displacement curves for Quads FE for the Ducker–Prager yield criterion are 
shown in Figure 4.12. The global responses of all FEs are satisfactory, and no signs pressure 
locking are observed. 

Figure 4.13 shows the results corresponding to the quadrilateral irreducible u FEs. The plastic 
flow is frictional and not isochoric; therefore, no pressure locking occurs and the failure 
mechanism and strain localization band are properly obtained. However, the poor capacity of the 
standard quadrilateral to approximate the localized strain field and the ensuing stress field shows 
in all the contour-fills related to the stresses. 

Figure 4.14 shows the results corresponding to the B-bar quadrilaterals. They are almost identical 
to those of Figure 4.13, because the poor results of the standard elements are not related to 
volumetric locking. 

Figure 4.15 shows the results for the mixed ε/u quadrilaterals. Here the solution is remarkably 
satisfactory is all the represented fields. 

Finally, Figure 4.16 shows the results for the mixed ε/B-bar u quadrilaterals. They are practically 
identical to those in Figure 4.14. 

 

Figure 4.12 Evolution curves of vertical reaction–displacement for Quads FE for the Ducker–
Prager yield criterion
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(a)               (b)                 (c)                                (d)              (e)               (f)    

Figure 4.13 Contour fills for quads irreducible u FE, Drucker-Prager: (a) Y-disp, (b) Equiv. plast. strain, (c) Lode angle, (d) J2 stress, (e) Mean stress, (f) Y-stress 

                                                                      
(a)               (b)                 (c)                                (d)              (e)               (f)    

Figure 4.14 Contour fills for quads B-bar FE, Drucker-Prager: (a) Y-disp, (b) Equiv. plast. strain, (c) Lode angle, (d) J2 stress, (e) Mean stress, (f) Y-stress 
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(a)               (b)                 (c)                                (d)              (e)               (f)    

Figure 4.15 Contour fills for quads mixed ε/u FE, Drucker-Prager: (a) Y-disp, (b) Equiv. plast. strain, (c) Lode angle, (d) J2 stress, (e) Mean stress, (f) Y-stress 

                                                                                 
(a)               (b)                 (c)                                (d)              (e)               (f)    

Figure 4.16 Contour fills for quads mixed ε/B-bar u FE, Drucker-Prager: (a) Y-disp, (b) Eq. plast. strain, (c) Lode angle, (d) J2 stress, (e) Mean stress, (f) Y-stress 
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Chapter 5 
  

 

5 Conclusion 
 

The outline of this concluding Chapter is as follows. Section 5.1 summarizes this doctoral thesis. 
Section 5.2 lists the conclusions of the work. Section 5.3 presents main contributions. Section 5.4 
suggests the lines for future research. 

 

5.1 Summary  
 

In this doctoral thesis, Chapter 2 briefly introduces elastic, plastic, compressible and 
incompressible material behavior, in 3D as well as plane strain and plane stress conditions. The 
elasto-plastic constitutive equations are summarized and the several yield criteria used for 
orthotropic materials are presented in a unified format. Additionally, the yield criteria are 
graphically represented in HW stress space. 

Chapter 3 introduces the topic of strain bifurcation and localization in elasto-plastic materials, 
summarizes the scientific contributions of three papers and presents some complementary 
contents on the topic of the dependence of the strain localization angles on the degree of 
orthotropy and friction.  

The mechanics of strain localization is addressed analytically and numerically in isotropic and 
orthotropic materials, with cohesive and frictional plastic flows, following associated and non-
associated flow rules, both in the continuous and the discrete settings. 

Plastic yielding and strain bifurcation are identified in the failure process as prior to the strain 
localization. The necessary conditions for their occurrence and their respective correlations and 
differences are described. Stress rate boundedness is established as a necessary condition for the 
occurrence of strain localization, in addition to Maxwell’s discontinuity kinematics and traction 
rate continuity, classical conditions for strain bifurcation. 

The strain localization angles can be analytically derived from the strain localization condition in 
a relatively straight-forward manner. These localization angles depend exclusively on the plastic 
flow tensor, but are not related to the elastic moduli or the yield surface. This applies equally to 
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isotropic and orthotropic, cohesive and frictional materials using associated or non-associated 
flow rules. And it is contrasting with the conclusions drawn from the classical bifurcation 
condition, where the directions for strain bifurcation are derived from the eigen-analysis of the 
elasto-plastic acoustic tensor.  

When the localization condition is not fulfilled at the same time as strain bifurcation occurs, a 
transition stage ensues in-between. During the transition phase, the plastic flow evolves to match 
the strain localization condition. 

The analytical strain localization angles derived from the strain localization condition are verified 
through independent numerical simulations. In the discrete setting, localization angles do not 
depend on mesh bias or resolution. All the analytical conditions for strain localization from the 
continuous setting are met on mesh refinement. All this is compelling evidence of the relevance 
and applicability of the strain localization condition. 

Chapter 4 compares several irreducible and mixed finite element formulations with regard to their 
performance concerning strain approximation in the accurate and locking-free analysis of beams, 
plates and shells using solid elements, and in strain localization stemming from plastic flow 
concentrating in narrow bands.  

Regarding the analysis of beams, plates and shells, it is known from antique that standard finite 
elements pose difficulties such as lack of accuracy, mesh sensitivity or stress locking phenomena 
in those particular instances. A contributed paper shows that the proposed mixed ε/u and mixed 
ε/B-bar u finite elements largely overcome those difficulties. Stabilization methods and 
parameters in mixed formulations are described and appropriate stabilization parameters are 
suggested. Furthermore, the influence of the stabilization parameter is investigated. In addition, 
the proposed mixed FEs are compared with the previously developed solid-shell and EAS FEs. 

The chapter includes complementary contents on the performance of the different finite element 
formulations with regard to strain localization. These show that the orientation of the strain 
localization of plasticity can be predicted with the proposed mixed ε/B-bar u FEs used. 

 

5.2 Conclusions 
 

The following conclusions can be drawn from the work presented in this thesis: 

Conclusions on the strain localization in plasticity 

• The distinct conditions for plastic yielding, strain bifurcation and strain localization are 
investigated. In addition to Maxwell’s kinematics and continuity of the traction rate for 
strain bifurcation, an additional condition stating the objectivity (and boundedness) of the 
stress rate is necessary for strain localization condition. 

• The condition for strain localization is more restrictive than the classical 
continuous/discontinuous strain bifurcation, though both account for the plastic 
loading/unloading and loading/loading scenarios. 

• The angles of the directions at which strain localization occurs can be analytically derived 
from the proposed strain localization condition. This derivation is applicable to isotropic 
and orthotropic, cohesive and frictional, associated and non-associated elastoplastic 
models. The analytical results are numerically verified through independent simulations. 
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• The localization angles of the discontinuity band (surface) depend only on the specific 
stress state and the corresponding plastic flow tensor in the material axes; neither he 
material elastic properties nor the yield function are relevant to their determination. 

• The dependence of the analytical localization angles on the degree of orthotropy and on 
friction is investigated. It is found that the tangent of the strain localization angle and the 
fx/fy ratio of orthotropic strengths are inversely proportional for Hill’s orthotropic 
plasticity. For the Drucker–Prager yield criterion, the strain localization angles under 
uniaxial tension and compression are identical for reciprocal values of the compressive 
to tensile strengths ratios. 

• The failure mechanisms formed in isotropic and orthotropic plasticity are numerically 
reproduced considering associated and non-associated plasticity. The numerical results 
match the analytical predictions remarkably. 

• For perfectly and softening plastic solids with either associated or non-associated 
evolution laws, upon strain localization and thereafter, the stresses inside the 
discontinuity band are indeed independent of the discrete localization bandwidth. 

• The stress rate inside the discontinuity band is independent from the mesh size and the 
resulting discontinuity bandwidth.  

• During the stage in-between strain bifurcation and strain localization, the plastic flow 
changes progressively in order to meet the strain localization condition.  

• In evolving problems the accumulated plastic strain may affect the final failure 
mechanism. 

 

Conclusions on the performance of different finite elements formulations 

• The mixed ε/u FEs far outperforms the corresponding standard FEs in displacement and 
stress estimation, providing shear and membrane locking-free solutions. 

• The mixed ε/u FEs also perform well with different element typologies (hexahedra and 
prisms) and mesh configurations (regular, skewed and warped). 

• The use of the B-bar method is beneficial to the performance of the mixed ε/u formulation 
in quasi-incompressible situations, guaranteeing convergence of displacements and 
stresses. 

• FEs with independent interpolation for displacement and strain are an effective 
alternative that can provide simulation of complex stress states of beam, shell and plate 
structures with improved accuracy. 

 

5.3 Scientific contributions 
 

The main contributions of the thesis are: 

• An in-depth study on the mechanics of the strain localization in isotropic and orthotropic 
material models considering plastic incompressibility was carried out. Such mechanics 
apply to metals, which behave as incompressible plastic materials. 
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• An in-depth study on the mechanics of the strain localization in isotropic and orthotropic 
material models considering frictional–cohesive plasticity was carried out. Such 
mechanics apply to rock, concrete, polymers, foams and other materials, whose behavior 
depends on pressure, can be modeled. 

• An in-depth study on the mechanics of the strain localization in isotropic and orthotropic 
material models considering associated and non-associated plasticity was carried out. 
Such mechanics apply to, for example, soft clay, sand and rock. 

• The Lode angle was used for identification of the strain localization condition. 

• A comparative study of several FE formulations was conducted with regards to beams, 
plates and shells behavior. 

• A comparative study of several FEs was conducted with regard to their strain localization 
capabilities. 

• All contributions were developed and implemented in the in-house FE code COMET 
(COupled MEchanical and Thermal analysis)  

 

5.4 Lines of future research 
 

In this thesis, strain localization analysis for plasticity and mixed FEs were investigated. The 
following lines of future research need to be pursued: 

• Softening plasticity. The current research mainly considers perfect plasticity. Additional 
research is needed to assess the effect of softening in the failure mechanism of elasto-
plastic solids. 

• Hardening plasticity. Strain bifurcation may occur in non-associate elasto-plastic solid. 
The corresponding effect on strain bifurcation needs to be investigated.  

• Damage–plasticity. In this thesis, only the plasticity is considered in the mechanics of 
strain localization. Coupled damage and plasticity is of interest in several applications, 
and the present framework may be easily extended to include it. 

• Failure under alternate loading. In a cohesive-frictional material, different plastic flows 
will stem from loading in tension and compression. Under alternate loading, these two 
plastic flows interact in a non-evident fashion. 

• Large strains. The use of nonlinear kinematics need to be studied with regard strain 
localization because of two distinct reasons. First, because kinematics after strain 
localization occurs are expected to be nonlinear. Second, to study strain localization 
conditions in materials that experience nonlinear kinematics before failure occurs. 
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Abstract In this work the strain localization analysis of Hill’s orthotropic plasticity is addressed. In particular,

the localization condition derived from the boundedness of stress rates together with Maxwell’s kinematics is

employed. Similarly to isotropic plasticity considered in our previous work, the plastic flow components on the

discontinuity surface vanish upon strain localization. The resulting localization angles in orthotropic plastic

materials are independent from the elastic constants, but rather, depend on the material parameters involved

in the plastic flow in the material axes. Application of the above localization condition to Hill’s orthotropic

plasticity in 2-D plane stress and plane strain conditions yields closed-form solutions of the localization angles.

It is found that the two discontinuity lines in plane strain conditions are always perpendicular to each other,

and for the states of no shear stresses, the localization angle depends only on the tilt angle of the material axes

with respect to the global ones. The analytical results are then validated by independent numerical simulations.

The B-bar finite element is employed to deal with the incompressibility due to the purely isochoric plastic flow.

For a strip under vertical stretching in plane stress and plane strain as well as Prandtl’s problem of indentation

by a flat rigid die in plane strain, numerical results are presented for both isotropic and orthotropic plasticity

models with or without tilt angle. The influence of various parameters is studied. In all cases, the critical angles
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predicted from the localization condition coincide with the numerical results, giving compelling supports to the

analytical prognoses.

1 Introduction

Strain localization in solids is characterized by highly localized deformations and manifested by diverse phenom-

ena of distinct length scales, e.g., dislocations of orders of microns in metals, cracks of order of millimeters in

concrete, and shear bands of order ranging from millimeters to kilometers in granular and geological problems,

etc. Being strain localization a prognosis of structural failure, it is of utmost significance to determine when

strain localization occurs and quantify its adverse effects on the global response of structures.

Regarding rigid-plastic problems and shear driven, pressure independent flows, seminal works of Prandtl

[1], Hencky [2,3] and Mandel [4] assumed the existence of “slip lines” and determined their directions by the

“zero rate of extension” criterion. Later, Hill [5] revisited the similar problem and interpreted the family of

“slip lines” as the characteristic curves (along which small disturbances propagate) of the hyperbolic plastic

governing equations. With this method, the field of slip lines for typical metallurgical problems, e.g., sheet

drawing and extrusion, piercing, strip-rolling, etc., were determined [6]. Note that in these early studies, elastic

deformations were explicitly ignored, and perfectly incompressible behavior prior to shear driven plastic yielding

was assumed.

For general elasto-plastic materials, as strain localization inevitably induces strain (weak) or even displace-

ment (strong) discontinuities, the discontinuous bifurcation condition set forth by [7,8,9,10] is customarily

employed. More specifically, the necessary condition for strain localization in elastoplastic materials is identified

upon the assumption of linear comparison solids (i.e., inelastic loading both inside and outside the localization

band) and traction continuity [11,12,13]. Closed-form results for the localization angles have been obtained for

2-D plane stress and plane strain conditions in this way [13]. One noteworthy property of such results is that

the localization angle depends on the elastic constants, e.g., Poisson’s ratio.
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The classical discontinuous bifurcation analysis has been applied not only to weak discontinuities, but also

to strong ones. For instance, [14,15] used it to determine the discontinuity orientation, such that strong dis-

continuities can be embedded in standard finite elements. However, it was soon found that this discontinuous

bifurcation condition by itself does not necessarily guarantee the occurrence of strong discontinuities, unless the

strong discontinuity is properly regularized, involving also stress boundedness [14,15,16,17]. In particular, the

fact that material points inside the discontinuity band undergo inelastic loading while those outside it unload

elastically, is inconsistent with the assumption of linear comparison solids in which inelastic loading is assumed

in both the bulk and localization band. Furthermore, due to the singular strain field caused by displacement

discontinuities, the traction continuity condition alone is sufficient to guarantee neither stress locking-free results

or the decohesion limit due to the mis-prediction of the discontinuity orientation [18,19].

In order to overcome the above crucial but generally overlooked issue, the authors [18] proposed further

exploiting the kinematic compatibility condition resulting from stress boundedness to determine the disconti-

nuity orientation of von Mises (J2) plastic materials. It turns out that the condition for stress boundedness is

more constrictive for the orientation of discontinuities than the localization condition based on singularity of

the acoustic tensor. More specifically, a given discontinuity orientation n that satisfies the localization condition

detQ
ep

(H,n) = 0 for a given maximum softening parameter H < 0, guarantee neither stress boundedness

nor full decohesion in the final stage of the deformation process. Reversely, stress boundedness implies both

satisfaction of the classical discontinuous bifurcation condition and also perfect decohesion in the softening or

perfect plasticity cases.

Remarkably, for elasto-plastic materials the above kinematic compatibility based localization condition pre-

dicts localization angles which depend exclusively on the components of the flow strain tensor. This incorporates

as a particular case Hills zero rate of extension” for the classical slip-line theory for rigid-plastic problems. Com-

pared to those given by the discontinuous bifurcation condition, the localization angles are independent of the

elastic constants as well as of the softening parameter, as the tangent elasto plastic tensor is not involved in the

analysis.
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More recently, the authors [20,21,22] have successfully extended the above strain localization analysis to

a unified stress-based plastic-damage model with general (e.g., Rankine, von Mises, Mohr-Coulomb, Drucker-

Prager, and more complex elliptic, parabolic, hyperbolic, etc.) failure criteria and to strain-based elastic-damage

models. The closed-form results were remarkably confirmed by independent numerical simulations [23] in which

the analytical results are not used in finite element analyses. Moreover, not only the discontinuity orientation

but also the corresponding localized cracking model, i.e., constitutive relations, evolution equations, traction-

based failure criterion, softening functions, etc., can be determined consistently from a given material model.

With these work, the gap between continuous and discontinuous approaches for the modeling of localized failure

in solids [20] has been largely bridged.

In many industrial applications, e.g., additive manufacturing, automotive rolling, etc., engineering materials

like steel sheets, aluminum, wood, paper and stratified rocks, composites with oriented fibers, etc., exhibit

strongly orthotropic behavior. Ever since the pioneering work of Hill [7], plasticity models with orthotropic yield

functions, e.g., Hoffman model [24] and Tsai-Wu model [25], among many others, have been extensively studied;

see [26]. However, most of the aforementioned work considered only strain localization in isotropic materials

and very rare references deal with orthotropic ones. To the authors’ best knowledge, it is only in [27] that strain

localization in orthotropic plasticity models is considered to determine the upper bound load capacity of such

materials. Nevertheless, the closed-form results for the localization angle are not available. Consequently, the

failure modes have to be calibrated from finite element simulations. This deficiency is sometimes not acceptable

since the numerical results can be sensitive to the mesh alignment, leading to ill-predictions of failure modes

and global responses [28,29,30,31].

For these reasons, this work addresses strain localization analysis in orthotropic elastoplastic materials.

The objectives are four-fold: (i) to show that our previously established localization condition also applies to

materials with orthotropic elastic and plastic behavior; (ii) to analyze strain localization of orthotropic plastic

models and, in particular, to determine the localization angles in 2-D plane stress and plane strain conditions;

(iii) to numerically verify the analytical results through independent finite element simulations, and (iv) to
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investigate the influence of various material parameters on strain localization in orthotropic materials. Though

other orthotropic yield functions can be considered, Hill’s quadratic one is adopted in this work as the prototype

example due to its wide application.

The remainder of this paper is structured as follows. Section 2 addresses the localization condition of elasto-

plastic solids based on the boundedness of stress rates together with Maxwell’s kinematics. Section 3 is devoted

to the application of the derived localization condition to Hill’s orthotropic plasticity. In particular, closed-form

results of the localization angles under 2-D conditions of plane stress and plane strain are given. Numerical

verification of the analytical results is presented in Section 4 using the B-bar finite elements to deal with the

isochoric nature of the plastic flow. A horizontal slit under vertical stretch and the Prandtl punch test, with or

without tilt angle between the material local axes and the global ones, are considered. The influence of various

parameters on the localization angles is also studied. The most relevant conclusions are drawn in Section 5 to

close the paper.

Notation. Compact tensor notation is used in the theoretical part of this paper. As general rules, scalars

are denoted by italic light-face Greek or Latin letters (e.g. a or λ); vectors, second- and fourth-order tensors

are signified by italic boldface minuscule, majuscule and blackboard-bold majuscule characters like a, A and

A, respectively. The inner products with single and double contractions are denoted by ‘·’ and ‘:’, respectively,

while the dyadic operator is signified by ‘�’. The Voigt notation of vectors and second-order tensors is denoted

by boldface minuscule and majuscule letters like a and A, respectively.

2 Strain localization of elastoplastic solids

In this section, our previous work on strain localization in inelastic solids is briefly recalled and then particular-

ized to elastoplastic materials. The resulting solution extends Hill’s results for strictly incompressible rigid-plastic

materials to general associated elasto-plastic materials, incompressible or not. Compared to the classical dis-

continuous bifurcation analysis [7,8,9,11,12,13], not only traction continuity but also stress boundedness are

guaranteed [18,20,21,22] by reproducing Maxwell’s discontinuity kinematics.
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Let us consider the domain Ω ⊂ Rndim (ndim = 1, 2, 3) occupied by an elastoplastic solid with reference

position vector x ∈ Rndim . The boundary is denoted by Γ ⊂ Rndim−1, with an external unit normal vector n∗.

Deformations of the solid are characterized by the displacement field u : Ω → Rndim and the infinitesimal strain

field ε := ∇symu, with ∇(·) being the spatial gradient operator.

2.1 Elastoplasticity model

For an elastoplastic model, the constitutive relation is expressed in total form as

ε = εe + εp, σ = E0 : εe = E0 :
(
ε− εp

)
(2.1)

where the second-order tensors εe and εp represent the elastic and plastic parts of the strain ε, respectively; the

second-order stress tensor σ is related to the elastic strain εe by fourth-order elasticity tensor E0. Note that E0

may be isotropic or orthotropic in this work.

For the classical associated evolution law, the plastic strain rate is given by

ε̇p = λ̇Λ, κ̇ = λ̇h (2.2)

where λ̇ ≥ 0 denotes the plastic multiplier, with ˙( ) being the time derivative; the derivatives Λ := ∂φ/∂σ and

h := ∂φ/∂q are normal to the yield surface φ(σ, q) = 0, with q being a stress-like internal variable (yield stress).

In this work, Hill’s orthotropic yield function is considered later in Eq. (3.1).

The corresponding constitutive relation in rate form then reads

σ̇ = E0 :
(
ε̇− ε̇p

)
= Eep : ε̇ (2.3)

where the fourth-order elastoplasticity tensor Eep is expressed as

Eep = E0 − E0 : Λ�Λ : E0

Λ : E0 : Λ+ h ·H · h (2.4)

for the hardening/softening modulus H := ∂q/∂κ.
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2.2 Discontinuity kinematics

At the early stage of the deformation process, the standard continuum kinematics applies, in which both the

velocity and strain rate fields are continuous and regular (bounded). For a perfectly or softened plastic solid,

upon satisfaction of the yield condition φ(σ, q) = 0, the deformation can grow unbounded. In particular, two

orthogonal families of curves (surfaces in 3D) form in 2-D conditions. These so-called slip lines or surfaces

represent macroscopic phenomena occurring at the micro- or meso-level associated with strain localization and

induce jumps in the strain rate or even velocity fields.

Velocity jumps can be described by strong discontinuities. As depicted in Figure 1(a), the interface S splits

the solid Ω into two parts Ω+ and Ω−, located “ahead of” and “behind” S, respectively. The discontinuity

orientation is characterized by a unit normal vector n, pointing from Ω− to Ω+ and fixed along time, i.e., ṅ = 0 ,

with ˙( ) being the time derivative. Alternatively, strain discontinuities can be characterized by a discontinuity

band B of finite width b, delimited by two surfaces S+ and S− parallel to the discontinuity S as shown in

Figure 1(b). As the bandwidth b is a regularization parameter that can be made as small as desired, the strong

discontinuity can be regarded as the limit of a regularized one, with a vanishing bandwidth b→ 0. Reciprocally,

a discontinuity band can be regarded as the convenient regularization of a strong discontinuity.

Upon the above setting, the strain rate fields ε̇int and ε̇ext inside and outside the discontinuity band B verify

the following Maxwell’s compatibility condition [9]

ε̇int = ε̇ext +
(
ė� n

)sym
(2.5)

or, equivalently,

Jε̇K := ε̇int − ε̇ext =
(
ė� n

)sym
(2.6)

where the inelastic deformation rate vector ė := ẇ/b is defined as the apparent velocity jump ẇ across the

discontinuity band B normalized by the regularization length b; see Figure 2(a) for the strong discontinuity and

Figure 2(b) for a regularized one, respectively. Note that the jump of strain rate, Jε̇K, is inversely proportional

to b for a regularized discontinuity or unbounded for a strong one.
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2.3 Strain localization condition

Upon strain localization, material points inside the discontinuity (band) undergo inelastic loading while those

outside it unload elastically [16,18]. Accordingly, it follows from the constitutive relation (2.3) that

σ̇int = E0 :
(
ε̇int − ε̇p

)
, σ̇ext = E0 : ε̇ext (2.7)

The resulting jump in the stress rate, Jσ̇K, is given by

Jσ̇K = σ̇int − σ̇ext = E0 :
[(
ė� n

)sym − ε̇p] (2.8)

The stress tensors and their rates have to remain bounded during the failure process to guarantee their physical

significance. Being σ̇int and σ̇ext both bounded, so is the jump Jσ̇K. Accordingly, the difference
(
ė�n

)sym− ε̇p
has to be bounded, too. As the bandwidth b is a regularization parameter that can be made as small as desired,

the stress boundedness condition requires [18,21]

Jε̇K = ε̇p =
(
ė� n

)sym
(2.9)

That is, upon strain localization stress boundedness requires that the strain rate jump, defined as the

difference in the strain rate fields between the interior/exterior points of the discontinuity (band)

and characterized by Maxwell’s compatibility condition, has to be completely plastic.

Remark 2.1 The kinematic constraint (2.9) implies that even though the corresponding strains are not, the

stresses inside and outside the discontinuity band are continuous, i.e., Jσ̇K = 0 . In this case, the traction

continuity JṫK = n · Jσ̇K is also guaranteed. �

Remark 2.2 This stress boundedness/continuity holds for softened plasticity [18,20,21] and also for perfect

plastic flows (incremental full decohesion). Similarly, the same condition guarantees that full decohesion (σ̇ = 0 )

can be fulfilled with large plastic straining inside the discontinuity; see [18] for details. �
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2.4 Strain localization of plastic solids

The kinematic constraint (2.9) implies the existence of a plastic flow vector γ satisfying

ė = λ̇γ =⇒ Λ =
(
γ � n

)sym
(2.10)

Let (n,m, p) be discontinuity local axes, with n, m and p being the normal vector, the in-plane and out-of-plane

tangential ones of the discontinuity S, respectively. It then follows that [17,20,21]

γ = 2n ·Λ− nΛnn = γnn+ γmm+ γpp (2.11)

where the components (γn, γm, γp) of the plastic flow vector γ are determined as

γn := γ · n = Λnn, γm := γ ·m = 2Λnm, γp := γ · p = 2Λnp (2.12)

Substitution of the above plastic flow vector γ back into the relation (2.10)2 yields [20,21]

Λmm(θcr) = 0, Λpp(θcr) = 0, Λmp(θcr) = 0 (2.13)

where θcr denote the localization angles upon which the kinematic constraint (2.10) is satisfied. Note that the

components Λmm, Λpp and Λmp depend on the specific yield function φ(σ, q); see Section 3.1 for the application

to Hill’s criterion.

Remark 2.3 As can be seen from Eq. (2.13), upon strain localization the plastic flow tensor evolves into a

particular structure in terms of a localized flow vector and the discontinuity orientation. Accordingly, the

tensorial flow components in the directions orthogonal to the discontinuity orientation have to vanish so that

the consistent loading/unloading deformation states upon strain localization are correctly represented and slip

lines or surfaces eventually form. This result is an extension of Hill’s criterion of “zero rate of extension”

for incompressible rigid-plastic materials [5,6] to general elasto-plastic ones. In the following, we apply this

procedure to determine the localization angle for Hill’s orthotropic plastic materials. �
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Remark 2.4 In the case of plane strain, the strain localization condition Λ33 = Λpp = 0 is not necessarily

fulfilled at the onset of plastic yield φ(σ, q) = 0 with the out-of-plane stress given by ε33 = 0. Accordingly,

except for very particular cases, strain localization cannot occur at the onset of plastic yielding. Rather, some

(continuous) inelastic deformations and substantial rotation of the principal strain directions have to occur,

until the localization condition Λ33 = Λpp = 0 is fulfilled such that strain localization is set in motion and a

strong (regularized) discontinuity forms; see the numerical results presented in [18] for the case of von Mises

(J2) model with isotropic linear elasticity. �

Remark 2.5 The above localization conditions allow developing a traction-based plastic model for the discon-

tinuity (band). Both the orientation and the traction-based failure criterion can be determined a posteriori

from the given stress-based counterpart; see [32,20,21,22] for the details. However, this extra procedure is not

considered in this work. �

3 Application to Hill’s orthotropic plastic materials

In this section the above strain localization condition is applied to Hill’s orthotropic perfectly plastic materials

[33]. In particular, closed-form solutions are obtained for the localization angle in the 2-D plane stress and plane

strain conditions. Similarly, Hill [5] considered only the plane stress condition for rigid-plastic materials.

3.1 Hill’s orthotropic plasticity

Without loss of generality, let us consider Hill’s orthotropic yield criterion of the following form [33]

φ(σ) = F
(
σ11 − σ22

)2
+G

(
σ11 − σ33

)2
+H

(
σ22 − σ33

)2
+ 2Lσ2

12 + 2Mσ2
13 + 2Nσ2

23 − 1 ≤ 0 (3.1)
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with the material parameters F,G,H,L,M and N given by

F =
1

2

[(
1

σY,11

)2

+

(
1

σY,22

)2

−
(

1

σY,33

)2
]
, L =

1

2

(
1

σY,12

)2

(3.2a)

G =
1

2

[(
1

σY,11

)2

+

(
1

σY,33

)2

−
(

1

σY,22

)2
]
, M =

1

2

(
1

σY,13

)2

(3.2b)

H =
1

2

[(
1

σY,22

)2

+

(
1

σY,33

)2

−
(

1

σY,11

)2
]
, N =

1

2

(
1

σY,23

)2

(3.2c)

where σ11, σ22, σ33, σ12, σ13 and σ23 denote the stress components in the material local axes (1, 2, 3), with those

entities embellished by subscripts “Y ” representing the corresponding yield strengths.

The components Λij of the flow tensor Λ := dφ/dσ are then expressed as

Λ11 =
dφ

dσ11
= 2
(
F +G

)
σ11 − 2Fσ22 − 2Gσ33 (3.3a)

Λ22 =
dφ

dσ22
= 2
(
F +H

)
σ22 − 2Fσ11 − 2Hσ33 (3.3b)

Λ33 =
dφ

dσ33
= 2
(
G+H

)
σ33 − 2Gσ11 − 2Hσ22 (3.3c)

Λ12 = Λ21 =
1

2

dφ

dσ12
= 2Lσ12 (3.3d)

Λ13 = Λ31 =
1

2

dφ

dσ13
= 2Mσ13 (3.3e)

Λ23 = Λ32 =
1

2

dφ

dσ23
= 2Nσ23 (3.3f)

Note that the identity trΛ = Λ11+Λ22+Λ33 = 0 always holds. That is, Hill’s yield function leads to an isochoric

(purely deviatoric) plastic flow.

Remark 3.1 von Mises’s isotropic yield criterion is recovered for

F = G = H =
1

2

(
1

σY

)2

, L = M = N =
3

2

(
1

σY

)2

(3.4)

for the yield strength σY . �

3.2 Localization angles

In this section strain localization of a 2-D Hill’s plastic solid Ω ⊂ R2 is considered. In such 2-D cases, the

discontinuity orientation can be characterized by the inclination angle (counter-clockwise) θ ∈ [−π/2, π/2]
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between the normal vector n and the material axis 1; see Figure 3. Accordingly, the flow components Λmm, Λpp

can be expressed in terms of Λ11, Λ22, Λ33, Λ12 in the material local axes as follows

Λmm = Λ11 sin2 θ + Λ22 cos2 θ + 2Λ12 cos θ sin θ, Λpp = Λ33 (3.5)

Our objective is to derive explicitly the discontinuity angle θcr upon strain localization.

For a given stress-based failure criterion φ ≤ 0, the critical angle θcr can be determined explicitly from

the projection relation (2.10) or, more specifically, from the kinematic constraints (2.13) applied to the flow

components (3.5), i.e.,

Λmm(θcr) = cos2 θcr
(
Λ11 tan2 θcr + 2Λ12 tan θcr + Λ22

)
= 0 (3.6a)

Λpp(θcr) = Λ33 = 0 (3.6b)

Note that in 2-D cases the other constraint Λmp(θcr) = 0 is automatically satisfied.

It then follows from Eq. (3.6a) that

tan θcr = −Λ12

Λ11
±
√(

Λ12

Λ11

)2

− Λ22

Λ11
(3.7)

where the flow components Λ11 and Λ22 given in Eq. (3.3) are further constrained by the condition (3.6b).

As can be seen, the above discontinuity angle θcr depends on the ratios Λ22/Λ11 and/or Λ12/Λ11, or equiv-

alently, the stress state, upon strain localization. In particular, the distinction between plane stress and plane

strain states has to be made regarding the condition (3.6b).

Remark 3.2 For the above stress-based failure criterion, the resulting localization angle θcr does not depend on

the elastic constants like Young’s modulus and Poisson’s ratio. This is in strong contrast to the results given

from classical discontinuous bifurcation analysis [11,12,13]. In orthotropic materials, the elastic properties may

well be orthotropic. The localization angle θcr does not depend on this feature either. �

Remark 3.3 For the case of Λ12 = 0, it follows that

tan θcr = ±
√
−Λ22

Λ11
(3.8)
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This is the result we previously obtained for isotropic plasticity models [18,20,21]. Note that for orthotropic

materials, the analysis needs to be considered in the material local axes. �

Remark 3.4 The above discontinuity angle θcr is expressed in terms of the flow components (or stresses) in the

material local axes. Though the localization analysis is independent of the frame of reference, it is sometimes

more convenient to use those stresses in the global axes (x, y, z). To this end, we can considered the following

transformation relation 

σ11

σ22

σ33

σ12


=



cos2 α sin2 α 0 −2 cosα sinα

sin2 α cos2 α 0 2 cosα sinα

0 0 1 0

cosα sinα − cosα sinα 0 cos2 α− sin2 α





σxx

σyy

σzz

σxy


(3.9)

for the counter-clockwise tilt angle α between the global axis x and the material local axis 1. �

3.2.1 Plane stress Let us consider plane stress conditions with σ33 = σpp = 0. In this case, the relevant flow

components in Eq. (3.3) become

Λ11 = 2
(
F +G

)
σ11 − 2Fσ22 (3.10a)

Λ22 = 2
(
F +H

)
σ22 − 2Fσ11 (3.10b)

Λ12 = 2Lσ12 (3.10c)

As the condition (3.6b) is automatically satisfied, strain localization occurs at the same instant as the initial

failure surface φ = 0 is reached and the localization angle θcr is determined straightforwardly from Eq. (3.7)

together with the relations (3.10). It is seen from the transformation (3.9) that the localization angle θcr depends

on the stresses in the global axes and on the tilt.

3.2.2 Plane strain In this case, the condition (3.6b) yields

Λpp = Λ33 = 0 =⇒ σ33 =
Gσ11 +Hσ22

G+H
, Λ11 + Λ22 = −Λ33 = 0 (3.11)



14 Miguel Cervera et al.

Accordingly, Eq. (3.7) becomes

tan θcr = −Λ12

Λ11
±
√(

Λ12

Λ11

)2

+ 1 (3.12)

where the flow components are expressed as

Λ11 = −Λ22 = 2
FG+ FH +GH

G+H

(
σ11 − σ22

)
, Λ12 = 2Lσ12 (3.13)

or, equivalently,

Λ12

Λ11
=

(
G+H

)
L

FG+ FH +GH
· σ12
σ11 − σ22

(3.14)

Therefore, the localization angle θcr depends on the ratio σ12/(σ11 − σ22); see Remark 3.7.

Remark 3.5 It follows from Eq. (3.12) that

tan θcr1 · tan θcr2 = −1 =⇒
∣∣θcr1 − θcr2 ∣∣ = 90◦ (3.15)

Accordingly, the discontinuity lines are perpendicular to each other. �

Remark 3.6 For the case of Λ12 = 0, Eq. (3.12) becomes

tan θcr = 1 =⇒ θcr = ±45◦ (3.16)

This is exactly the result obtained for isotropic plasticity [18,20,21]. �

Remark 3.7 It follows from the transformation (3.9) that

σ12
σ11 − σ22

=
1

2

(
σxx − σyy

)
sin(2α) + 2σxy cos(2α)(

σxx − σyy
)

cos(2α)− 2σxy sin(2α)
(3.17)

Regarding the stresses in the global axes, the following two cases are of interest

σ12
σ11 − σ22

=


1

2
tan(2α) σxy = 0

1

2 tan(2α)
σxx = σyy

(3.18)

In the first case, the principal directions are aligned with the global axes, while in the second one, they are at

45◦ with respect to the global reference. In both cases, the localization angle θcr depends only on the tilt angle

α of the material axes. �
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3.3 Particular examples

In order to make the above results more clear, let us consider the stress state of vertical stretching, i.e.,

σxx = 0, σyy = σ, σxy = 0 (3.19)

along axis y.

For the plane stress condition, it follows from Eqs. (3.9) and (3.10) that

Λ22

Λ11
=

(
F +H

)
cos2 α− F sin2 α(

F +G
)

sin2 α− F cos2 α
(3.20a)

Λ12

Λ11
= − L cosα sinα(

F +G
)

sin2 α− F cos2 α
(3.20b)

The localization angle θcr is then determined from Eq. (3.7). In particular, for the case α = 0, it follows that

tan θcr = ±
√
−Λ22

Λ11
= ±

√
F +H

F
(3.21)

which depends only on the material plastic parameters F and H. This result is coincident with that in [5]

obtained from the “zero rate of extension”.

For the plane strain condition, the localization angle θcr is determined from Eq. (3.12)

Λ12

Λ11
=

1

2

(
G+H

)
L

FG+ FH +GH
tan(2α) (3.22)

For the case α = 0, it follows that

tan θcr = ±1 =⇒ θcr = ±45◦ (3.23)

4 Numerical verifications

In this section the analytical results presented in Section 3 are numerically verified. It is stressed that the

numerical verification is totally independent from the analytical results. That is, these results are not used in

any way in finite element simulations. Perfect plasticity with null modulus H = 0 is considered in this work,

though the present strain localization analysis applies also to plastic-damage models with softening regimes.
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This is because the equations from which the localization angle is obtained, Eq. (2.13) and Eq. (3.7), depend

only on the plastic flow components in the material local system; they do not depend on the softening modulus.

Compelling results for isotropic elastoplastic models with softening regimes are shown in reference [21].

As seen in previous Sections, Hill’s plastic flow is isochoric by definition, and for strain localization to take

place the plastic flow needs to be well developed and, at that stage, the (incompressible) plastic component

of the deformation is dominant over the elastic part. Standard displacement-based finite elements are not well

suited to cope with this quasi-incompressibility situation and this blunder is more evident if low order finite

elements are used. Mixed displacement/pressure (u/p) finite element formulations are far more suitable to tackle

(quasi)-incompressible problems [34]. In previous works, the authors have used mixed displacement-pressure

elements [35,18] and strain-displacement ones [22] in the solution of strain localization problems in isochoric

and quasi-isochoric situations.

In this work, orthotropic elasticity is addressed as well as orthotropic plasticity. In orthotropic elasticity, two

interesting questions arise in contrast to isotropic elasticity. On the one hand, there is no simple scalar relation

between the pressure (or mean stress) and the volumetric strain. This renders inapplicable most developments

related to mixed u/p formulations. This is also the case of some related elements, like the widely used Q1P0,

where the discontinuous constant pressure is eliminated at element level to yield a final formulation in terms of

displacements only. On the other hand, the term “incompressible material” results a contentious matter when

referred to anisotropic solids, see [36] for a discussion on this subject. Fortunately, the B-bar method can be

introduced to deal with anisotropic and non-linear media [37,38]. This method is adopted in this work.

4.1 B-bar finite element

In the standard displacement based finite element method, the strain field ε inside an element is related to the

nodal displacements a by the strain-displacement matrix B (discrete symmetric gradient operator)

ε = Ba (4.1)
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where matrix B is expressed as

B =
[
B1, ...,Bi, ...,Bnn

]
(4.2)

for 1 ≤ i ≤ nn, with nn being the number of nodes in the element. In general 3D cases, sub-matrix Bi and its

volumetric part Bvol
i are expressed in Voigt’s notation as

Bi =



∂Ni,1 0 0

0 ∂Ni,2 0

0 0 ∂Ni,3

∂Ni,2 ∂Ni,1 0

∂Ni,3 0 ∂Ni,1

0 ∂Ni,3 ∂Ni,2



, Bvol
i =

1

3



∂Ni,1 ∂Ni,2 ∂Ni,3

∂Ni,1 ∂Ni,2 ∂Ni,3

∂Ni,1 ∂Ni,2 ∂Ni,3

0 0 0

0 0 0

0 0 0



(4.3)

where Ni is the shape function of node i and ∂Ni,j is its derivative with respect to the jth (1 ≤ j ≤ 3) Cartesian

coordinate. The corresponding deviatoric part is then given by

Bdev
i = Bi −Bvol

i (4.4)

With these definitions, it follows that

ε = Ba =
(
Bdev + Bvol

)
a = εdev +

1

3
εvol1 (4.5)

where εdev = devε and εvol = trε = ∇ · u are the deviatoric and volumetric strains, respectively.

Now, let ng be the number of integration points used to sample the strains and stresses and to integrate

the internal nodal forces in the finite element. Then the average of the strain-displacement sub-matrices, B̄vol
i ,

corresponding to node i, can be computed as

B̄vol
i =

1

ng

ng∑
k=1

Bvol
i (4.6)

The modified B-bar strain-displacement matrix is then defined as

B̄i = Bdev
i + B̄vol

i (4.7)
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As explained in [37], the B-bar method is equivalent to the use of reduced integration for the volumetric part of

the strain energy, while full integration is retained for the deviatoric contribution. Under given circumstances,

a B-bar Q1 element is identical to the mixed Q1P0 element, but obtained through the deviatoric/volumetric

split of the strains rather than the stresses.

4.2 Example: Strip under vertical stretching

In this section, a strip under vertical stretching is considered as shown in Figure 4. Following Hill [5] where

characteristics are defined as “curves along which small disturbances propagates, a sharp horizontal slit is

inserted in the strip to introduce the perturbation necessary to trigger strain localization. The far field stress

state corresponds exactly to that given in Eq. (3.19). The analytical results presented in Section 3.3 are compared

to the corresponding numerical ones.

4.2.1 Isotropic and orthotropic elasticity with von Mises plasticity. Let us consider the reference material of

J2 perfect plasticity, and isotropic elastic behavior with Young’s modulus E0 = 1.0× 107 MPa, Poisson’s ratio

ν0 = 0.2 and the yield strength σY = 1.0× 104 MPa.

Due to the facts σ12 = 0 and Λ12 = 0, the localization angle is given from Eq. (3.8), i.e.,

tan θcr =


±
√

2 Plane stress

±1 Plane strain

=⇒ θcr =


±54.74◦ Plane stress

±45◦ Plane strain

(4.8)

The above results were obtained and numerically validated in previous works [18,21].

As shown in Figures 5 and 6 for the plane stress cases and Figures 7 and 8 for the plane strain cases, the

localization angle θcr depends neither on Young’s modulus nor on Poisson’s ratio, even if they are varied in an

orthotropic fashion.

4.2.2 Othotropic Hill material with no tilt. The Hill orthotropic plasticity material with the local axis 1 coin-

cident with the global one x, i.e., α = 0, is considered. In this case, the analytical localization angle θcr is given

by Eqs. (3.21) and (3.23), respectively.
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Table 1 A strip under plane stress vertical stretching: Localization angles for various σY,11 while σY,22 = σY,33 = σY

are fixed.

Yield strength σY,11 F H tan θcr θcr Angles of slip lines

0.75σY
8

9

(
1

σY

)2
1

9

(
1

σY

)2

±
√

9

8
±46.69◦ ±43.31◦

σY (Isotropic)
1

2

(
1

σY

)2
1

2

(
1

σY

)2

±
√

2 ±54.74◦ ±35.26◦

1.50σY
2

9

(
1

σY

)2
7

9

(
1

σY

)2

±
√

9

2
±64.76◦ ±25.24◦

Table 2 A strip under plane stress vertical stretching: Localization angles for various σY,22 while σY,11 = σY,33 = σY

are fixed.

Yield strength σY,22 F H tan θcr θcr Angles of slip lines

0.75σY
8

9

(
1

σY

)2
8

9

(
1

σY

)2

±
√

2 ±54.74◦ ±35.26◦

σY (Isotropic)
1

2

(
1

σY

)2
1

2

(
1

σY

)2

±
√

2 ±54.74◦ ±35.26◦

1.50σY
2

9

(
1

σY

)2
2

9

(
1

σY

)2

±
√

2 ±54.74◦ ±35.26◦

– Plane stress: Let us first alter the yield strength σY,11 while the other two ones σY,22 and σY,33 are both

fixed as σY . The analytical results are summarized in Tables 1 and 2, against the numerical contours of the

equivalent plastic strain shown in Figure 9.

As can be seen, the alteration of the yield strength σY,11 yields distinct localization angles for the slit under

vertical stretching. Comparatively, alteration of σY,22 does not vary the localization angle since the slit is

stretched along axis y.

– Plane strain: It follows from the analytical result Eq. (3.23) that the localization angle θcr is fixed as 45◦

regardless the alteration of the material yield strengths. This conclusion is validated from the numerical

contours presented in Figure 10.
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For all cases, the analytical results are coincident with the numerical ones as expected.

4.2.3 Othotropic Hill material with tilt. Let us now discuss the Hill orthotropic plasticity with the material

local axis 1 different from the global one x, i.e., α 6= 0. Similarly, the plane stress and plane strain conditions

have to be discriminated.

– Plane stress: The analytical localization angle θcr is given by Eq. (3.7) together with the ratios (3.20). In

particular, some analytical results are summarized in Tables 3, 4, 5 and 6. The numerical contours of the

equivalent plastic strain are shown in Figures 11 to 14.

As can be seen, variation of the yield strengths in both directions yields distinct localization angles.

– Plane strain: Some of the analytical localization angles θcr given by Eq. (3.12) together with the ratios (3.22)

are summarized in Tables 7 and 8. The corresponding numerical contours of the equivalent plastic strain are

shown in Figures 15 and 16.

Compared to the results of plane stress, the variation of the yield strength in both directions has the same

influences on the localization angles.

In all cases, the analytical results are reproduced by the numerical ones. Note again that the above results

given from localization analyses are independent of the frame of reference. However, if the material axes are

not aligned with the direction of straining, the strip is no longer of uniaxial straining in the material axes.

Accordingly, considering material tilting with respect to the direction of straining verifies the results obtained

for multi-directional straining.

4.3 Example: Indentation by a flat rigid die

The second example is the indentation by a flat rigid die shown in Figure 17. This is a well-known 2-D plane

strain problem usually used in the literature to test the ability of plasticity model to capture the failure modes;

see also [5].
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Table 3 A strip under plane stress vertical stretching: Localization angles for σY,11 = 1.50σY at various tilts α.

Tilt α tan θcr θcr θcr + α Angles of slip lines

0◦ −2.1213; 2.1213 64.8◦; −64.8◦ 64.8◦; −64.8◦ −25.2◦; 25.2◦

30◦ −23.906; 0.5229 −87.6◦; 27.6◦ 57.6◦; −57.6◦ −32.4◦; 32.4◦

45◦ 0.2644; 13.236 14.8◦; 85.7◦ 59.8◦; 130.7◦ −30.2◦; 40.7◦

60◦ 0.0651; 4.6115 3.7◦; 77.8◦ 63.7◦; 137.8◦ −26.3◦; 47.8◦

Table 4 A strip under plane stress vertical stretching: Localization angles for σY,11 = 0.75σY at various tilts α.

Tilt α tan θcr θcr θcr + α Angles of slip lines

0◦ −1.0607; 1.0607 46.7◦; −46.7◦ 46.7◦; −46.7◦ −43.3◦; 43.3◦

30◦ −6.2271; 0.3814 −80.9◦; 20.9◦ 50.9◦; −50.9◦ −39.1◦; 39.1◦

45◦ 0.0375; 3.3375 2.1◦; 73, 3◦ 47.1◦; 118.3◦ −42.9◦; 28.3◦

60◦ −0.2620; 1.4312 −14.7◦; 55.1◦ 45.3◦; 115.1◦ −44.7◦; 25.1◦

Table 5 A strip under plane stress vertical stretching: Localization angles for σY,22 = 1.50σY at various tilts α.

Tilt α tan θcr θcr θcr + α Angles of slip lines

0◦ −1.1414; 1.1414 54.7◦; −54.7◦ 54.7◦; −54.7◦ −35.3◦; 35.3◦

30◦ 0.2169; 15.3716 12.2◦; 86.3◦ 42.2◦; 116.3◦ −47.8◦; 26.3◦

45◦ 0.0756; 3.7816 4.3◦; 75.2◦ 49.3◦; 120.2◦ −40.7◦; 30.2◦

60◦ −0.0418; 1.9124 −2.4◦; 62.4◦ 57.6◦; 122.4◦ −32.4◦; 32.4◦

Table 6 A strip under plane stress vertical stretching: Localization angles for σY,22 = 0.75σY at various tilts α.

Tilt α tan θcr θcr θcr + α Angles of slip lines

0◦ −1.1414; 1.1414 54.7◦; −54.7◦ 54.7◦; −54.7◦ −35.3◦; 35.3◦

30◦ −3.8164; 0.6987 −75.3◦; 34.9◦ −45.3◦; 64.9◦ 44.7◦; −25.1◦

45◦ 0.2996; 26.700 16.7◦; 87.9◦ 61.7◦; 132.9◦ −28.3◦; 42.9◦

60◦ −0.1606; 2.6219 −9.1◦; 69.1◦ 50.9◦; 129.1◦ 39.1◦; 39.1◦



22 Miguel Cervera et al.

Table 7 A strip under plane strain vertical stretching: Localization angles for σY,11 = 1.50σY or σY,22 = 1.50σY at

various tilts α.

Tilt α tan θcr θcr θcr + α Angles of slip lines

0◦ −1.0000; 1.0000 45.0◦; −45.0◦ 45.0◦; −45.0◦ −45.0◦; 45.0◦

30◦ −6.7251; 0.1487 −81.5◦; 8.5◦ −51.5◦; 38.5◦ 38.5◦; −51.5◦

45◦ 0; −∞ 0.0◦; −90.0◦ 45.0◦; −45.0◦ −45.0◦; 45.0◦

60◦ −0.1487; 6.7251 −8.5◦; 81.5◦ 51.5◦; 141.5◦ −38.5◦; 51.5◦

Table 8 A strip under plane strain vertical stretching: Localization angles for σY,11 = 0.75σY or σY,22 = 0.75σY at

various tilts α.

Tilt α tan θcr θcr θcr + α Angles of slip lines

0◦ −1.0000; 1.0000 45.0◦; −45.0◦ 45.0◦; −45.0◦ −45.0◦; 45.0◦

30◦ −2.9675; 0.3370 −71.4◦; 18.6◦ −41.4◦; 48.6◦ 48.6◦; −41.4◦

45◦ 0; −∞ 0.0◦; −90.0◦ 45.0◦; −45.0◦ −45.0◦; 45.0◦

60◦ −0.3370; 2.9675 −18.6◦; 71.4◦ 41.4◦; 131.4◦ −48.6◦; 41.4◦

As shown in Figure 18, the material right under the rigid die is almost under uniaxial vertical loading in

the global axes, i.e., σxy = 0. In accordance with Remark 3.7, the localization angle θcr is determined from Eq.

(3.12) with the following ratio

Λ12

Λ11
=

1

2

(
G+H

)
L

FG+ FH +GH
tan(2α) (4.9)

for the tilt α.
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4.3.1 Isotropic von Mises material. Similarly as before, let us first consider the reference isotropic material of

J2 perfect plasticity, with Young’s modulus E0 = 1.0×107 MPa, Poisson’s ratio ν0 = 0.2 and the yield strength

σY = 1.0× 104 MPa.

As shown in Figure 19, the localization angle is fixed θcr = 45◦ regardless of the elastic constants. It is

worthy noting that the failure modes are symmetric and corresponds to the claimed Prandtl’s solution.

4.3.2 Orthotropic Hill material with no tilt. It follows from α = 0 that Λ12/Λ11 = 0. Accordingly, the local-

ization angle is also fixed as θcr = 45◦ regardless of the material yield strength; see Figure 20 for the numerical

results.

4.3.3 Orthotropic Hill material with tilt. As the localization angle depends only on the tilt, regardless of the

stresses, the results coincide with those for the slit under plane strain vertical stretching. Therefore, the analytical

localization angles summarized in Tables 7 and 8 also apply here. The numerical results presented in Figures

21 and 22 validate this conclusion.

As can be seen, due to the tilt of the material axes the failure modes are no longer symmetric. Note that

the results for α = 45◦ are identical to those for α = 0◦ and the results for α = 30◦ are symmetric to those for

α = 60◦ in both figures.

Note that in all cases the obtained results agree with those of Hill [5] for rigid-plastic materials.

5 Conclusions

In this work the strain localization analysis of Hill’s orthotropic plasticity is addressed. Similarly to our previous

work on isotropic plastic or damage models, the localization condition is derived from the boundedness of stress

rates together with Maxwell’s kinematics. That is, the plastic flow components perpendicular to the discontinuity

normal vector vanish upon strain localization. Compared to the classical work based on the discontinuous

bifurcation analysis, in the material axes the localization angles are independent from the elastic constants, but

rather, they depend exclusively on the material parameters involved in the plastic yield function. This turns out
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to be coincident with Hill’s results for strictly incompressible rigid-plastic problems, extending them to general

elasto-plastic materials.

In 2-D plane stress and plane strain situations, application of the above localization condition to Hill’s

orthotropic plasticity yields closed-form solutions of the localization angles. In particular, the discontinuity lines

in plane strain conditions are always perpendicular to each other, and the localization angle depends only on

the tite angle of the material axes for the case of shear stress free states.

The analytical results are validated independently by numerical simulations. Being the plastic flow purely

isochoric, the B-bar finite element is employed to deal with the incompressibility of the plastic flow. Regarding a

horizontal slit under vertical stretching and Prandtl’s punch test in plane strain, numerical results are presented

for both the isotropic plasticity and the orthotropic one with or without tilt angle between the material axes

and the global ones. In all cases, the critical angles predicted from the localization condition coincide with those

given by numerical simulations. Interestingly, as for Prandtl’s punch test in plane strain the material right under

the rigid footing is almost free of shear stresses, the localization angles are also independent from the stress

state and can be determined as those for a slit under vertical stretching.
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14. J.C. Simó, J. Oliver, and F. Armero. An analysis of strong discontinuities induced by strain-softening in rate-

independent inelastic solids. Comput. Mech., 12:277–296, 1993.

15. J. Oliver. Modeling strong discontinuities in solid mechanics via strain softening constitutive equations. part i:

Fundamentals; part ii: Numerical simulation. International Journal for Numerical Methods in Engineering, 39:3575–

3600; 3601–3623, 1996.

16. J. Oliver, M. Cervera, and O. Manzoli. Strong discontinuities and continuum plasticity models: the strong disconti-

nuity approach. Int. J. Plast., 15:319–351, 1999.

17. J. Oliver. On the discrete constitutive models induced by strong discontinuity kinematics and continuum constitutive

equations. International Journal of Solids and Structures, 37:7207–7229, 2000.



26 Miguel Cervera et al.

18. M. Cervera, M. Chiumenti, and D. Di Capua. Benchmarking on bifurcation and localization in j2 plasticity for plane

stress and plane strain conditions. Comput. Methods Appl. Mech. Eng., 241244:206224, 2012.

19. J. Oliver, A. E. Huespe, and I. F. Dias. Strain localization, strong discontinuities and material fracture: Matches and

mismatches. Comput. Methods Appl. Mech. Eng., 241:323–336, 2006.

20. J. Y. Wu and M. Cervera. On the equivalence between traction- and stress-based approaches for the modeling of

localized failure in solids. Journal of the Mechanics and Physics of Solids, 82:137–163, 2015.

21. J. Y. Wu and M. Cervera. A thermodynamically consistent plastic-damage framework for localized failure in quasi-

brittle solids: Material model and strain localization analysis. International Journal of Solids and Structures, 88-

89:227–247, 2016.

22. J. Y. Wu and M. Cervera. Strain localization of elastic-damaging frictional-cohesive materials: Analytical results and

numerical verification. Materials, 10:434; doi:10.3390/ma10040434, 2017.

23. M. Cervera, M. Chiumenti, L. Benedetti, and R. Codina. Mixed stabilized finite element methods in nonlinear solid

mechanics. part iii: Compressible and incompressible plasticity. Comput. Methods Appl. Mech. Eng., 285:752–775,

2015.

24. O. Hoffman. The brittle strength of orthotropic materials. J. Comp. Mater., 1:200–206, 1967.

25. S. W. Tsai and E. M. Wu. A general theory of strength for anisotropic materials. J. Comp. Mater., 5:58–80, 1971.

26. S. Oller, E. Car, and J. Lubliner. Definition of a general implicit orthotropic yield criterion. Comput. Methods Appl.

Mech. Engrg., 192:895–912, 2003.
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Fig. 3 Definition of the localization angle θcr between the normal vector n of the discontinuity and the material local

axis 1.
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10m
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Fig. 4 A strip under vertical stretching: Dimensions. The bottom and top edges are vertically stretched along opposite

directions but with equal magnitude.
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(a) E11 = 1.5E0 (b) E11 = E22 = E0 (c) E22 = 1.5E0

Fig. 5 A strip under vertical stretching (plane stress): Influence of Young’s moduli on the localization angle θcr = 54.7◦

(a) ν0 = 0.0 (b) ν0 = 0.2 (c) ν0 = 0.4

Fig. 6 A strip under vertical stretching (plane stress): Influence of Poisson’s ratio on the localization angle θcr = 54.7◦
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(a) E11 = 1.5E0 (b) E11 = E22 = E0 (c) E22 = 1.5E0

Fig. 7 A strip under vertical stretching (plane strain): Influence of Young’s moduli on the localization angle θcr = 45◦

(a) ν0 = 0.0 (b) ν0 = 0.2 (c) ν0 = 0.4

Fig. 8 A strip under vertical stretching (plane strain): Influence of Poisson’s ratio on the localization angle θcr = 45◦
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(a) σY,11 = 0.75σY (b) σY,11 = σY (c) σY,11 = 1.50σY

(d) σY,22 = 0.75σY (e) σY,22 = σY (f) σY,22 = 1.50σY

Fig. 9 A strip under vertical stretching (plane stress): Influence of the yield strengths σY,11 and σY,22 on the localization

angle θcr = 54.7◦
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(a) σY,11 = 0.75σY (b) σY,11 = σY (c) σY,11 = 1.50σY

(d) σY,22 = 0.75σY (e) σY,22 = σY (f) σY,22 = 1.50σY

Fig. 10 A strip under vertical stretching (plane strain): Influence of the yield strength σY,11 and σY,22 on the localization

angle θcr = 45◦.
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(a) α = 0◦ (b) α = 30◦ (c) α = 45◦ (d) α = 60◦

Fig. 11 A strip under vertical stretching (plane stress): Influence of the yield strength σY,11 = 1.5σY on the localization

angle θcr.

(a) α = 0◦ (b) α = 30◦ (c) α = 45◦ (d) α = 60◦

Fig. 12 A strip under vertical stretching (plane stress): Influence of the yield strength σY,11 = 0.75σY on the localization

angle θcr.
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(a) α = 0◦ (b) α = 30◦ (c) α = 45◦ (d) α = 60◦

Fig. 13 A strip under vertical stretching (plane stress): Influence of the yield strength σY,22 = 1.5σY on the localization

angle θcr.

(a) α = 0◦ (b) α = 30◦ (c) α = 45◦ (d) α = 60◦

Fig. 14 A strip under vertical stretching (plane stress): Influence of the yield strength σY,22 = 0.75σY on the localization

angle θcr.
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(a) α = 0◦ (b) α = 30◦ (c) α = 45◦ (d) α = 60◦

Fig. 15 A strip under vertical stretching (plane strain): Influence of the yield strength σY,11 = 1.5σY or σY,22 = 1.5σY

on the localization angle θcr.

(a) α = 0◦ (b) α = 30◦ (c) α = 45◦ (d) α = 60◦

Fig. 16 A strip under vertical stretching (plane strain): Influence of the yield strength σY,11 = 0.75σY or σY,22 = 0.75σY

on the localization angle θcr.
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4m 2m 4m

3m

F

Fig. 17 Indentation by a flat rigid die: Dimensions and loading. The bottom edge is fixed in both direction, while the

left and right edges are constrained along the horizontal direction.

Fig. 18 Indentation by a flat rigid die: Directions of principal stresses around the rigid footing.
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(a) E11 = 1.5E0 (b) ν0 = 0.0

(c) E11 = E22 = E0 (d) ν0 = 0.2

(e) E22 = 1.5E0 (f) ν0 = 0.4

Fig. 19 Indentation by a flat rigid die: Influence of Young’s modulus and Poisson’s ratio on the localization angle θcr.

(a) σY,11 = 0.75σY (b) σY,22 = 0.75σY

(c) σY,11 = σY (d) σY,22 = σY

(e) σY,11 = 1.50σY (f) σY,22 = 1.50σY

Fig. 20 Indentation by a flat rigid die: Influence of the material yield strengths σY,11 and σY,22 on the localization angle

θcr.
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(a) α = 0◦ (b) α = 30◦

(c) α = 45◦ (d) α = 60◦

Fig. 21 Indentation by a flat rigid die: Influence of the material yield strengths σY,11 = 1.5σY or σY,22 = 1.5σY on the

localization angle θcr.

(a) α = 0◦ (b) α = 30◦

(c) α = 45◦ (d) α = 60◦

Fig. 22 Indentation by a flat rigid die: Influence of the material yield strengths σY,11 = 0.75σY and σY,22 = 0.75σY on

the localization angle θcr.

View publication statsView publication stats

https://www.researchgate.net/publication/336346775


Publications included in the compendium    131 

 

 

 

 

 

 

 

 

 

 

Accurate and locking-free analysis of beams, plates and shells 
using solid elements 

 
S. Saloustros, M. Cervera, S. Kim and M. Chiumenti 

Computational Mechanics 

Volume 67, pp. 883–914 (2021) 

 

Editor-in-Chief: Prof. Dr. Peter Wriggers 

PRINT ISSN: 0178-7675 

Journal Editors - Springer  

https://doi.org/10.1007/s00466-020-01969-0 

 

https://doi.org/10.1007/s00466-020-01969-0




Author’s version of paper published in Computational Mechanics

Accurate and locking-free analysis of beams, plates and shells
using solid elements

Savvas Saloustrosa · Miguel Cerveraa,b · Sungchul Kima · Michele
Chiumentia,b

Accepted: 28 December 2020

Abstract This paper investigates the capacity of solid
finite elements with independent interpolations for dis-
placements and strains to address shear, membrane
and volumetric locking in the analysis of beam, plate
and shell structures. The performance of the pro-
posed strain/displacement formulation is compared to
the standard one through a set of eleven benchmark
problems. In addition to the relative performance of
both finite element formulations, the paper studies
the effect of discretization and material characteris-
tics. The first refers to different solid element typolo-
gies (hexahedra, prisms) and shapes (regular, skewed,
warped configurations). The second refers to isotropic,
orthotropic and layered materials, and nearly incom-
pressible states. For the analysis of nearly incompress-
ible cases, the B-bar method is employed in both stan-
dard and strain/displacement formulations. Numerical
results show the enhanced accuracy of the proposed
strain/displacement formulation in predicting stresses
and displacements, as well as producing locking-free
discrete solutions, which converge asymptotically to the
corresponding continuous problems.
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1 Introduction

Finite element modelling is a common practice today
in the design and structural assessment of new and ex-
isting engineering structures. It has been a long way
to come to this point with important milestones inclu-
uding: technological advances in computer hardware,
making personal computers with large processing ca-
pacities accessible to engineering offices; incorporation
of Finite Element (FE) method courses into engineer-
ing curricula, training new engineers on the use of FE
models; and continuous research on the further develop-
ment of FE technologies (e.g. finite elements, constitu-
tive models, etc.), enhancing the reliability on the accu-
racy of FE solutions. Despite the important changes in
the used tools and training in the engineering practice,
the FE formulations employed today and those of the
first FEM applications in the 1950s share a common
standpoint; the use of (standard) displacement based
finite elements.

Displacement based finite elements (referred here-
after to as standard FEs) have a single primal variable,
which is the displacement field at the nodes. Standard
elements are conveniently used for the analysis of any
engineering structure and form the basis of the vast
majority of commercial and research FE software. Nev-
ertheless, under certain conditions related to the ma-
terial properties, the geometry and the discretization,
standard FEs suffer from important inefficiencies that
influence the accuracy of the FE solution. Element lock-
ing is one of the most common pathologies, referring
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to the computation of displacements that are orders of
magnitude lower than the actual solution [1, 2, 3]. El-
ement locking is common under certain loading (e.g.
shear locking under bending), geometry (e.g. locking
of thin plates) and material conditions (e.g. volumetric
locking in incompressible materials). Additionally, the
accuracy of standard FEs is sensitive to mesh distor-
tion (e.g. warped elements, small aspect ratios, irregu-
lar shapes).

The lower accuracy in the computation of displace-
ments has an immediate effect in the calculation of
stresses, and thus in the structural analysis of engineer-
ing structures. For instance, the design of a new shell
structure or the structural assessment of an existing one
depends on the capacity to identify accurately the com-
pressive and tensile stress fields within them. This is es-
pecially important for shell structures made from mate-
rials with low tensile capacity, as for instance masonry,
the equilibrium of which relies in the formation of a sys-
tem of compressive thrusts within the thickness of the
shell [4, 5, 6]. Membrane locking is a common pathol-
ogy when modelling curved thin shells under bending
with standard FEs [7, 8, 9, 10], attributed to the poor
choice of the displacement interpolation space and thus
the inability to model pure bending modes. The re-
sult of membrane locking is an artificial increase in the
stiffness and the erroneous estimation of displacement
and stress fields. Similarly, standard FEs used for the
modelling of thin plates under bending exhibit severe
shear locking manifested again as a spurious increase
of the transverse shear strains resulting in an overstiff
response [9, 2, 3]. Standard FEs suffer also from volu-
metric locking in quasi-incompressible situations, such
as when Poisson’s ratio approaches a value of 0.5 [2].

The use of solid elements for modelling struc-
tural elements, such as beams, plates and shells,
has always been attractive due to their versa-
tile use for modelling arbitrary geometries (e.g.
linear/curved, thin/thick), construction details (e.g.
element-stiffeners, web-perforated steel beams, layered
elements), as well as transitions between different struc-
tural elements. Solid elements allow for the use of gen-
eral strain-driven constitutive relationships and they
avoid the introduction of rotational degrees of freedom
and awkward boundary conditions alternatives (“soft”
and “hard” supports), as well as compatibility issues
when the structural model requires more than one type
of element. Additionally, the discretization of a struc-
tural element with solid elements avoids the introduc-
tion of additional kinematical hypotheses (e.g. planar
sections, shear stresses and warping through the thick-
ness, etc.).

The above motivated the development of the solid-
shell concept by Wriggers and coworkers [11, 12, 13],
Hauptmann et al. [14, 15] and Sze et al. [16], which used
only displacement degrees of freedom and proved to be
locking-free in many situations. Having as their objec-
tive the material and geometrical non-linear modelling
of shells and deep drawing processes of metal sheets,
solid-shell elements make use of the assumed enhanced
method (EAS) to include higher order modes, which
standard linear FE quadrilateral elements do not pos-
sess, in order to improve their bending behavior. EAS,
introduced by Simo and Rifai [17] and extended by
Simo, Armero, Taylor and Pister [18, 19, 19, 20], is con-
ceived as a mixed method in which the additional strain
modes are discontinuous and defined elementwise, so
that they can be solved at element level, thus yield-
ing only displacement degrees of freedom at the nodes.
The enhancing modes were firstly termed as incompat-
ible modes, and later as non-conforming modes. Ad-
ditionally, the Assumed Natural Strain method (ANS)
was called into play to circumvent shear and membrane
locking [14, 16, 21, 22, 23]. In parallel, hexahedral el-
ements with reduced integration and hourglass stabi-
lization were also used in this context [24, 25]. These
successful elements rely in the improvement of the dis-
crete strain field with the addition of selected strain
modes, which are devised ad-hoc so that the enhanced
element shows the desired performance. However, for
those elements that are stable, these enhancements can-
not achieve a higher asymptotic rate of convergence of
displacements than that of the underlying lineal ele-
ment. Interpolating with the full quadratic polynomial
would be required for achieving this. Convergence of
strains, obtained by discrete differentiation of the dis-
placement field, is one order lower, resulting in turn in
a poor convergence of stresses. Wriggers and Korelc [13]
give an early road map for later developments and Kim
et al. [21] offer an overview of them.

In this work, we present a thoroughly different ap-
proach for the analysis of structural elements under
the aforementioned conditions in which standard dis-
placement based FEs fall short in accuracy and relia-
bility: the use of finite elements with independent inter-
polations for strains and displacements (referred here-
after to as ε/u FEs). This procedure is closely related
to using the mixed Hu-Washizu and Hellinger-Reissner
variational principles [26]. Both interpolated fields, dis-
placements and strains, are complete and continuous,
or fully compatible and conforming, and their respec-
tive values are solved at the nodes of the mesh. In fact,
equal interpolations are used for both of them. Con-
sequently, this work does not present a new element
technology, but the assessment of a mixed solid finite
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element formulation applied to the challenging problem
of shell behavior.

The advantages of such setting are manifold: (i) the
corresponding continuum and discrete variational for-
mulations are fully general and straight-forwardly de-
rived from the strong form of the problem, (ii) beam,
plate or shell behavior hypotheses are not invoked or
enforced, (iii) the ε/u FEs can be used in 2D and 3D,
and they can be of any shape (triangular, quadrilateral,
tetrahedral, hexahedral, prismatic) and support any de-
gree of interpolation (linear, quadratic, etc.), (iv) stan-
dard full numerical integration rules are used, (iv) the
ensuing FE formulation, if stability is ensured, displays
not only better displacement accuracy, but more im-
portantly, a higher strain and stress asymptotic rate of
convergence than the corresponding standard FE, (vi)
sensibility to mesh distortion is very small, and (vii)
due to the choice of an independent interpolation of the
strains, rather than the stresses, the ε/u FEs are readily
available for nonlinear analysis, as most of the constitu-
tive models used in FE practice are strain-driven [27].

The use of two primal variables instead of one, as
in standard FEs, positions the present element in the
category of multifield FE approaches and in particular
in the mixed FE approaches [28]. Once the problems
related to the stability of mixed formulations are satis-
factorily addressed [29, 30], they are able to overcome
all the above deficiencies of the standard formulation,
providing accurate and locking-free solutions in both
displacements and stresses [31]. Evidence is provided
to show that the increase in the number of degrees of
freedom is overturned by the greater rate of conver-
gence.

The paper presents the use of ε/u FEs in the anal-
ysis of eleven benchmark problems of beam, shell and
plate structures. These benchmark tests are those com-
monly used in FE literature to test elements in the sit-
uations of interest and they cover several aspects in-
fluencing the accuracy of standard FEs. The first one
concerns loading situations inducing element locking,
such as bending of thin plates and shells. The second
one refers to different discretization choices, such as ele-
ment types (hexahedra vs. prisms) and shapes (regular
vs. distorted meshes).The third one is the simulation
of isotropic, orthotropic and layered materials. Finally,
the last investigated aspect is related to the analysis of
nearly incompressible materials (ν ≈ 0.5). In this latter
case, we employ the use of the B-bar method [32, 33, 34]
to address volumetric locking.

The paper is structured in the following way. Section
2 presents the finite element formulation with indepen-
dent strain/displacement interpolations, and section 3
the implementation in a Finite Element (FE) frame-

work. The use of the B-bar method in both standard
and ε/u FEs is described in section 4. Section 5 presents
the application of ε/u and standard formulations in a
set of eleven problems of beam, shell and plate struc-
tures. The paper closes with some concluding remarks
in section 6. Five appendices at the end of the paper
present the details related to the implementation and
the numerical parameters of the ε/u FEs, as well as a
comparison with different solid-shell and solid FE for-
mulations.

2 Independent ε/u finite element interpolation

This section presents the finite element formulation
with independent ε/u interpolations in compact form
adopting Voigt’s convention for symmetric tensors. The
detailed form of the vectors and matrices used hereafter
is reported in Appendix A. The present finite element
formulation belongs in the family of mixed formulations
that simultaneously resolve multiple fields of interest
[30], the displacements and the strains in this case.

The mechanical boundary value problem of interest
is defined in terms of the displacement u, the strain ε,
the stress σ and the force f vectors. The compatibility
equation (1) establishes the local relationship between
the strain and displacements fields as

ε = Su (1)

where S is the symmetric gradient operator. Cauchy’s
equilibrium equation (2) relates the local stresses with
the body forces as

STσ + f = 0 (2)

where ST is the differential divergence operator, adjoint
to S in Eq. (1). Finally, the constitutive equation (3)
associates the stress and strain vectors as

σ = Ds ε (3)

with Ds standing for the secant constitutive matrix.
Some manipulation of Eqs. (1)-(3) gives the sym-

metric strong form of the boundary value problem in
terms of ε and u. In particular, pre-multiplying Eq. (1)
by the secant constitutive matrix Ds and introducing
Eq. (3) into Eq. (2) we obtain

−Ds ε+Ds Su = 0 (4)

ST (Ds ε) + f = 0, (5)

which together with the proper boundary conditions
define the strong form of the ε/u independent interpo-
lation formulation.
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The boundary conditions are imposed on the bound-
ary of the body Γ and are applied in Γu and Γt, corre-
sponding to Dirichlet’s boundary conditions (prescibed
displacements) and Newman’s boundary conditions
(prescribed tractions), such that Γ = Γu ∪ Γt and
{�} = Γu ∩ Γt.

Observe that the introduction of Eq. (4) into Eq. (5)
would eliminate the strains as independent unknowns,
yielding the standard irreducible formulation in terms
of displacements only.

The variational formulation is obtained in two steps.
First, we pre-multiply Eq. (4) by an arbitrary virtual
strain vector δε and integrate over the spatial domain
Ω. Second, we pre-multiply Eq. (5) by an arbitrary vir-
tual displacement vector δu and integrate over the spa-
tial domainΩ. Then, we apply in the latter equation the
Divergence Theorem, assuming that the boundary con-
ditions vanish on Γu, i.e. δu = 0 on Γu (see Appendix
B). With the above manipulations, the variation form
of the ε/u independent formulation is expressed by the
following two equations

−
∫
Ω

δεTDsε dΩ +

∫
Ω

δεTDsSu dΩ = 0 ∀δε (6)

∫
Ω

(Sδu)
T

(Dsε) dΩ

=

∫
Ω

δuTf dΩ +

∫
Γt

δuT t̄ dΓ (7)

Equation (6) corresponds to the weak form of the con-
stitutive and compatibility relationships and equation
(7) to the Principle of Virtual Work, as the right hand
side term represents the virtual work done by the trac-
tions t̄ = ḠTDsε and the body forces f , with ḠT being
the projection matrix (see Appendix A). The nontrivial
case with prescribed displacements u = ū on Γu can be
accomodated following standard arguments. Note that
eqs. (6)-(7) are symmetric.

Summarizing, the symmetric weak form statement
of the presented boundary value problem is to find the
unknown displacements u and strains ε that verify the
system of equations (6)-(7) and the boundary condi-
tions imposed on Γu and Γt.

Note that in view of equation (3), for constant
Ds, the system of equations (6)-(7) can be understood
as the stationary conditions of the classical Hellinger-
Reissner functional. For non-constant or non-uniform
Ds, the present formulation is closely related, but not
identical, to classical Hellinger-Reissner methods.

3 Finite Element approximation

In the FE approximation of the above boundary value
problem, the domain is discretized in finite elements
(Ωe), so that Ω ∼=

∑
Ωe and displacements u and

strains ε are approximated as û and ε̂ defined as

u ∼= û = NuU (8)
ε ∼= ε̂ = NεE (9)

where U and E are displacement and strain vectors
representing the values of û and ε̂, respectively, at the
nodes of the finite element mesh. Nu and Nε are the
matrices containing the interpolation functions adopted
in the FE approximation. The submatrices of Nu and
Nε are diagonal matrices and the corresponding com-
ponents are N (i)

u and N (i)
ε interpolation functions, with

(i) representing the node counter.
Note that equations (8)-(9) illustrate the basic dif-

ference of the current formulation compared to the stan-
dard one, which is the use of independent interpolation
functions for displacements and strains. On the con-
trary, in the standard formulation strains are a function
of the displacements computed as

ε ∼= ε̃ = SNuU = BuU (10)

where Bu = SNu is the discrete strain-displacement
matrix. The submatrices of Bu have the structure cor-
responding to the S operator (see Appendix A) and
their components are the Cartesian derivatives of the
N

(i)
u . In the ε/u independent interpolation formulation,

the discrete virtual displacements δu and virtual strains
δε are described in the Galerkin method with the same
approximation as

δu ∼= δû = NuδU (11)
δε ∼= δε̂ = NεδE. (12)

It is noted that in the following, integrals over the do-
main Ω are understood as the sum of the integrals over
the elements in the finite element mesh∫
Ω

(·)dΩ =
∑
e

∫
Ωe

(·)dΩe (13)

while U , E, δU and δE are interpreted as the nodal
values over the whole FE mesh. This implies the corre-
sponding assembling operations for elemental matrices
and vectors into global entities.

Introducing equations (8)-(12) into equations (6)-
(7), the discrete weak form of the ε/u independent FE
formulation becomes

−
∫
Ω

δETNT
ε DsNεE dΩ

+

∫
Ω

δETNT
ε DsBuU dΩ = 0 ∀δE (14)
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Ω

δUTBT
u (DsNεE) dΩ

=

∫
Ω

δUTNT
u f dΩ +

∫
Γt

δUTNT
u t̄ dΓ ∀δU (15)

The first term in equation (15) is the internal work Û
done by the stresses σ̂ = DsNεE. The second term in
equation (15) corresponds to the work Ŵ done by the
tractions t̄ and body forces f .

Considering that the virtual displacements δU and
the virtual strains δE are arbitrary, the system of equa-
tions of the mixed Galerkin method becomes

−
(∫

Ω

NT
ε DsNε dΩ

)
E

+

(∫
Ω

NT
ε DsBudΩ

)
U = 0 (16)

(∫
Ω

BT
uDsNε dΩ

)
E

=

∫
Ω

NT
u f dΩ +

∫
Γt

NT
u t̄ dΓ (17)

which can be written in matrix form as[
−M G

GT 0

] [
E

U

]
=

[
0

F

]
(18)

In the above equation, [E,U ]
T is the array of the nodal

values of strains and displacements. M is a mass-like
projection matrix,G is the discrete gradient matrix and
F is the vector of external forces defined as

M =

∫
Ω

NT
ε DsNεdΩ (19)

G =

∫
Ω

NT
ε DsBudΩ (20)

F =

∫
NT
u fdΩ +

∫
Γt

NT
u t̄dΓ. (21)

Note again that the discrete system of equations (18) is
symmetric and can be expressed only in terms of nodal
displacements U in the following way. Using the first
equation in (18), the nodal values for the strains can be
obtained as

E = M−1GU (22)

which introduced in the second equation in (18) gives

U =
(
GTM−1G

)−1
F (23)

where
(
GTM−1G

)−1 is the Schur complement of −M
in the system of equations (18).

It is noted that the use of equal interpolations for
the displacements and strains in equations (8)-(9) does

not satisfy the Inf-Sup condition [29, 35, 30], resulting
in an unstable solution in which uncontrollably spurious
oscilations may appear in the computed displacement
field. Solid elastic FEs with independent interpolations
of strain and displacement that satisfy the Inf-Sup con-
dition are strikingly scarce [36, 37, 38]. They use ad-hoc
designed interpolations of stress and displacement fields
with a multiplicity of nodes, which in turn host differ-
ent nodal variables. These interpolations make difficult
the use of these mixed elements in practical engineer-
ing problems. Alternatively, independent interpolations
may be chosen circumventing the strictness of the Inf-
Sup condition using a stabilisation method to provide
the necessary stability. In this way, equal order inter-
polation may be used, with nodes located in the usual
positions and all of them hosting the same nodal vari-
ables (see Appendix C). Following this procedure, the
final system of equations for the ε/u independent inter-
polation FE problem becomes

[
−Mτ Gτ

GT
τ Kτ

] [
E

U

]
=

[
0

F

]
(24)

with

Mτ = (1− τε)M (25)

GT
τ = (1− τε)G (26)

Kτ = τε

∫
Ω

BT
uDsBudΩ︸ ︷︷ ︸

K

= τεK (27)

where τε = [0, 1] is a stabilization parameter (see Ap-
pendix C).

The nodal values U can be formally computed in
the stabilized system (24) as

U =
(
GτTM−1

τ Gτ +Kτ

)−1
F (28)

The stabilization ensures definitiveness, uniqueness and
stability of the solution ifK is positive definite. Observe
that for τε = 1 the stable solution of the standard form
U = K−1F is recovered.

Linear interpolation is used in this paper for both
the E and U fields. Higher order equal interpolations
are identically derived.

In this work, the presented FE formulation is used
for the investigation of accuracy in stress and displace-
ments of beams, plates and shells in the linear elastic
range. Its extention to geometrical and material non-
linear problems is possible as shown in [31, 39, 40].



6 Savvas Saloustrosa et al.

4 B-bar finite element

The use of the B-bar method in the standard formu-
lation with quadrilateral and hexahedral elements al-
lows to solve quasi-incompressible problems avoiding
volumetric locking. It is known to be equivalent to the
underintegration of the volumetric energy and to the
use of an underlying piecewise constant interpolation
of the volumetric strain (and the mean-stress). It will
be shown here that the B-bar method serves an identi-
cal purpose in the ε/u formulation, following the same
arguments. The discrete strain displacement matrix can
be split in terms of its volumetric and deviatoric com-
ponents as

Bu = Bvol
u +Bdev

u . (29)

Let us now consider ng as the number of integration
points used in the finite element. The average of the
strain-displacement sub-matrices, B̄vol

u , can be com-
puted as

B̄vol
u =

1

ng

ng∑
k=1

Bvol
uk

(30)

Using this, a modified B-bar discrete strain-
displacement matrix is defined as

B̄u = Bdev
u + B̄vol

u . (31)

The above equation represents the classical form of
the B-bar method for implementation in the standard
irreducible FE formulation. The extension of the B-bar
method to the presented formulation with ε/u indepen-
dent interpolations, defined as B̄ε

u, is straightforward

B̄ε
u = Bdev

u +
[
τεB̄

vol
u + (1− τε)Bvol

u

]
= B̄u + (1− τε)

[
Bvol
u − B̄vol

u

]
(32)

Observe that for a τε = 1, B̄ε
u = B̄u, i.e. equation (31)

is recovered.
In virtue of the above, the use of the B-bar method

in the presented ε/u independent formulation is possi-
ble by using in the final system of equations (24) the
following versions of GT

τ and Kτ matrices

GT
τ = (1− τε)

∫
Ω

NT
ε DsB̄ε

udΩ (33)

Kτ = τε

∫
Ω

B̄ε
u
T
DsB̄ε

udΩ. (34)

5 Benchmark Tests

This section presents the use of the ε/u independent
interpolation solid finite elements (called hereafter as
ε/u FEs) for the analysis of eleven compressible and
nearly incompressible problems in beam, shell and plate
structures. The usual form of the B-matrix (see Eq.
(41)) is adopted in all cases, apart from the analysis of
nearly incompressible tests, where the B-bar method is
employed (section 5.5).

For all cases, geometry, material properties and
loads are given in a self-consistent set of units. The re-
sults obtained using ε/u FEs are compared in each case
with those of the standard FEs and, whenever available,
with reference analytical solutions. Results are repre-
sented in terms of displacements and stresses at spe-
cific locations, as well as stress distribution within the
analysed structure and deformed shapes. Relative error
of a quantity [X] is computed as 1 − [X]FEM/[X]ref .
In cases where stress values are compared at a node,
the values reported for standard FEs correspond to the
continuous projection Ph(Dsε) evaluated at the mesh
nodes, rather than the actual discontinuous stresses
Dsε evaluated at the integration points. This projec-
tion is advantageous for the standard FEs, as it results
in better values than those actually computed.

5.1 Twisted beam - Warp effect

The effect of warp on solid finite elements is investigated
through the twisted beam test, proposed by Macneal
and Harder [41]. The problem consists in the applica-
tion of a force with different directions at the free end of
a cantilever twisted beam and has been analysed in the
literature with solid [42, 37], shell [43] and solid-shell
FEs [22, 23].

The geometry, boundary and loading conditions are
defined as in [41] and are shown in Figure 1. The
adopted material properties are: Young’s modulus E =

29 × 106 and Poisson’s ratio ν = 0.22. The reference
solution for the maximum displacement at the center
of the free end of the twisted beam is ux = −1.754 and
uy = −5.424 for a unit force along the +X and +Y
directions, respectively [41].

For this test, two solid finite element ty-
pologies are analysed: hexahedra and prisms.
Eight mesh refinements are considered with
N = 12; 16; 32; 64; 96; 128; 144; 160 elements along
the span of the beam. Considering that the used
elements have straight edges, the warp of each element
diminishes from 7.5◦ to 0.5625◦ by increasing the num-
ber of elements used across the span from N = 12 to
N = 160. The cross-section of the beam is discretized
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Fy=1

Point A: center of the free end

t = 0.32

L = 12

W=1.1

Fx=1

Point C

Point B

Fig. 1: Twisted beam: Geometry (left), load and boundary conditions (right) on a mesh using hexahedra (left) and prisms
(right) of N = 16 elements per side.

in all meshes with 2× 4 elements (see Figure 1). When
prism elements are used, each hexahedron is divided
into two prisms.

Figures 2 and 3 present the convergence of the com-
puted horizontal and vertical displacement at the center
of the free end of the twisted beam (Point A in Figure
1). The solutions with ε/u FEs are in agreement with
the reference ones even for coarse meshes with N = 12

elements per span, with errors for both hexahedral and
prism meshes below 4% and 5.5% for loading in X and
Y directions, respectively. Standard FEs achieve this
level of accuracy only for meshes with more than 128
elements per span (see Table 1). Prisms and hexahedra
present a very similar response in both formulations,
with hexahedral meshes giving a marginally better ac-
curacy. It is noted that the converged solution of the
displacement for loading in Y using ε/u FEs is slightly
higher than the reference solution given by beam theory
[41].

Figures 4 and 5 present the evolution of the nor-
mal stresses σzz at the middle edges of the fixed end
(Points B and C in Fig. 1) for the two loading cases.
The enhanced accuracy of the ε/u formulation results in
a faster convergence of the normal stresses. The stan-
dard FEs converge to a lower normal stress for both
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Fig. 2: Twisted beam: Horizontal displacement ux at the cen-
ter of the free end (Point A in Figure 1) normalized against
the reference value versus the number of elements per side for
loading in the +X direction.
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Fig. 3: Twisted beam: Vertical displacement uy at the center
of the free end (Point A in Figure 1) normalized against the
reference value versus the number of elements per side for
loading in the +Y direction.
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Fig. 4: Twisted beam: Normal stress σzz (compression) at
the middle of the fixed end (Point C in Figure 1) versus the
number of elements per side loading in +X direction.

loading directions compared to the one computed with
the ε/u FEs.
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Fig. 5: Twisted beam: Normal stress σzz (compression) at
the middle of the fixed end (Point B in Figure 1) versus the
number of elements per side loading in +Y direction.

5.2 Simulation of shell structures

This section investigates the capacity of the ε/u FE for-
mulation to avoid membrane locking. Membrane lock-
ing produces artificial stiffness in discrete thin shells
due to the poor selection of the FE interpolation sub-
spaces. It is common that this leads to widely understi-
mated asymptotic stress values and altogether different
failure mechanisms. Three benchmark tests are anal-
ysed: the Scordelis-Lo roof, the hemispherical shell and
the pinched cylinder with diaphragm. These cases are
commonly used in the literature to test the capacity of
shell and solid elements in modelling shell structures
[44, 41, 9, 43, 45, 37, 46].Comparison with the perfor-
mance of some solid-shell elements is given in Appendix
E. Note that all cases are discretized with only one el-
ement per thickness.

5.2.1 “Scordelis-Lo” roof

The Scordelis-Lo roof problem [47] is considered a
benchmark test for solid [37], shell [7, 9, 43] and solid-
shell FE [22, 23] formulations investigating the ability
of an element to model complex states of membrane
strain [9].

The problem consists in the loading under vertical
pressure of a single curvature thin shell supported by
rigid diaphragms in the two curved edges, while keeping
free the straight ones. Figure 6 presents the geometry
of the problem and the load and boundary conditions.
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Table 1: Twisted beam: Relative error between numerical displacements and reference ones [41]. Error below 5% is shown in
bold

Error in ux [%] Error in uy [%]

Prism Hexahedra Prism Hexahedra
Elements
per
span

Warp
angle Standard ε/u Standard ε/u Standard ε/u Standard ε/u

12 7.5◦ 66.40 3.64 66.24 3.48 79.10 5.47 79.01 5.32
16 5.625◦ 56.30 2.17 55.99 2.01 68.57 2.86 68.37 2.70
32 2.8125◦ 29.95 0.70 28.99 0.52 37.02 0.35 36.22 0.18
64 1.406◦ 12.75 0.31 11.16 0.13 15.13 -0.28 13.65 -0.46
96 0.9375◦ 8.19 0.23 6.39 0.06 9.24 -0.41 7.54 -0.58
128 0.7031◦ 6.44 0.14 4.56 -0.01 6.91 -0.53 5.18 -0.67
144 0.625◦ 5.95 0.13 4.05 -0.02 6.33 -0.55 4.52 -0.68
160 0.5625◦ 5.59 0.12 3.68 -0.02 5.88 -0.57 4.05 -0.69

Due to symmetry, only a quarter of the shell is analysed
adopting proper boundary conditions at the planes of
symmetry (see Figure 6). A uniform vertical pressure of
−90 per unit surface is applied on the top of the roof.

Point B: center 

of the roof

t = 0.25

R=25

L=50

40º

R

p =-90

Point A: midside

of free edge

Fig. 6: Scordelis-Lo roof: Geometry and boundary conditions
on a regular mesh of N = 8 elements per side.

The problem is analysed using six regular meshes
with N = 8; 16; 24; 32; 40; 48 elements per edge. In all
cases, the thickness of the shell is discretized using a
single element. The material properties for this problem
are: Young’s modulus E = 4.32 × 108 and Poisson’s
ratio ν = 0.0. The reference solution of the vertical

displacement at the center of the roof is 0.3086 from
[47].

Figure 7 and Table 2 present the convergence for the
displacements of the ε/u and standard formulations.
ε/u FEs present a much faster convergence than stan-
dard ones with relative errors in displacements below
10% even for the most coarse mesh with N = 8 ele-
ments per side of the roof. The poor performance of
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Fig. 7: Scordelis-Lo roof: Normalized vertical displacement uz
at the midpoint of the free edge (Point A in Figure 6) versus
the number of finite elements per side.



10 Savvas Saloustrosa et al.

Standard FE ε/u FE

Fig. 8: Scordelis-Lo roof: Contour (top) and vectors (bottom) of the maximum principal stresses using standard (left) and ε/u
FEs (right). The lower two figures present a close-up of the zones enclosed by dashed rectangles.

Standard FE ε/u FE

Fig. 9: Scordelis-Lo roof: Contour (top) and vectors (bottom) of the minimum principal stresses using standard (left) and ε/u
FEs (right). The lower two figures present a close-up of the zones enclosed by dashed rectangles.

standard FEs is demonstrated by the high relative er-
rors in the computed displacements, which are greater
than 25% for all analysed discretizations.

The accurate computation of stresses is of primary
importance in shell structures as they allow to identify
the resisting mechanism within the structure, which is
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not always straightforward. Table 2 presents the nor-
mal stresses at the center of the roof and Figures 8-9
present the distribution and directions of the maximum
and minimum principal stresses, respectively, for the
mesh with N = 16 elements per side of the roof. The
identification of the stress flow within the shell struc-
ture is difficult using standard FEs, as the directions of
the computed principal stresses vary spuriously due to
membrane (and shear) locking. On the contrary, stress
directions computed by the ε/u formulation allow to as-
sess the flow of compressive and tensile stresses within
the shell. The accurate prediction of the stress direc-
tions is of great interest in the analysis and design of
spatial shell structures, especially of unreinforced ma-
sonry ones, where the resisting mechanism relies on the
development of a system of compressive thrusts within
the volume of the shell [48].

5.2.2 Hemispherical Shell

The hemispherical shell with a free edge is a typical
benchmark of a double-curved shell problem, often used
in the literature for the investigation of the capacity of
solid [41, 20, 37, 46], shell [41, 9, 43, 49] and solid-
shell [50, 51, 22, 23] elements to represent inextensional
bending modes.

Figure 10 presents the geometry, load and boundary
conditions. The equator edge is free and point radial
loads of F = 2.0 alternating in sign (i.e. towards the
interior or exterior of the shell) are applied at 90◦ on it.
Due to symmetry, only a quarter of the hemisphere is
analysed adopting proper boundary conditions on the
symmetry planes (see Figure 10).

The problem is analysed using six regular meshes
of hexahedra with N = 8; 16; 32; 40; 64; 80 elements
per side. For all the studied meshes, the shell is dis-

Table 2: Scordelis-Lo roof: Deflection uz at top midside of
free edge (Point A in Figure 6) and normal stresses σxx at
the top of the center of the roof (Point B in Figure 6).

Standard FE ε/u FE

Elements
per side

uz σxx uz σxx

8 0.0378 7335.4 0.2652 104200
16 0.0806 19816 0.2979 139130
24 0.1270 52872 0.3046 153660
32 0.1673 82232 0.3070 161680
40 0.1987 105400 0.3081 166740
48 0.2224 122820 0.3088 170220

cretized with a single element per thickness. The ma-
terial properties for this problem are: Young’s modulus
E = 6.825× 107 and Poisson’s ratio ν = 0.3. The refer-
ence solution regarding the radial displacement at the
load points is 0.0940, given in [41].

Figure 11 reports the convergence of the displace-
ment results. Similar to the previous case, the conver-
gence of the solution using standard FEs is very slow
presenting errors in displacements greater than 80%
even for the most refined mesh. For the ε/u case, con-
vergence progresses rapidly with mesh refinement and
errors of less than 10% are computed with meshes of
N ≥ 32 elements per side of the shell.

The enhanced accuracy of the ε/u FE in the com-
putation of stresses is visible in the comparison of the
principal stresses distribution, shown in Figures 12-13.
As in Scordelis-Lo roof case, there are spurious mem-
brane and shear stresses using standard FEs, while ε/u
FEs are free from membrane (and shear) locking, mak-
ing possible the identification of the stress flow within
the shell.

Point A

t = 0.04

R=10
18º

Fx/2=1.0

Fy/2=1.0

Free

Free

Fig. 10: Hemispherical shell: Geometry, load and boundary
conditions on a regular mesh of N = 8 elements per side.

5.2.3 Pinched cylinder with diaphragm

The last benchmark test related to the simulation of
shell behaviour is the pinched cylinder with diaphragm
[52, 53, 44]. Several simulation of this test exist in the
literature using solid [26, 12, 20], shell [44, 9, 43, 26,
49] and solid-shell [14, 51, 54] elements. This test is
considered by Belytschko et al. [9] as “one of the most
severe tests for both inextenstional bending modes and
complex membrane states”.

The problem consists in the application of two op-
posing radial loads at the center of a cylinder, which
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Fig. 11: Hemispherical shell: Convergence of the radial dis-
placement at the load point (Point A in Figure 10) versus the
number of finite elements per side.

Table 3: Pinched cylinder with diaphragm: Displacements and
error between numerical displacements and reference value.
Error below 5% is shown in bold

Standard FE ε/u FE
Elements
per side

uy Error [%] uy Error [%]

4 0.0770 -95.78 0.1529 -91.62
8 0.1569 -91.40 0.7189 -60.60
16 0.3245 -82.22 1.3452 -26.28
32 0.6594 -63.86 1.6729 -8.32
48 0.9038 -48.99 1.7456 -4.34
64 1.1340 -37.86 1.7719 -2.90
80 1.2834 -29.67 1.7844 -2.21
96 1.3936 -23.63 1.7919 -1.80
128 1.5378 -15.73 1.8020 -1.25
144 1.5854 -13.12 1.8052 -1.07
160 1.6226 -11.08 1.8078 -0.93
176 1.6521 -9.46405 1.8100 -0.81

has two ends supported by rigid diaphragms. Figure 14
presents the geometry, load and boundary conditions.
The ratio between the thickness and the radius of the
cylinder is 1/100, so that structure can be considered
as a thin shell. Due to the symmetry of the problem,
only one-eighth of the cylinder is modelled.

The cylinder is analysed using twelve regular meshes
with N = 4; 8; 16; 32; 48; 64; 80; 96; 128; 144; 160; 176 el-
ements per side. The following material properties are

considered: Young’s modulus E = 3.0 × 106 and Pois-
son’s ratio ν = 0.3. The reference solution for the deflec-
tion at the load location given by [52] based on Flügge’s
series solution [53] is uz = 0.18248 · 10−4.

Figure 15 shows the convergence of the deflection at
point A (see Figure 14) with mesh refinement. Similar
to the previous cases, the ε/u FE converges faster than
the standard one and the error in displacements drops
below 5% for a mesh with N ≥ 48 elements per side (see
Table 3). For all the studied meshes, the relative error in
displacements given by the standard FE is above 10%.
Comparing to the rest of the shell related examples,
a higher refinement is necessary to achieve errors be-
low 2% with the ε/u FE. This supports the claim that
this problem is one of the most challenging for testing
the capacity of elements to represent shell behaviour.
Similar to the displacements, ε/u show a faster conver-
gence in terms of stresses compared to standard ones
(see Figure 16).

5.3 Simulation of plates

This section investigates the capacity of the ε/u FE
formulation to avoid shear locking in thin plates. Two
benchmark plate problems [55, 17, 56, 37] are analysed:
the thin square and circular plates with clamped edges.
Note that in all cases the plates are discretized with
two elements through the thickness.

5.3.1 Clamped square plate

The clamped square plate test consists in the loading
under uniform normal pressure on the top surface of
a square plate with fixed edges. This benchmark test
has been analysed in the literature with solid [20, 37],
plate [41, 56], shell [43, 57, 49] and solid-shell elements
[14, 22].

Figure 17 shows the geometry, load and boundary
conditions. A square plate with edge length L = 2

and thickness t = 0.01 is subjected to uniform pres-
sure p = −100 per unit surface on its midsurface. The
symmetry of the problem allows the simulation of only
a quarter of the plate, considering appropriate bound-
ary conditions. All displacements are zero at the two
clamped edges, while only the normal displacements
are zero at the two planes of symmetry (see Figure 17).
Young’s modulus is E = 17.472 × 106 and Poisson’s
ratio ν = 0.3. The reference solution of the vertical
displacement at the middle of the plate according to
Kirchhoff’s plate theory is uz = 1.26 [41].

The effect of the element distortion is investigated
using two mesh configurations; a regular and a skewed
one, with a varying number N of finite elements along
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Fig. 12: Hemispherical shell: Contour of the maximum and minimum principal stresses using standard (left) and ε/u FEs
(right).
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Fig. 13: Hemispherical shell: Vectors of the maximum and minimum principal stresses using standard (left) and ε/u FEs
(right).
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Fig. 14: Pinched cylinder with diaphragm: Geometry, load
and boundary conditions on a regular mesh ofN = 8 elements
per side.
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Fig. 15: Pinched cylinder with diaphragm: Normalized verti-
cal displacement uz at the midpoint (Point A in Figure 14)
versus the number of finite elements per side.

each side of the plate. Figure 17 shows the finite el-
ement meshes for the regular and skewed configura-
tion with N = 16 elements per side. Nine mesh sizes
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Fig. 16: Pinched cylinder with diaphragm: Normal stress
(compression) at Point B (see Figure 14) versus the number
of finite elements per side.
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L = 2

p = -100

p = -100

Point A: 

Plate’s centre

Point C

Fig. 17: Clamped square plate: Geometry, load and boundary
conditions on a regular (top) and a skewed (bottom) finite
element mesh with N = 16 elements per side.

have been analysed for each mesh type with N =

8; 10; 16; 24; 40; 64; 80; 100; 120 elements per plate side.
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For all the analyses, the plate is discretized using two
finite elements per thickness.
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Fig. 18: Clamped square plate: Normalized vertical displace-
ment uz at the center of the square plate (Point A in Fig. 17)
against number of elements per side.
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Fig. 19: Clamped square plate: Normalized vertical displace-
ment uz at the center of the square plate (Point A in Fig.
17) against number of elements per side for the case of the
standard FE.

Figure 18 shows the relative convergence of the com-
puted value of the vertical displacement at the center
of the plate (Point A in Fig. 17). For all analysed cases,
the displacement predictions by the ε/u FE outperform
those of the standard one. The difference between the
regular and the skewed mesh for the ε/u FE formula-
tion is always below 5% and drops rapidly from a 4.55%

for N = 8 to 0.18% for N = 80. Observe that the
ε/u FE predicts the displacement with accuracy below
10% even for very stretched elements with an aspect
ratio of 1:12.5 (mesh with 16 elements per edge). For
the standard formulation, the relative error between the
computed displacement and the reference one is above
20% for all the studied meshes. Figure 20 illustrates the
difference in the computed deformation for a mesh of
N = 16 elements per side using mixed and standard fi-
nite elements. The difference in the computed displace-
ments for this case is of an order of magnitude. A fur-
ther investigation of the convergence of the displace-
ment for the standard element using regular meshes
with N = 140; 160; 180; 200; 220; 240; 260 (see Figure
19) makes evident the shear locking effect, resulting in
the convergence at a lower displacement compared to
the analytical one. Standard FE shear locking is clear
also in the stress distribution within the plate, shown
in Figure 21.The inconsistent stress directions using the
standard formulation illustrate the effect of spurious
shear stresses; these are not present in the ε/u formu-
lation.

5.3.2 Clamped square plate: Investigation of
computational cost

When interpreting the above results, we should consider
that for the same amount of finite elements, ε/u FEs
have three times more degrees of freedom, i.e. three dis-
placements and six strain components instead of only
three displacements used in standard FEs. In order to
have a more representative comparison in terms of cost-
efficiency, Figure 22 presents the local error in displace-
ments against the total number of degrees of freedom
(DOF). It is visible that for any number of DOF (i.e. a
vertical line in Figure 22), the error in displacements is
always lower using the ε/u FE formulation. This means
that for any size of problem (represented by the total
number of DOFs), the use of ε/u FEs will result in a
more accurate prediction of the displacement field com-
pared to the use of standard FEs. In other words, and
for this case, an error below 10% is achieved with a
standad FE mesh of 220 FEs per side (see Figure 19)
in contrast to a ε/u FE mesh of 10 FEs per side of the
plate (see Figure 18). Moreover, the higher slope of the
graphs corresponding to the ε/u FEs illustrates clearly
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ε/u FE Standard FE

Fig. 20: Clamped square plate: Deformed shape (×1) and vertical displacement contour fill for a regular mesh with N = 16
elements per side using mixed (left) and standard (right) FEs.

Standard FE ε/u FE

Fig. 21: Clamped square plate: Maximum principal stresses contour (top) and vectors (bottom) for standard (left) and ε/u
FEs (right) in a regular mesh of 16 elements per side.

the difference in the convergence rate between the two
formulations and the enhanced accuracy of ε/u FEs.
Note that the small difference in the displacement es-
timations between regular and skewed meshes has only
a minor influence in the convergence rate of each case.

In order to further illustrate the relative computa-
tional cost of the standard and the proposed ε/u for-
mulations, Figure 23 presents the relationship between
computational time and accuracy using both standard
and ε/u FEs. The graph shows that for any level of
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Fig. 22: Clamped square plate: Local error in displacement uz
at the center of the square plate versus the Number of Degrees
of Freedom (DOF). Dashed lines correspond to the linear re-
gression for each of the studied cases. Subscripts s and m
stand for standard and mixed formulations, respectively. Su-
perscripts reg and skew stand for regular and skewed meshes,
respectively.

accuracy, the computational time for the ε/u FE for-
mulation is lower than that of the standard one.

5.3.3 Clamped circular plate

The second case related with the simulation of plates
using the present ε/u FEs is the clamped circular plate.
The test consists in the application of a uniform normal
pressure at the middle surface of a cylindrical plate with
fixed edges. Compared to the clamped square plate, this
case allows to evaluate the performance of shell [7, 44],
plate [56] and solid [37] elements in nonrectangular con-
figurations (i.e. distorted elements).

Figure 24 presents the geometry, load and bound-
ary conditions. As in the case of the square plate, the
numerical model includes only a quadrant using appro-
priate symmetry boundary conditions. The plate has a
radius R = 5 and a thickness t = 0.1. Young’s mod-
ulus is E = 1.092 × 106 and Poisson’s ratio ν = 0.3.
The vertical load is applied as a uniform pressure of
p = −1 per unit surface at the middle surface of the
plate. The reference values of the vertical displacement
and the radial stress at the center of the plate according
to Kirchhoff’s plate theory are equal to uz = −0.398137

and σrr = −3093.75, given in [37].
Both standard and ε/u FE formulations are

analysed using eleven finite element meshes with
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Fig. 23: Clamped square plate: Local error in displacement
uz at the center of the square plate versus the CPU time in
seconds.

Plate’s centre p =-1

t = 0.1

R = 5

Fig. 24: Clamped circular plate: Geometry, load and bound-
ary conditions for a finite element mesh of 16 elements per
side.

a varying number of elements per side N =

8; 16; 24; 32; 40; 64; 80; 100; 120; 140; 160. For all meshes,
the thickness of the plate is discretized using two el-
ements. The use of only hexahedral elements for the
discretization of the circular plate results in distorted
elements, as can be seen in Fig. 24.

The performance of both ε/u and standard FEs is
similar to the square plate problem. The ε/u FE for-
mulation predicts with increased accuracy and with
a higher convergence rate both displacements and
stresses compared to the standard formulation (see Fig-
ures 25-26). A mesh with 16 elements per side is suffi-
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cient using ε/u FEs to compute the displacements with
a difference of less than 5% compared to the analyti-
cal solution. Standards FEs do not reach this accuracy
even for the most refined mesh, converging at a lower
displacement (see Figure 25). This shear locking of the
standard formulation results in the overestimation of
the stress values, which converge at a higher value than
the analytical solution (see Figure 26).

5.4 Anisotropic material

5.4.1 Clamped rectangular plate of an orthotropic
material

The case of the clamped rectangular plate is investi-
gated here considering an orthotropic material with dif-
ferent elastic properties along the two axes on the mid-
plane of the plate. The geometry, loading and boundary
conditions are the same as the ones shown in Figure 17.
Young’s modulus in the y and z directions is equal to
the already analysed case Ey = Ez = 17.472 × 106,
while in the x direction is ten times greater Ex =

174.720 × 106. Poisson’s ratio is equal to ν = 0.3 in
all directions.

The convergence behaviour in displacements (see
Figure 27) and stresses (see Figures 28-29) of the
ε/u and standard formulations resemble closely the
isotropic case. The σxx and σyy stresses shown in Fig-
ures 28-29 correspond to Points B and C in Figure 17.

0 50 100 150

Elements per side 

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

 u
z,

F
E

M
 /

 u
z,

re
fe

re
n
ce

Clamped circular plate

Fig. 25: Clamped circular plate: Vertical displacement uz at
the center of the circular plate versus number of finite ele-
ments per side.
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Fig. 26: Clamped circular plate: Vertical displacement uz at
the center of the circular plate versus number of finite ele-
ments per side.
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Fig. 27: Clamped square plate with orthotropy: Vertical dis-
placement uz at the center of the circular plate (Point A in
Fig. 17) versus number of finite elements per side.

Taking the values from the most refined ε/u FE mesh
as reference, N = 144, the ε/u formulation converges
to the maximum displacement with an error below 5%
for N ≥ 16 elements per side. Regarding the stresses,
the same level of convergence to the maximum normal
stress occurs for N ≥ 40 for σxx and N ≥ 64 for σyy
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Fig. 28: Clamped square plate with orthotropy: Normal stress
σxx at Point B (see Fig. 17) versus number of finite elements
per side.

0 50 100 150

Elements per side

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

S
tr

es
s 

y
y
 a

t 
P

o
in

t 
C

10
5 Clamped square plate - Orthotropy

Fig. 29: Clamped square plate with orthotropy: Normal stress
σyy at Point C (see Fig. 17) versus number of finite elements
per side.

(see Table 4). The standard element reaches the same
level of convergence in displacements and stresses only
for the most refined case with N = 144 per side (Table
4).

The difference in the convergence rate of the stresses
between standard and ε/u FEs is illustrated in Figure
30. The graphs make evident what has been observed so
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Fig. 30: Clamped square plate with orthotropy: Local error
in the stresses σxx, σyy at Points B and C (see Fig.17) versus
the Number of Degrees of Freedom (DOF).

far regarding the faster convergence in stresses (apart
from displacements) of the ε/u FE.

Figure 31 presents the deflection along the midsides
“AB” and “AC” of the orthotropic plate for the case of
N = 40 elements per side. The increased stiffness of
the plate in the x-direction (side “AB”) is evident, as
well as the important difference between the predicted
deflections with standard and ε/u FEs.
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Fig. 31: Clamped square plate with orthotropy: Deflection uz
along two two midsides "AB" and "BC" (see Fig.17).
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Table 4: Clamped square plate with orthotropy: Convergence
study for deflection uz and stresses σxx, σyy. Ratios above
0.95 are shown in bold.

uz/uz,max σxx/σxx,max σyy/σyy,max

Nel
per
side

Stand. Mixed Stand. Mixed Stand. Mixed

8 0.063 0.892 0.053 0.694 0.030 0.516
10 0.095 0.931 0.083 0.764 0.049 0.603
16 0.212 0.974 0.197 0.868 0.121 0.756
24 0.379 0.989 0.363 0.922 0.237 0.851
40 0.631 0.996 0.622 0.959 0.459 0.928
64 0.814 0.999 0.814 0.981 0.686 0.968
80 0.872 0.999 0.875 0.988 0.779 0.981
100 0.912 1.000 0.919 0.994 0.857 0.990
120 0.936 1.000 0.945 0.997 0.907 0.996
144 0.953 1.000 0.964 1.000 0.947 1.000

uz,max = 0.27912, σxx,max = 1991100, σyy,max = 428940

5.4.2 Clamped layered rectangular plate with
orthotropic properties

Layered beams, plates and shells may present isotropic
or orthotropic behaviour. This section investigates the
case of a clamped rectangular plate constructed as a
layered structure of an orthotropic material, but with
different orientations of the axes of orthotropy in the
two layers.

The geometry, load and boundary conditions are the
same as in the previous example (see Figure 17). In
this case, the plate is composed by two superimposed
layers of orthotropic materials with the same thickness
t1 = t2 = 0.005m. Young’s moduli of the top layer are
Ex,top = 174.72× 106 and Ey,top = 17.472× 106, while
those of the lower layer are Ex,bottom = 17.472 × 106

and Ey,bottom = 174.72 × 106. Poisson’s ratio equal to
0.3 is considered for both layers.

The plate is analysed using both standard
and ε/u FEs with regular meshes of N =

8; 10; 16; 24; 40; 64; 80; 100; 120 per side of the plate. In
all cases, each layer is discretized with one element
per thickness, which makes a total of two elements per
thickness of the plate.

The convergence of displacements and stresses in X
and Y directions are shown in Figures 32, 33, 34, re-
spectively. The results for this case are very similar to
the previous ones, with the convergence rates in both
displacements and stresses being far superior using ε/u
FEs. Even for the more refined mesh with N = 120

elements per side of the plate, the standard FE formu-
lation underestimates the results of both displacements
and stress for more than 10%. The highest accuracy of

the ε/u FE formulation can be appreciated in Figure 35,
presenting the vectors of the principal stresses for the
mesh of N = 16 elements per side. On the one hand, the
shear locking present to the standard FE formulation
results in the spurious orientation of the principal stress
vectors within the plate, in addition to their underes-
timation, as shown in Figures 33 and 34. This shear
locking is not present when the plate is discretized with
ε/u FEs. On the other hand, the in-plane orthotropic
behaviour of the two layers is perfectly represented by
the ε/u formulation.

5.4.3 Clamped multi-layered rectangular plate with
orthotropic properties

A multi-layered plate is now investigated. It is com-
posed by five superimposed alternating layers of or-
thotropic materials with the same thickness t = 0.002.
The geometry, load and boundary conditions are the
same as in the rectangular plate example (see Fig-
ure 17), but the mechanical properties are different.
Young’s moduli of the odd layers are Ex,odd = 174.72×
106 and Ey,even = 17.472×106, while for the even layers
are Ex,even = 17.472 × 106 and Ey,odd = 174.72 × 106.
Poisson’s ratio equal to 0.3 is considered for all the lay-
ers.

The plate is analysed with both standard and ε/u

FEs using a regular mesh of N = 8; 10; 16; 24; 40; 64; 80
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Fig. 32: Clamped square plate with two layers of orthotropic
materials: Vertical displacement uz at the center of the circu-
lar plate (Point A in Fig. 17) versus number of finite elements
per side.
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Fig. 33: Clamped square plate with two layers of orthotropic
materials: Normal stress σxx at Point B on the top surface of
the plate (see Fig. 17) versus number of finite elements per
side.
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Fig. 34: Clamped square plate with two layers of orthotropic
materials: Normal stress σyy at Point C on the top surface of
the plate (see Fig. 17) versus number of finite elements per
side.

elements per side of the plate. Each layer is discretized
with 2 elements per thickness, which makes a total of
10 elements through the thickness of the plate.

Figure 36 presents the convergence behaviour in dis-
placement and Figures 37 and 38 in stresses at Points
A, B and C of the plate (see Figure 17), respectively. A
comparison with the 2-layer case (Figures 32-29) shows
the beneficial effect of the finer refinement through the
thickness for the ε/u FEs. In fact, the use of 2 elements
per layer leads to a very good estimation of both dis-
placements and stresses, even for meshes with low num-
bers of finite elements per side of the plate. Contrarily,
despite this refinement through the thickness, standard
displacement-based FEs show a slow convergence with
a difference in displacements and stresses of above 12%
even for the most refined mesh with 80 elements per
side.

Figure 39 shows the vectors of the principal stresses
for the mesh of N = 16 elements per side. The same re-
marks as for the 2-layer plate in the previous subsection
apply. Transverse shear distributions are correctly rep-
resented; no shear locking appears. Furthermore, the
normal stress in the vertical direction is almost null
without the need of explicitly imposing a plane stress
assumption, as it corresponds to the tractions boundary
conditions of the problem.

5.5 Nearly incompressible cases

This section investigates the capacity of the ε/u FE to
overcome volumetric locking near the incompressibility
limit (ν → 0.5). Two benchmark problems are analysed:
the Cook’s membrane and a square rectangular plate.
For these cases, the B-bar method is employed for both
standard and ε/u FEs.

5.5.1 Cook’s membrane

Cook’s membrane problem is considered as a standard
test for investigating the performance of solid [58], shell
[59] and solid-shell [50] finite elements under bend-
ing dominated stress conditions. The test considers the
shear loading at a side of a tapered panel clamped on
the opposide end.

Figure 40 presents the geometry, loading and bound-
ary conditions. The material properties are: Young’s
modulus E = 200×106, and Poisson’s ratio ν = 0.4999

referring to a nearly incompressible state.
The problem is analysed using five regular meshes

with a varying number N of elements per side N =

4; 8; 16; 32; 64. Figure 40 shows the mesh for the case
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Standard FE ε/u FE

Fig. 35: Clamped square plate with two layers of orthotropic materials: Maximum principal stresses contour (top) and vectors
(bottom) for standard (left) and ε/u FEs (right) in a regular mesh of 16 elements per side.

with N = 8 elements per side. In all meshes, the mem-
brane is discretized with a single element per thickness
(see Fig. 40).

Figure 41 presents the convergence of the vertical
displacement at the top right corner of the membrane
for mesh refinement using the ε/u and standard formu-
lations with and without the B-bar method. The benefi-
cial effect of the B-bar method in the convergence rate
is evident for both formulations. It is noted that ε/u
formulation converges to the same correct value with
and without the B-bar method. On the contrary, con-
vergence of the standard formulation is only possible
using the B-bar method; otherwise, it is almost com-
pletely locked by the spurious volumentric strains.

Figure 42 and Figure 43 present the convergence of
the pressure and J2 stress, respectively, at the middle
of the lower side (Point B in Figure 40). In both cases,
standard and ε/u formulations using the B-bar method
converge very fast to a single value of pressure and J2

stress. The ε/u FE presents a much faster convergence
and accuracy in J2 stresses compared to pressure and
converges to the same value as the cases with the B-
bar method for the finest mesh. On the contrary, the
standard FE solution is locked as manifested by the di-
vergence in the pressure values with mesh refinement.
The same conclusions can be drawn by looking at the
pressure and J2 stress contours presented in Figures 44
and 45, respectively. It is possible to observe the more
accurate and continuous estimation of the pressure and
J2 stress fields in the ε/u formulation, which is an im-
mediate consequence of independent interpolation con-
sidered for the strains.

5.5.2 Clamped square plate

The second case studied near the incompressibility limit
is the clamped square plate, already analysed for a com-
pressible material using isotropic and orthotropic prop-
erties. The geometry, load and boundary conditions are
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Fig. 36: Clamped square plate with five layers of orthotropic
materials: Vertical displacement uz at the center of the circu-
lar plate (Point A in Fig. 17) versus number of finite elements
per side.
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Fig. 37: Clamped square plate with five layers of orthotropic
materials: Normal stress σxx at Point B on the top surface of
the plate (see Fig. 17) versus number of finite elements per
side.
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Fig. 38: Clamped square plate with five layers of orthotropic
materials: Normal stress σyy at Point C on the top surface of
the plate (see Fig. 17) versus number of finite elements per
side.

the same to the ones presented in Figure 17. Young’s
modulus is E = 17.472 × 106, while for Poisson’s ra-
tio the adopted value is ν = 0.4999, representing a
nearly incompressible material. For this case, the plate
has been discretized using two and four elements per
thickness in meshes with N = 8; 10; 16; 24; 40; 64; 80

elements per side. According to plate theory, the ref-
erence solution for the displacement at the center of
the plate is inversely proportional to the plate regidity
D = E t3/12(1 − ν2) [60]. Considering that the ana-
lytical solution for ν = 0.3 is equal to uz = 1.26, the
reference displacement for this case is uz = 1.04.

Figure 46 presents the convergence of the displace-
ments at the center of the plate. As for the previous
case, the B-bar method is employed to simulate the
nearly incompressible behaviour of the material. The
best accuracy in terms of displacements is obtained for
the ε/u FE with four elements per thickness. Observe
that for the case with two ε/u FEs per thickness, the
plate presents a more flexible response. This is a result
of the under-integration of the mean stress by using
the B-bar procedure, which is necessary to overcome
the near-incompressibility constraint, but comes at the
cost of the loss of some resolution across the thickness.
As the results show, the accuracy of the ε/u FE solution
is recovered through a more refined discretization across
the thickness. Observe also that the standard FEs un-
derstimate significantly the deflections of the plate even
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Standard FE ε/u FE

Fig. 39: Clamped square plate with 5 layers of orthotropic materials: Maximum principal stresses contour (top) and vectors
(bottom) for standard (left) and ε/u FEs (right) in a regular mesh of 16 elements per side.

if the B-bar method is used. This is consistent with the
results obtained for the ν = 0.3 case (see Figure 18)
and the layered plates (Figures 32 and 36).

6 Conclusions

This paper presents the use of solid finite elements with
independent displacement and strain interpolations for
addressing element locking problems under common

load, geometrical and material conditions found in engi-
neering structures. The accuracy of the present FE for-
mulation is investigated in terms of displacements and
stresses through the analysis of a set of eleven bench-
marks problems of beam, shell and plate structures.

All problems are analysed using solid finite ele-
ments, which are available at all FE codes and can be
conveniently used for the modelling of any type of struc-
ture and with any type of general constitutive model.
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Fig. 40: Cook’s membrane: Geometry, load and boundary
conditions on a structured mesh of N = 8 elements per side.
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Fig. 41: Cook’s membrane: Vertical displacement uz at the
top right corner of Cook’s membrane (Point A in Fig. 40)
versus number of finite elements per side.

The performance of the present FE is investigated con-
sidering several modelling choices, such as different ele-
ment typologies (hexahedra and prisms) and mesh con-
figurations (regular, skewed, warped). The effect of ma-
terial properties is studied by considering isotropic and
orthotropic cases, as well as compressible and nearly
incompressible materials. For the latter, the use of the
B-bar method as a way to address volumetric locking is
investigated. Laminated multi-layered orthotropic ma-
terial distribution is also investigated.

0 10 20 30 40 50 60 70

Elements per side

0

5

10

15

20

25

P
re

ss
u
re

Cook's membrane

Fig. 42: Cook’s membrane: Pressure at the bottom midside
of Cook’s membrane (Point B in Fig. 40) versus number of
finite elements per side.
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Fig. 43: Cook’s membrane: J2 stress at the bottom midside
of Cook’s membrane (Point B in Fig. 40) versus number of
finite elements per side.

Numerical results demonstrate that ε/u FEs far out-
perform the corresponding standard ones in estimat-
ing displacements and stresses, providing locking mem-
brane and shear free solutions. The use of the B-bar
method is beneficial for the performance of the present
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Standard FE ε/u FE

ε/u – B-bar FEStandard– B-bar FE

Fig. 44: Cook’s membrane: Pressure contour fill for the standard (left) and mixed formulations (right) without (top) and with
(bottom) the B-bar method for a mesh with 16 elements per side.

Standard FE ε/u FE

ε/u – B-bar FEStandard– B-bar FE

Fig. 45: Cook’s membrane: Pressure contour fill for the standard (left) and mixed formulations (right) without (top) and with
(bottom) the B-bar method for a mesh with 16 elements per side.
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Fig. 46: Clamped square plate near incompressibility: Vertical
displacement uz at the center of the plate (Point A in Fig.
17) versus number of finite elements per side.

formulation in the incompressibility limit, guaranteeing
converegence in displacements and stresses. The simu-
lated cases studied here show that FEs with indepen-
dent interpolations for displacements and strains are an
effective alternative for simulating complex stress states
in beam, shell and plate structures with enhanced ac-
curacy.
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A Vectors and Matrices

Displacements u, strains ε, stresses σ and forces f are repre-
sented following Voigt’s notation as vectors

u = (ux, uy, uz)T (35)

ε = (εx, εy, εz, γxy, γyz, γxz)T (36)

σ = (σx, σy, σz, τxy, τyz, τxz)T (37)

f = (fx, fy, fz)T (38)

The differential symmetric gradient operator relating the
displacements with the strains has the following form

ST =

∂x 0 0 ∂y 0 ∂z
0 ∂y 0 ∂x ∂z 0
0 0 ∂z 0 ∂y ∂x

 (39)

The projection matrix, introduced in Eq. (7), is

ḠT =

nx 0 0 ny 0 nz
0 ny 0 nx nz 0
0 0 nz 0 ny nz

 (40)

where n = (nx, ny, nz)T is the outward normal vector at the
boundary of the analysed domain Γt.

The discrete strain-displacement matrix (or discrete sym-
metric gradient operator) is expressed as

Bu = [Bu1
, . . . ,Bui , . . . ,Bun ] (41)

for 1 ≤ i ≤ nn, with nn being the number of nodes in the
element. The submatrix Bui and its volumetric part Bvolui

are
expressed in Voigt’s notation as

Bui =



∂Ni,1 0 0
0 ∂Ni,2 0
0 0 ∂Ni,3

∂Ni,2 ∂Ni,1 0
∂Ni,3 0 ∂Ni,1

0 ∂Ni,3 ∂Ni,2

 (42)

Bvolui
=

1

3



∂Ni,1 ∂Ni,2 ∂Ni,3
∂Ni,1 ∂Ni,2 ∂Ni,3
∂Ni,1 ∂Ni,2 ∂Ni,3

0 0 0
0 0 0
0 0 0

 (43)

where Ni is the shape function of node i and ∂Ni,j is its
derivative with respect to the j th Cartesian coordinate (j =
[1 : 3]). The deviatoric part is obtained by

Bdevui
= Bui −Bvolui

. (44)

B Principle of Virtual Work

This Appendix presents the derivation of equation (7) from
equation (5) in two steps. First, equation (5) is premultiplied
by an arbitrary virtual displacement δu and integrated over
the spatial domain Ω∫
Ω
δuT

[
ST (Dsε)

]
dΩ +

∫
Ω
δuT f dΩ = 0 ∀δu (45)
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Then, the Divergence Theorem is applied on the first term of
the above equation yielding∫
Ω
δuT

[
ST (Dsε)

]
dΩ =

−
∫
Ω

(Sδu)T (Dsε) dΩ +

∫
Γ
δuT

(
ḠTDsε

)
dΓ

= −
∫
Ω

(Sδu)T (Dsε) dΩ +

∫
Γu

δuT
(
ḠTDsε

)
dΓ︸ ︷︷ ︸

=0

+

∫
Γt

δuT
(
ḠTDsε

)
dΓ

= −
∫
Ω

(Sδu)T (Dsε) dΩ +

∫
Γt

δuT
(
ḠTDsε

)
dΓ (46)

In the previous derivation, equation (3) is used on the inte-
gral over Γ and adopted the assumption that the prescribed
displacements vanish on the boundary Γu. Finally, substitut-
ing equation (46) into equation (45) the final version of the
Principle of Virtual Work for the mixed ε/u formulation is
obtained∫
Ω

(Sδu)T (Dsε) dΩ

=

∫
Ω
δuT f dΩ +

∫
Γt

δuT
(
ḠTDsε

)
dΓ (47)

presented in equation (7).

C Variational Multiscale Stabilization method

This section presents the stabilization procedure leading to
the final system of equations (24) of the ε/u indepedent in-
terpolation formulation. The stabilisation procedure adopted
herein consists in the modification of the discrete variational
form using the Orthogonal Subscales Method, introduced in
[61] within the framework of the Variational Multiscale Sta-
bilization methods [62, 63].

The stabilization of the problem is achieved by substitut-
ing the approximated strains in equation (9) with the follow-
ing form

ε ∼= ε̂+ τε (ε̃− ε̂)
= NεE + τε(BuU −NεE)

= (1− τε)NεE + τεBuU (48)

where τε = [0, 1] is a stabilization parameter. Observe that
for τε = 0 the stabilization effect is lost, while for τε = 1 the
strain interpolation of the standard irreducible formulation is
recovered

ε ∼= ε̃ = BuU (49)

The use of equation (48) in equations (6)-(7) gives the final
stabilized set of equations for the mixed ε/u FE formulation

− (1− τε)
∫
Ω
δETNT

ε DsNεE dΩ

+ (1− τε)
∫
Ω
δETNT

ε DsBuU dΩ = 0 ∀δE (50)

(1− τε)
∫
Ω
δUTBTu (DsNεE) dΩ

+ τε

∫
Ω
δUTBTuDsBuUdΩ =

∫
Ω
δUTNT

u f dΩ

+

∫
Γt

δUTNT
u t̄ dΓ ∀δU (51)

Residual-based stabilisation procedures, like the one in
(48) used herein, do not introduce any additional approxi-
mation nor any consistency error. For this, the stabilisation
technique is variationally consistent, meaning that converg-
ing values of the unknowns ε ad u satisfying the Galerkin
system (16)-(17) also satisfy the stabilized form (50)-(51). In
particular, considering a converged solution, when the size of
the element h tends to zero, h → 0, ε → NεE = BuU and
the stabilization term vanishes. Considering a non-converged
situation, the added terms τε(BuU − NεE) are small, as
they depend on the difference between two approximations
of different order to the same quantity. This means that for
a given FE mesh, using different values of the stabilization
procedure yields slightly different results (see Appendix D).
Nevertheless, the consistency of the residual-based stabiliza-
tion guarantees that the discrete problem converges to the
unique solution. The use of different stabilization parameters
on the same mesh is analogous to the use of different FE in-
terpolations of the same order of convergence with the same
nodal arrangement.

As shown in [64, 65], the optimal convergence rate in lin-
ear problems is obtained reducing the stabilization on mesh
refinement, such that

τε = cε
h

L0
(52)

where cε stands for a positive number of the order cε = O(1),
h for the finite element size and L0 is the characteristic size
of the problem.

Following the above, the stabilized system of equations
becomes[
−Mτ Gτ
GTτ Kτ

] [
E
U

]
=

[
0
F

]
(53)

with

Mτ = (1− τε)M (54)

GTτ = (1− τε)G (55)

Kτ = τε

∫
Ω
BTuDsBudΩ︸ ︷︷ ︸

K

= τεK (56)

D Influence of parameter τε

This Appendix investigates the influence of the stabilization
parameter τε in the numerical results obtained with the ε/u
FE formulation. The parameter τε is defined in all the stud-
ied cases through the equation (52), in which intervenes the
parameter c aside with the parameters h and L0, associated
with the finite element size and the characteristic size of the
problem, respectively. Here, we investigate the influence of
parameter c, with regard to the case of the clamped square
plate.

Figure 47 presents the results obtained using three dif-
ferent values of c = 5; 1; 1/5 in equation (52). A value of
c = 1 corresponds to the reference value used for this case
τε,ref = h/L0. The results show that the convergence rate
is very similar for all the selected values of τε, as analyti-
cally predicted [64, 65]. The fact that using different values
for c (i.e. different τε) produces different approximate solu-
tions can be seen as similar to getting different approximate
solutions by using meshes with different layouts, as already
mentioned in Appendix C. Nevertheless, convergence to the
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solution, and optimal rate of convergence, are independent
from the choice of parameter c.

As can be observed, for the same mesh, the use of a higher
value of τε results in an increase of the estimated error. This
is to be expected, as for the limit value of τε = 1 the standard
irreducible formulation is recovered. On the other end, very
small values of τε fail to effectively stabilize the ε/u formula-
tion.
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Fig. 47: Clamped square plate: Local error in displacement
uz at the center of the square plate versus the Number of
Degrees of Freedom (DOF) for different values of τε.

E Comparison with solid-shell and EAS FEs

This Appendix presents a comparison between the numerical
results of the standard displacement based linear hexahedron
(referred in the tables as Q1), the proposed ε/u FEs (referred
in the tables as Q1Q1) and the reported results of several suc-
cessful solid-shell and EAS elements for three benchmark shell
problems: the Scordelis-Lo roof (Table 5), the hemispherical
shell (Table 6) and the pinched cylinder (Table 7).

The following solid-shell and EAS elements are consid-
ered:

– Wriggers and Koralc QS/E9 [13]: 3D solid-shell enhanced
strain element with 9 enhanced modes based on Taylor
expansion with exact symbolic integration.

– Wriggers and Koralc QS/E12 [13]: 3D solid-shell en-
hanced strain element with 12 enhanced modes based on
Taylor expansion with exact symbolic integration.

– Reese [51]: EAS solid-shell based on reduced integration
with hourglass stabilization (QISPs).

– Kim et al. [21]: ANS solid-shell with plane stress assump-
tion (XSolid85).

– Alves de Sousa et al. [66] : EAS solid-shell with reduced
(in-plane) integration (RESS).

– Areias et al. [25]: EAS solid element with penalty stabi-
lization.

– Kasper and Taylor [20]: Mixed-enhanced strain element
with nine enhanced modes (H1/ME9).

– Schwarze and Reese [22]: Reduced integration solid-shell
based on the EAS and the ANS concepts.

– Huang et al. [23]: unsymmetric 8-node hexahedral solid-
shell (US-ATFHS8).

– Sze et al. [16]: hybrid stress ANS solid-shell.

It is observed that:

1 The standard general purpose FEs lock in the tested
curved thick shell situations, while the proposed ε/u FEs
and the solid-shell elements do not.

2 The special purpose solid-shell elements, enhanced with
higher order bending modes, are more accurate than the
general purpose ε/u finite elements. However, their cor-
responding displacement convergence rate is the same.

3 Even if the stable solid-shell elements are notoriously
more accurate than the corresponding underlying linear
element, the asymptotic rate of convergence of displace-
ments is the same as they do not interpolate with the full
second order polynomial needed to achieve higher order
convergence.

4 Only displacement results are reported in the literature
for the solid-shell elements. The mixed ε/u FEs are de-
vised to yield enhanced strain and stress order of conver-
gence.

5 All the reported tests are performed on hexahedral el-
ements, as this is the shape of the solid-shell elements.
Mixed ε/u FEs can be equally shaped as prisms or tetras,
without loss of convergence rate.

6 All the reported tests are performed in regular meshes.
EAS elements often underperform in distored meshes.
Huang et al. [23] solve this quaint at the expense of using
an unsymmetrical element.
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Table 5: Scordelis Lo-Roof: Vertical displacement at the midpoint of the free edge normalized with the reference solution 0.3086
given in [47].

Elem.
per
side

u

Q1
ε/u

Q1Q1
Solid-shell:
Schwarze and
Reese [22]

Solid-shell:
Areias et al.
[25]

Solid-Shell:
Kim et al.
[21]

Solid-Shell:
Alves de
Sousa et al.
[66]

8 0.112 0.859 0.994 1.001 0.984 0.986
16 0.261 0.965 1.000 0.992 0.999 0.993
32 0.542 0.995 1.003 0.991 - 0.996

Table 6: Hemispherical shell: Radial displacement at the load points normalized with the reference solution of 0.0940 given in
[41].

Elem.
per
side

u

Q1
ε/u

Q1Q1
Solid-shell:
Schwarze
and Reese
[22]

Solid-shell:
Reese [51]

Solid-EAS:
Areias et
al. [25]

Solid-
Mixed-
EAS:
Kasper
and Taylor
[20]

Solid-shell:
Huang et
al. [23]

Solid-shell:
Sze et al.
[16]

8 0.003 0.263 1.002 - 0.756 0.732 1.0106 1.0051
16 0.011 0.657 0.993 0.723 0.991 0.989 1.0038 0.9983
32 0.039 0.898 0.994 0.919 0.999 0.998 - -
64 0.136 0.979 - - - - - -

Table 7: Pinched cylinder: Vertical displacement at the midpoint normalized with the reference solution of 0.18248 ·10−4 given
in [53].

Elem.
per side

u

Q1
ε/u

Q1Q1
Solid-shell
QS/E9:
Wriggers and
Koralc [13]

Solid-shell
QS/E12:
Wriggers and
Koralc [13]

8/91 0.086 0.394 0.506 0.572
16/172 0.178 0.737 0.864 0.922
30/323 0.361 0.917 0.971 0.986
64 0.621 0.971 - -
18 elements for standard and ε/u FEs and 9 elements for solid shell FEs.
216 elements for standard and ε/u FEs and 17 elements for solid shell FEs.
332 elements for standard and ε/u FEs and 30 elements for solid shell FEs.
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Abstract: Strain localization analysis for orthotropic plasticity in cohesive-frictional materials is 12 
addressed in this work. Specifically, the localization condition is derived from Maxwell’s 13 
kinematics, the plastic flow rule and the boundedness of stress rates. The analysis is applicable to 14 
strong and regularized discontinuity settings. Expanding on previous works, the quadratic 15 
orthotropic Hoffman and Tsai-Wu models are investigated and compared to pressure insensitive 16 
and sensitive models such as von Mises, Hill and Drucker-Prager. Analytical localization angles are 17 
obtained in uniaxial tension and compression under plane stress and plane strain conditions. These 18 
are only dependent on the plastic potential adopted; ensuing, a geometrical interpretation in the 19 
stress space is offered. The analytical results are then validated by independent numerical 20 
simulations. The B-bar finite element is used to deal with the limiting incompressibility in the 21 
purely isochoric plastic flow. For a strip under vertical stretching in plane stress and plane strain as 22 
well as Prandtl’s problem of indentation by a flat rigid die in plane strain, numerical results are 23 
presented for both isotropic and orthotropic plasticity models with or without tilting angle 24 
between the material axes and the applied loading. The influence of frictional behavior is studied. 25 
In all the investigated cases, the numerical results provide compelling support to the analytical 26 
prognoses. 27 

Keywords: localized failure; strain localization; orthotropic plasticity; cohesive-frictional materials; 28 
plasticity 29 

 30 

1. Introduction 31 
Orthotropic Materials such as wood and masonry have been traditionally used in construction 32 

and are very much used today. Other frequently used materials, such as rolled metals, are 33 
orthotropic because of their manufacturing process. This is also very much the case of metallic and 34 
polymeric materials and components produced layer-by-layer using modern additive 35 
manufacturing (AM) techniques, now increasingly used. In the field of geological engineering, the 36 
analysis of orthotropic materials is of interest in ground excavation, tunnel construction and 37 
landslides prevention. 38 

Hill [1-3], a pioneer in the mathematical research of plasticity, proposed several constitutive 39 
orthotropic plasticity models for sheet metals and investigated strain localization and failure of 40 
orthotropic plastic materials. Based on Hill’s works, many isotropic and orthotropic plastic criteria 41 
have been later proposed, such as the Drucker-Prager model [4-7], Hoffman model [8], Tsai-Wu 42 
model [9], and many more [10-12]. Purely cohesive models which are insensitive to pressure and 43 
yield an isochoric plastic flow, such as the von Mises and the Hill models, are appropriate for 44 
metallic materials. Instead, cohesive-frictional models such as the Drucker-Prager, Hoffman and 45 
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Tsai-Wu models are suitable for simulating geomaterials like soils, concrete and rocks, as these 46 
materials show distinct strengths under tensile and compressive loading. 47 

In plastic materials subjected to increasing loading beyond yielding, plastic strains tend to 48 
concentrate in narrow zones called shear bands. This phenomenon, consisting of irreversible 49 
deformation concentrating in a definite thin zone, is known as strain localization [13]. Strain 50 
localization results in strain (weak) discontinuities across the surfaces limiting the shear band. If the 51 
size of the band is very small compared to the dimensions of the plastic medium, the band appears 52 
as (strong) discontinuity surface across which the displacement field is discontinuous. 53 

Structural assessment requires the accurate prediction of failure mechanisms and peak carrying 54 
loads. Thus, Failure Mechanics has evolved in the last decades as a very active field and much 55 
analytical, experimental and computational research effort has been invested in plasticity, damage, 56 
and fracture mechanics. Lately, Computational Failure Mechanics have often addressed the problem 57 
of the phenomenon of plastic strain localization and the analytical and numerical challenges 58 
associated to it.  59 

Early works of Prandtl [14], Hencky [15-26], and Mandel [17] determined the directions of the 60 
slip lines, and the associated failure mechanisms and loads. Hill revisited and interpreted the slip 61 
lines as the characteristic lines of the hyperbolic plastic governing equations assuming rigid-plastic 62 
and incompressible behavior preceding shear-driven plastic yielding. 63 

Hill [18-19], Thomas [20] and Rice [21] investigated strain localization as a bifurcation problem 64 
and extended the scope from rigid-plastic to elasto-plastic solids. Rice [22] extended the plane strain 65 
slip line theory to anisotropic rigid-plastic material. Strain localization in frictional solids was 66 
researched by Leroy and Ortiz [23]. Forest [24] used continuum models for strain localization in 67 
metallic foams. Borja [25-26] extended the modeling in elasto-plastic models and soft rocks. Willam 68 
and coworkers [27-28] studied the localization properties of standard and generalized 69 
Drucker-Prager models. Vrech [29] addressed localization analysis of gradient-dependent parabolic 70 
Drucker–Prager models. Zhang [30] studied damage and strain localization in geomaterials and 71 
Tasan [31] studied strain localization and damage in dual phase steels. 72 

The classical bifurcation analysis has been applied both to weak and strong discontinuities. 73 
Simo [32] and Oliver [33-34] studied the orientation of strong discontinuities in inelastic solids and 74 
Oliver [35-36] suggested continuum plasticity models for the modelling of such strong 75 
discontinuities. They soon found that conditions for discontinuous bifurcation do not necessarily 76 
guarantee the occurrence of strong discontinuities, unless the strong discontinuity is properly 77 
regularized and stress boundedness is invoked [33-36]. 78 

The authors [37-38] have used Maxwell’s compatibility condition and stress boundedness to 79 
predict analytically the orientation of shear discontinuities for isotropic von Mises and orthotropic 80 
Hill elasto-plastic models. The analytical results have been verified numerically. This strain 81 
localization analysis has been successfully applied to other and elastic-damage models [39-41]. 82 

It turns out that the stress boundedness condition is a more constrictive necessary condition 83 
than the classical discontinuous bifurcation condition, as strain localization generally occurs after 84 
strain bifurcation has occurred. Contrarily to the strain bifurcation conditions, this strain localization 85 
condition depends entirely on the inelastic flow; remarkably, it does not depend on the elastic 86 
properties or in the yield surface. The localization angles can be analytically predicted from the 87 
inelastic flow tensor alone. 88 

This paper addresses the analytical determination of the orientation of slip lines in orthotropic 89 
elasto-plastic cohesive-frictional materials by extending the strain localization analysis developed in 90 
previous works. The objectives are four-fold: (i) to extend the strain localization analysis to 91 
orthotropic elasto-plastic cohesive-frictional materials; (ii) to derive analytically localization angles 92 
in plane stress and plane strain conditions for these models; (iii) to verify these analytical results via 93 
independent numerical simulations; and (iv) to investigate the influence of plastic material 94 
properties on strain localization in orthotropic cohesive-frictional materials.  95 

The paper is structured as follows. Section 2 briefly presents the analytical framework: 96 
constitutive relations, kinematics for strong and weak discontinuities, and strain localization 97 
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conditions. Section 3 introduces orthotropic plasticity and develops the analytical results for the 98 
localization angles in plane stress and plane strain conditions with some examples. In Section 4, 99 
numerical verification of the analytical results using B-bar finite elements is offered. Section 5 closes 100 
the paper with some conclusions. 101 

2. Strain Localization in Elasto-Plastic solids  102 
In this section, the mechanics of strain localization in elasto-plastic media is addressed. Using 103 

Maxwell’s kinematics and assuming boundedness of the stresses rates, the necessary condition for 104 
strain localization in elasto-plastic materials is obtained. The results hold both for strong 105 
(displacement) discontinuities and for regularized strain localization bands limited by weak (strain) 106 
discontinuities. 107 

Let 𝜴𝜴 ⊂ R 
𝒏𝒏𝒅𝒅𝒅𝒅𝒅𝒅  (𝑛𝑛dim = 1, 2, 3) be an elasto-plastic solid domain, with the reference position 108 

vector 𝒙𝒙 ⊂ R 
𝒏𝒏𝒅𝒅𝒅𝒅𝒅𝒅. The outer boundary is denoted by Γ ⊂ R 

𝒏𝒏𝒅𝒅𝒅𝒅𝒅𝒅−1, with the outward unit normal 109 
vector 𝒏𝒏∗ . Deformations of the solid are characterized by the displacement field 𝒖𝒖(𝒙𝒙) and the 110 
infinitesimal strain field 𝝐𝝐(𝒙𝒙) = ∇sym𝒖𝒖(𝒙𝒙), where ∇sym( · ) is the symmetric gradient operator. 111 

2.1. Elasto-Plasticity Model 112 
For the elasto-plastic model, the constitutive equation is expressed in total form as 113 

𝛜𝛜 = 𝛜𝛜e + 𝛜𝛜p,               𝛔𝛔 = 𝐄𝐄0: 𝛜𝛜e = 𝐄𝐄0: (𝛜𝛜 − 𝛜𝛜𝐩𝐩) (1) 

where the second-order strain tensor ϵ is decomposed into its elastic and plastic parts, 𝛜𝛜e and 𝛜𝛜p. 114 
The second-order stress tensor σ is proportional to the elastic strain tensor  𝛜𝛜e , through the 115 
fourth-order elasticity tensor 𝐄𝐄0. All the tensors involved are symmetric. The elastic properties may 116 
be orthotropic. 117 

The admissible stress domain is determined by the yield criterion Φ(𝛔𝛔, ζ) = ϕ(𝛔𝛔) − 𝑞𝑞(ζ) ≤  0, 118 
defined in terms of the equivalent stress ϕ(𝛔𝛔) and a stress-like internal variable 𝑞𝑞(ζ), which 119 
determine the shape and size of the domain, respectively. Yield criteria for orthotropic 120 
elasto-plasticity are discussed in Section 3. 121 
The plastic strain is defined in rate form, its direction is derived from a plastic potential. In 122 
associated plasticity, the plastic potential is equal to the yield surface, so that 123 

ϵ̇p = λ̇
∂ϕ
∂𝛔𝛔

= λ̇ 𝜦𝜦 (2) 

where λ̇ ≥ 0 denotes the plastic multiplier; ( )̇  is the time derivative and the plastic flow tensor 124 
𝜦𝜦 = ∂ϕ / ∂𝛔𝛔 is normal to the yield surface Φ = 0. Similarly, the evolution of the size of the yield 125 
surface is determined by 126 

ζ̇ = λ̇
∂ϕ
∂𝑞𝑞

= −λ̇ (3) 

The constitutive equation in rate form follows from Eq. (1), 127 
𝛔̇𝛔 = 𝐄𝐄0: 𝛜̇𝛜e = E0: (𝛜̇𝛜 − 𝛜̇𝛜p) = 𝐄𝐄ep: ϵ̇ (4) 

where the fourth-order elasto-plasticity tangent tensor 𝐄𝐄ep is obtained from the Kuhn-Tucker and 128 
consistency conditions as  129 

𝐄𝐄ep =
𝑑𝑑𝛔𝛔
𝑑𝑑𝛜𝛜

= 𝐄𝐄0 −
𝐄𝐄0:𝜦𝜦⨂𝐄𝐄0:𝜦𝜦
𝐻𝐻 + 𝜦𝜦:𝐄𝐄0:𝜦𝜦

 (5) 

where 𝐻𝐻 = ∂𝑞𝑞 / ∂ζ is the hardening or softening modulus.  For perfect plasticity, 𝑞𝑞 = 𝑞𝑞0, and 𝐻𝐻 =130 
0. Note that in associative plasticity, the elasto-plastic tangent tensor is symmetric. 131 

2.2. Kinematics of strong and regularized discontinuities 132 
In the early stages of the loading and deformation process of an elasto-plastic solid, standard 133 

kinematics applies and both the displacement rate and strain rate fields are continuous. However, in 134 
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softening and associated perfect plasticity, and even in hardening non-associated plasticity, slip lines 135 
(in 2D) or slip surfaces (in 3D) may form. Across these, the deformation can grow unbounded, 136 
displacement and/or strain discontinuities may appear and Maxwell’s compatibility condition needs 137 
to be considered.  138 
 139 

 
(a)  

 
(b) 

  

Figure 1. (a) Strong and (b) regularized discontinuities in an elasto-plastic solid. 140 

 (a)  (b) 

Figure 2. Kinematics of (a) strong and (b) regularized discontinuities. 141 

 142 

Figure 1a shows the elasto-plastic solid domain 𝜴𝜴 split by a displacement discontinuity 𝑺𝑺 (the 143 
slip line or slip surface) into two parts 𝜴𝜴+ and 𝜴𝜴−. The orientation of the discontinuity is denoted 144 
with the unit normal vector 𝒏𝒏 with direction from 𝜴𝜴− to 𝜴𝜴+. Let L be a characteristic size of the 145 
domain. 146 
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Figure 2a shows the corresponding kinematics: the velocity and strain rates fields are not 147 
regular. There is a discontinuity of the displacement rate at 𝑺𝑺 of value 𝒘̇𝒘; correspondingly, the 148 
strain rate at 𝑺𝑺 is: 149 

𝛜̇𝛜𝑆𝑆 = (𝒘̇𝒘 ⨂ 𝒏𝒏)sym𝛿𝛿𝑆𝑆 (6) 

where 𝛿𝛿𝑆𝑆 denotes the Dirac delta function. Note that this strain rate is unbounded and has a very 150 
definite structure determined by the direction of the discontinuity surface, as it allows for 151 
unbounded strain rate components at 𝑺𝑺 due to the discontinuity of the displacement in the normal 152 
direction 𝒏𝒏, but not in those directions tangential to 𝑺𝑺.  153 

For the analysis of strain localization in the continuum setting and also for its numerical 154 
verification using FEM, it is convenient to consider a regularized discontinuity, as shown in Figure 1b. 155 
Here, subdomains 𝜴𝜴+ and 𝜴𝜴− are separated by a regularized discontinuity band 𝑩𝑩 of finite width 156 
b, as the distance between surfaces 𝑺𝑺+  and 𝑺𝑺− ; these are weak (strain) discontinuities. The 157 
bandwidth b is small compared to the characteristic size of the domain L, so that 𝑏𝑏/𝐿𝐿 << 1. 158 
Figure 2b shows the corresponding regularized kinematics. Note that the strain localizes in the 159 
regularized band 𝑩𝑩. The deformation vector rate in the strain localization band 𝒆̇𝒆 is defined as the 160 
(apparent) jump of displacement rate 𝒘̇𝒘 across the regularized discontinuity band divided by the 161 
band width, 𝒆̇𝒆 = 𝒘̇𝒘/𝑏𝑏. 162 
 Let 𝑢̇𝑢  be a characteristic displacement in domain and the jump 𝑤̇𝑤  be of the same order. 163 
Deformations outside the localization band are or the order 𝒆̇𝒆ext = 𝑢̇𝑢

𝐿𝐿
, while inside the band they are 164 

of order 𝒆̇𝒆int = 𝒘̇𝒘/𝐿𝐿. As 𝑏𝑏/𝐿𝐿 << 1, 𝒆̇𝒆ext/𝒆̇𝒆int << 1 even for a finite, small bandwidth. 165 
Denoting by 𝛜̇𝛜ext and  𝛜̇𝛜int  the strain rates inside and outside of the localization band, 166 

respectively, and being ⟦𝛜̇𝛜⟧ the corresponding strain rate jump, Maxwell’s compatibility condition 167 
[20] is now expressed as  168 

⟦𝛜̇𝛜⟧ = 𝛜̇𝛜int − 𝛜̇𝛜ext = (𝒆̇𝒆 ⨂ 𝒏𝒏)sym (7) 

Eq. (7) is the regularized counterpart of Eq. (6). Note that for the band width b → 0, the strain 169 
rate in the regularized discontinuity band 𝑩𝑩 tends to the strain rate in the strong discontinuity 𝑺𝑺.  170 

 171 

2.3. Strain localization and stress boundedness 172 
From the constitutive relation of the elasto-plastic solids, the stress rates inside and outside of 173 

the localization band are given by  174 

𝛔̇𝛔int = 𝐄𝐄0: �𝛜̇𝛜int − 𝛜̇𝛜int
p �,       𝛔̇𝛔ext = 𝐄𝐄0: �𝛜̇𝛜ext − 𝛜̇𝛜ext

p � (8) 

Note that plastic behavior is considered inside and outside the localization band. The jump of 175 
stress rate ⟦𝛔̇𝛔⟧ is expressed as 176 

⟦𝛔̇𝛔⟧ = 𝛔̇𝛔int − 𝛔̇𝛔ext = 𝐄𝐄0: �⟦𝛜̇𝛜⟧ − ⟦𝛜̇𝛜p⟧ � =  𝐄𝐄0: �(𝒆̇𝒆 ⨂ 𝒏𝒏)sym − ⟦𝛜̇𝛜p⟧�    (9) 

where the compatibility condition (7) has been used and the jump of plastic strain rate is 177 
⟦𝛜̇𝛜p⟧ = 𝛜̇𝛜int

p − 𝛜̇𝛜ext
p = λ̇int 𝜦𝜦 − λ̇ext 𝜦𝜦 = �λ̇� 𝜦𝜦  (10) 

Eqs. (8)-(10) are derived from the constitutive behavior and the compatibility conditions across 178 
the weak discontinuities 𝑺𝑺+ and 𝑺𝑺− ; as strain localization has not been invoked, all the terms 179 
involved are bounded. 180 

Upon strain localization inside the band, and on-going deformation, the deformation vector 181 
rate in the band, 𝒆̇𝒆 = 𝒘̇𝒘/𝑏𝑏 the strain rate jump, (𝒆̇𝒆 ⨂ 𝒏𝒏)sym, and the plastic strain rate in the band, 182 
𝛜̇𝛜int
p , will grow much larger than the total strain rate outside the band, 𝛜̇𝛜ext, and the corresponding 183 

plastic strain rate, 𝛜̇𝛜ext
p , will either vanish (on elastic unloading) or remain small (on plastic loading); 184 

this ensures boundedness of the stress rate outside the band, 𝛔̇𝛔ext. Those terms that will grow upon 185 
strain localization, inversely proportional to b, are underlined in Eqs. (8)-(10). 186 
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Inside the localization band, elasto-plastic behavior and satisfaction of the yield criterion ensure 187 
that the stress rate needs to remain bounded even if the strain rate is not. Consequently, the jump of 188 
the stress rate in Eq. (9) may not be null, but it is bounded; therefore, stress rate boundedness 189 
requires that  190 

⟦𝛜̇𝛜⟧ = (𝒆̇𝒆 ⨂ 𝒏𝒏)sym = 𝛜̇𝛜int
p = λ̇int 𝜦𝜦 (11) 

This is that the entire jump of strain rate is due to the plastic strain rate inside the band. This a 191 
necessary condition for strain localization to occur. Some Remarks are in order. 192 
 193 
Remark 2.1: This condition holds for small finite bandwidths b, as in regularized discontinuities and 194 
standard FEM simulations.  The condition for strong discontinuities follows for the limit case of 195 
vanishing bandwidth b → 0. 196 
 197 
Remark 2.2: This condition does not necessarily occur upon plastic yielding nor strain bifurcation. 198 
Therefore, a transition stage may be necessary in most situations during which plastic behavior 199 
happens without strain localization. Only when the localization condition is fulfilled, true strain 200 
localization may happen. 201 
 202 
Remark 2.3: Only kinematic conditions depending on the plastic flow rule are implied; therefore, the 203 
condition may be extended to non-associated plasticity. 204 
 205 
Remark 2.4: For the same reason, the condition is independent from the elastic properties. 206 
Application to rigid-plastic materials can be implied from this independence. This is not the case for 207 
classical conditions related to strain bifurcation.  208 
 209 
Remark 2.5: Stress rate continuity upon strain localization follows from Eq. (9) if unloading occurs 210 
outside the band, that is, λ̇ext = 0. In this case, ⟦𝛜̇𝛜⟧ = ⟦𝛜̇𝛜p⟧ and ⟦𝛔̇𝛔⟧ = 0. This is usually the case when 211 
softening plasticity is considered. 212 
 213 

2.4. Strain localization plastic flow vector and tensor 214 
In the following, the subscript (∙)int will be omitted for the sake of simplicity, as all quantities 215 

refer to points inside the localization band. From Eq. (10), a plastic flow localization vector, 𝛄𝛄, can be 216 
defined so that  217 

𝒆̇𝒆 = λ̇𝛄𝛄,             𝜦𝜦 = (𝛄𝛄 ⨂ 𝒏𝒏)sym (12) 

or, equivalently, 218 
𝛄𝛄 = 2𝒏𝒏 ∙ 𝜦𝜦 − 𝛬𝛬𝑛𝑛𝑛𝑛𝒏𝒏 = γ𝑛𝑛𝒏𝒏 + γ𝑚𝑚𝒎𝒎 + γ𝑝𝑝𝒑𝒑 (13) 

where (𝒏𝒏,𝒎𝒎,𝒑𝒑) is a basis of orthonormal vectors normal and tangential to the discontinuity 𝑺𝑺. The 219 
components of the plastic flow localization vector 𝛄𝛄 = (γ𝑛𝑛 , γ𝑚𝑚, γ𝑝𝑝) are determined by  220 

γ𝑛𝑛 = 𝛄𝛄 ∙ 𝒏𝒏 = 𝛬𝛬𝑛𝑛𝑛𝑛,   γ𝑚𝑚 = 𝛄𝛄 ∙ 𝒎𝒎 = 2𝛬𝛬𝑛𝑛𝑛𝑛,     γ𝑝𝑝 = 𝛄𝛄 ∙ 𝒑𝒑 = 2𝛬𝛬𝑛𝑛𝑛𝑛 (14) 

So that 221 
𝛄𝛄 = 𝛬𝛬𝑛𝑛𝑛𝑛𝒏𝒏 + 2𝛬𝛬𝑛𝑛𝑛𝑛𝒎𝒎 + 2𝛬𝛬𝑛𝑛𝑛𝑛𝒑𝒑 (15) 

Accordingly, the other components of the strain localization plastic flow tensor are zero 222 
𝛬𝛬𝑚𝑚𝑚𝑚 = 0,    𝛬𝛬𝑝𝑝𝑝𝑝 = 0,   𝛬𝛬𝑚𝑚𝑚𝑚 = 0 (16) 

From these equations the orientation of the slip surface may be derived. 223 
 224 
  225 
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3. Application to Orthotropic Cohesive-Frictional Plastic Materials 226 
In this section, the above results for strain localization in elasto-plastic materials are purposedly 227 

applied to orthotropic cohesive-frictional plastic materials. A general form of the considered yield 228 
criteria is given that allows closed-form solutions for the orientation of the slip lines in 2-D plane 229 
strain and plane stress conditions. 230 

3.1. Orthotropic Cohesive-Frictional plasticity 231 
Orthotropic cohesive-frictional yield criteria of the form Φ(𝛔𝛔, ζ) = ϕ(𝛔𝛔) − 𝑞𝑞(ζ) ≤  0 are now 232 

considered. Let (1,2,3) be the material orthotropy axes and  233 
𝛔𝛔T = [σ11,σ22,σ33,σ12,σ13,σ23] (17) 

Voigt's representation of the symmetric second-order stress tensor in those axes. The equivalent 234 
stress ϕ(𝛔𝛔) is expressed as  235 

ϕ(𝛔𝛔)  = �3
2

(𝛔𝛔T ⋅ 𝐏𝐏 ⋅ 𝛔𝛔 + 𝐐𝐐𝐓𝐓 ⋅ 𝛔𝛔) (18) 

The generalized orthotropic matrix 𝐏𝐏 and Q vector read 236 
 237 

𝐏𝐏 =
1

𝐹𝐹 + 𝐺𝐺 + 𝐻𝐻

⎣
⎢
⎢
⎢
⎢
⎡𝐹𝐹 + 𝐺𝐺 −𝐹𝐹� −𝐺𝐺� 0 0 0
−𝐹𝐹� 𝐹𝐹 + 𝐻𝐻 −𝐻𝐻� 0 0 0
−𝐺𝐺� −𝐻𝐻� 𝐺𝐺 + 𝐻𝐻 0 0 0

0 0 0 2𝐿𝐿 0 0
0 0 0 0 2𝑀𝑀 0
0 0 0 0 0 2𝑁𝑁⎦

⎥
⎥
⎥
⎥
⎤

, 𝐐𝐐 =
1

𝐹𝐹 + 𝐺𝐺 + 𝐻𝐻

⎣
⎢
⎢
⎢
⎢
⎡
𝐼𝐼
𝐽𝐽
𝐾𝐾
0
0
0⎦
⎥
⎥
⎥
⎥
⎤

 (19) 

 238 
where the material parameters 𝐹𝐹, 𝐺𝐺, 𝐻𝐻, 𝐹𝐹�, 𝐺𝐺�, 𝐻𝐻�, L, M, N, I, J and K are given in terms of by the 239 
material strengths (superscripts c and t denote compression and tension, respectively): 240 
 241 

𝐹𝐹 =
1
2
�

1
𝑓𝑓1𝑐𝑐𝑓𝑓1𝑡𝑡

+
1

𝑓𝑓2𝑐𝑐𝑓𝑓2𝑡𝑡
−

1
𝑓𝑓3𝑐𝑐𝑓𝑓3𝑡𝑡

� ,𝐺𝐺 =
1
2
�

1
𝑓𝑓1𝑐𝑐𝑓𝑓1𝑡𝑡

−
1

𝑓𝑓2𝑐𝑐𝑓𝑓2𝑡𝑡
+

1
𝑓𝑓3𝑐𝑐𝑓𝑓3𝑡𝑡

� ,𝐻𝐻 =
1
2
�−

1
𝑓𝑓1𝑐𝑐𝑓𝑓1𝑡𝑡

+
1

𝑓𝑓2𝑐𝑐𝑓𝑓2𝑡𝑡
+

1
𝑓𝑓3𝑐𝑐𝑓𝑓3𝑡𝑡

� (20a) 

𝐿𝐿 =
1
2
�

1
𝑓𝑓12
�
2

,𝑀𝑀 =
1
2
�

1
𝑓𝑓13
�
2

,𝑁𝑁 =
1
2
�

1
𝑓𝑓23

�
2

 (20b) 

𝐼𝐼 =
1
𝑓𝑓1𝑡𝑡
−

1
𝑓𝑓1𝑐𝑐

, 𝐽𝐽 =
1
𝑓𝑓2𝑡𝑡
−

1
𝑓𝑓2𝑐𝑐

,𝐾𝐾 =
1
𝑓𝑓3𝑡𝑡
−

1
𝑓𝑓3𝑐𝑐

 (20c) 

Unless, otherwise stated: 242 
𝐹𝐹 � = 𝐹𝐹,      𝐺𝐺 � = 𝐺𝐺,      𝐻𝐻� = 𝐻𝐻 (20d) 

 243 
The initial stress threshold is defined as 244 

𝑞𝑞02 =
3
2

[𝐹𝐹 + 𝐺𝐺 + 𝐻𝐻]−1 (21) 

Different well-known quadratic isotropic and orthotropic yield criteria are obtained by 245 
appropriately selecting the material parameters: 246 
 247 

von Mises criterion: 248 

𝑓𝑓 = 𝑓𝑓1𝑐𝑐 = 𝑓𝑓2𝑐𝑐 = 𝑓𝑓3𝑐𝑐 = 𝑓𝑓1𝑡𝑡 = 𝑓𝑓2𝑡𝑡 = 𝑓𝑓3𝑡𝑡 ,       
𝑓𝑓
√3

= 𝑓𝑓12 = 𝑓𝑓13 = 𝑓𝑓23 (22a) 

Parabolic Drucker-Prager (DP) criterion: 249 
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𝑓𝑓𝑐𝑐 = 𝑓𝑓1𝑐𝑐 = 𝑓𝑓2𝑐𝑐 = 𝑓𝑓3𝑐𝑐 , 𝑓𝑓𝑡𝑡 = 𝑓𝑓1𝑡𝑡 = 𝑓𝑓2𝑡𝑡 = 𝑓𝑓3𝑡𝑡 ,         
�𝑓𝑓𝑐𝑐𝑓𝑓𝑡𝑡

√3
= 𝑓𝑓12 = 𝑓𝑓13 = 𝑓𝑓23 (22b) 

Hill criterion: 250 
𝑓𝑓1 = 𝑓𝑓1𝑐𝑐 = 𝑓𝑓1𝑡𝑡, 𝑓𝑓2 = 𝑓𝑓2𝑐𝑐 = 𝑓𝑓2𝑡𝑡, 𝑓𝑓3 = 𝑓𝑓3𝑐𝑐 = 𝑓𝑓3𝑡𝑡 and 𝐼𝐼 = 𝐽𝐽 = 𝐾𝐾 = 0 (22c) 

Hoffman criterion: 251 
𝐹𝐹 � = 𝐹𝐹,      𝐺𝐺 � = 𝐺𝐺,      𝐻𝐻� = 𝐻𝐻 (22d) 

Tsai-Wu criterion: 252 

𝐹𝐹� =
1
2

1

�𝑓𝑓1𝑐𝑐𝑓𝑓1𝑡𝑡𝑓𝑓2𝑐𝑐𝑓𝑓2𝑡𝑡
, 𝐺𝐺� =

1
2

1

�𝑓𝑓1𝑐𝑐𝑓𝑓1𝑡𝑡𝑓𝑓3𝑐𝑐𝑓𝑓3𝑡𝑡
, 𝐻𝐻� =

1
2

1

�𝑓𝑓2𝑐𝑐𝑓𝑓2𝑡𝑡𝑓𝑓3𝑐𝑐𝑓𝑓3𝑡𝑡
 (22e) 

Remark 3.1: The effective stress in Eq. (18) defines a quadratic yield surface, with a quadratic 253 
dependence of the friction-angle on pressure. Alternatively, an effective stress defined as  254 

ϕ(𝛔𝛔) = �3
2
𝛔𝛔T ⋅ 𝐏𝐏 ⋅ 𝛔𝛔 + 𝐐𝐐�T ⋅ 𝛔𝛔 (23) 

allows for a yield surface with straight meridians; the isotropic criterion would the more 255 
conventional DP cone.  256 

Orthotropic criteria cannot be represented graphically in the Haigh–Westergaard (HW) stress 257 
space because they depend on the 6 stress components. A partial graphical representation can be 258 
obtained by considering them projected into the HW space when the principal stresses act on the 259 
material axis, that is, no shear stress appears on the material system. Such representation, generally 260 
as an elliptic paraboloid, is offered in Figure 3. All strengths are scaled to 1. Figure 3(a) shows an 261 
orthotropic Hill cylinder, with 𝑓𝑓1/ 𝑓𝑓2  =  𝑓𝑓1/ 𝑓𝑓3  = 1.5, tensile and compresive strenth are equal. 262 
Figure 3(b) show the isotropic parabolic Drucker-Prager for compressive to tensile strength ratio 263 
κ = 𝑓𝑓𝑐𝑐/ 𝑓𝑓𝑡𝑡 = 1.5 . Figures 3(c) and (d) show the orthotropic Hoffman and Tsai-Wu criteria, 264 
respectively, for ratios κ = 𝑓𝑓1𝑐𝑐  /𝑓𝑓1𝑡𝑡 = 1.5   and 𝑓𝑓2𝑐𝑐 /𝑓𝑓2𝑡𝑡 = 𝑓𝑓3𝑐𝑐 /𝑓𝑓3𝑡𝑡 = 1; all tensile strengths are taken 265 
equal to 1.  266 

3.2. Orthotropic Plastic flow 267 
From the effective stress in Eq. (18), the components of the plastic flow tensor plastic flow are 268 

obtained 269 

𝜦𝜦 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝝈𝝈

=
3
4

1
𝜙𝜙(𝝈𝝈) (2 𝐏𝐏 ⋅ 𝛔𝛔 + 𝐐𝐐𝐓𝐓) (24) 

so that  

𝛬𝛬11 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜎𝜎11

=
𝑞𝑞02

2𝜙𝜙
�2(𝐺𝐺 + 𝐹𝐹)𝜎𝜎11 − 2𝐹𝐹�𝜎𝜎22 − 2𝐺𝐺�𝜎𝜎33 + 𝐼𝐼� (24a) 

𝛬𝛬22 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜎𝜎22

=
𝑞𝑞02

2𝜙𝜙
�2(𝐹𝐹 + 𝐻𝐻)𝜎𝜎22 − 2𝐹𝐹�𝜎𝜎11 − 2𝐻𝐻�𝜎𝜎33 + 𝐽𝐽� (24b) 

𝛬𝛬33 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜎𝜎33

=
𝑞𝑞02

2𝜙𝜙
�2(𝐺𝐺 + 𝐻𝐻)𝜎𝜎33 − 2𝐺𝐺�𝜎𝜎11 − 2𝐻𝐻�𝜎𝜎22 + 𝐾𝐾� (24c) 

 270 
  271 
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 272 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 3. Yield criteria in HW stress space, lateral view from the hydrostatic axis:  273 
(a) Hill; (b) Parabolic Drucker-Prager; (c) Hoffman; (d) Tsai-Wu. 274 
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𝛬𝛬12 = 𝛬𝛬21 =
1
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜎𝜎12

=
𝑞𝑞02

2𝜙𝜙
𝐿𝐿𝜎𝜎12 (24d) 

𝛬𝛬13 = 𝛬𝛬31 =
1
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜎𝜎13

=
𝑞𝑞02

2𝜙𝜙
𝑀𝑀𝜎𝜎13 (24e) 

𝛬𝛬23 = 𝛬𝛬32 =
1
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜎𝜎23

=
𝑞𝑞02

2𝜙𝜙
𝑁𝑁𝜎𝜎23 (24f) 

The identity tr𝜦𝜦 = 𝛬𝛬11 + 𝛬𝛬22 + 𝛬𝛬33 = 𝑞𝑞0
2

2𝜙𝜙
(𝐼𝐼 + 𝐽𝐽 + 𝐾𝐾) holds. 275 

3.3. Strain Localization Angle 276 
In this section, the orientation of the slip lines is analytically obtained for orthotropic and 277 

pressure-dependent plastic solids subjected to plane strain and plane stress conditions. The strain 278 
localization angle is measured counter-clockwise 𝜃𝜃cr ∈ [−π

2
, π
2
 ] as the angle between the vector 𝒏𝒏 279 

normal to the discontinuity and the material axis 1; see Figure 4.  280 
 281 

 
Figure 4. Definition of the localization angle 𝜃𝜃cr. 282 

Let (𝒏𝒏,𝒎𝒎,𝒑𝒑) be the basis formed by the orthonormal vectors normal and tangential to the 283 
discontinuity 𝑺𝑺. The strain localization equations (16) require the flow tensor in Eqs. (24) to be 284 
written in this system. Let 𝜃𝜃 be the angle between the material and another system. Then 285 

𝛬𝛬𝑚𝑚𝑚𝑚 = 𝛬𝛬11 sin2 𝜃𝜃 + 𝛬𝛬22 cos2 𝜃𝜃 + 2𝛬𝛬12 sin𝜃𝜃 cos 𝜃𝜃 (25a) 

𝛬𝛬𝑝𝑝𝑝𝑝 =  𝛬𝛬33 (25b) 

𝛬𝛬𝑚𝑚𝑚𝑚 = 0 (25c) 

The strain localization angle 𝜃𝜃cr is obtained from the kinematic constraints in Eqs. (16), that is, 286 
equating these components to zero. Solving Λ𝑚𝑚𝑚𝑚(𝜃𝜃cr) = 0 for tan𝜃𝜃cr 287 

tan𝜃𝜃cr = −
𝛬𝛬12
𝛬𝛬11

± ��
𝛬𝛬12
𝛬𝛬11

�
2

−
𝛬𝛬22
𝛬𝛬11

 (26) 

As can be seen, the strain localization angle 𝜃𝜃cr  depends on the stress state upon strain 288 
localization. The condition 𝛬𝛬𝑝𝑝𝑝𝑝(𝜃𝜃𝑐𝑐𝑐𝑐) =  𝛬𝛬33 = 0 (25b) needs to be imposed in plane stress and strain 289 
conditions. 290 
 291 
Remark 3.2: For the case of 𝛬𝛬12 = 0, where the no shear stress acts on the material axes, Eq. (26) 292 
simplifies to 293 
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tan𝜃𝜃cr = ±�−
𝛬𝛬22
𝛬𝛬11

 (27) 

 294 
Remark 3.3: The kinematic constraints produce two alternative strain localization angle, see also 295 
Figure 3. The in-between angle that follows from Eq. (27) is 296 

tan(𝜃𝜃1cr − 𝜃𝜃2cr) =
tan𝜃𝜃1cr − tan𝜃𝜃2cr

1 + tan 𝜃𝜃1cr tan𝜃𝜃2cr
= ±

⎝

⎛
2�−𝛬𝛬22𝛬𝛬11
1 + 𝛬𝛬22

𝛬𝛬11 ⎠

⎞ (28) 

 297 
Remark 3.4: In purely isochoric models (von Mises, Hill), 𝛬𝛬11 = −𝛬𝛬22, and tan(𝜃𝜃1cr − 𝜃𝜃2cr) = ±∞, so 298 
𝜃𝜃1cr − 𝜃𝜃2cr = ±90° 299 
 300 
Remark 3.5: The angle of the slip lines (counter-clockwise from 1-axis) is 𝜃𝜃slip = π

2
− 𝜃𝜃cr 301 

tan𝜃𝜃slip = (tan 𝜃𝜃cr)−1 (29) 

Remark 3.6: The above expressions are obtained for the stress expressed in the material system.  302 
These are obtained from the stresses in the global (x,y,z) system by standard transformation. For 303 
instance, in plane strain conditions 304 

�

𝜎𝜎11
𝜎𝜎22
𝜎𝜎33
𝜎𝜎12

� = �
cos2 α sin2 α 0 −2 cosα sin α
sin2 α cos2 α 0 2 cosα sinα

0 0 1 0
cosα sin α − cos α sin α 0 cos2 α − sin2 α

� �

𝜎𝜎𝑥𝑥𝑥𝑥
𝜎𝜎𝑦𝑦𝑦𝑦
𝜎𝜎𝑧𝑧𝑧𝑧
𝜎𝜎𝑥𝑥𝑥𝑥

� (30) 

where α is the tilt angle between the global axis x and the material local axis 1 measured 305 
counter-clockwise. 306 

3.2.1. Plane Stress 307 
In plane stress, 𝜎𝜎33 = 𝜎𝜎𝑝𝑝𝑝𝑝 = 0.  308 
In this case, the non-zero plastic flow components 𝛬𝛬𝑖𝑖𝑖𝑖 in Eq. (27) are 309 

𝛬𝛬11 =
𝑞𝑞02

2𝜙𝜙
[2(𝐺𝐺 + 𝐹𝐹)𝜎𝜎11 − 2𝐹𝐹�𝜎𝜎22 + 𝐼𝐼] (31a) 

𝛬𝛬22 =
𝑞𝑞02

2𝜙𝜙
[2(𝐹𝐹 + 𝐻𝐻)𝜎𝜎22 − 2𝐹𝐹�𝜎𝜎11 + 𝐽𝐽] (31b) 

𝛬𝛬12 = 𝛬𝛬21 =
𝑞𝑞02

2𝜙𝜙
𝐿𝐿𝜎𝜎12 (31d) 

These components can be substituted in Eq. (26). 310 

3.2.2. Plane Strain 311 
In this case, the non-zero plastic flow components 𝛬𝛬𝑖𝑖𝑖𝑖 in Eq. (27) are considered with Eq. (25b). 312 

𝛬𝛬11 =
𝑞𝑞02

2ϕ
�2(𝐺𝐺 + 𝐹𝐹)𝜎𝜎11 − 2𝐹𝐹�𝜎𝜎22 − 2𝐺𝐺�𝜎𝜎33 + 𝐼𝐼� (32a) 

𝛬𝛬22 =
𝑞𝑞02

2ϕ
�2(𝐹𝐹 + 𝐻𝐻)𝜎𝜎22 − 2𝐹𝐹�𝜎𝜎11 − 2𝐻𝐻�𝜎𝜎33 + 𝐽𝐽� (32b) 

𝛬𝛬33 =
𝑞𝑞02

2ϕ
�2(𝐺𝐺 + 𝐻𝐻)𝜎𝜎33 − 2𝐺𝐺�𝜎𝜎11 − 2𝐻𝐻�𝜎𝜎22 + 𝐾𝐾� (32c) 
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𝛬𝛬12 = 𝛬𝛬21 =
𝑞𝑞02

2ϕ
𝐿𝐿𝜎𝜎12 (32d) 

From the kinematical condition 𝛬𝛬pp(θcr) =  𝛬𝛬33 = 0, 𝜎𝜎33 is obtained as 313 

𝜎𝜎33 =
2�𝐺𝐺�𝜎𝜎11 + 𝐻𝐻�𝜎𝜎22� − 𝐾𝐾

2(𝐺𝐺 + 𝐻𝐻)
 (33) 

and inserted into Eq. (32a) and Eq. (32b), and these components can be then substituted in Eq. 314 
(26). 315 

3.4. Geometrical interpretation of the strain localization angle in the stress space 316 
In the following, a geometrical interpretation of the strain localization angles obtained 317 

analytically is offered. As explained, Figure 3 gives a partial graphical representation of the 318 
orthotropic yield criteria projected into the HW space when the principal stresses act on the material 319 
axis, that is, no shear stress appears on the material system.  320 

In Figure 5, a cross section of those paraboloids by a horizontal plane is given. For plane stress, 321 
the plane 𝜎𝜎33 = 0 is used; for plane strain, the plane 𝜎𝜎33 = �2�𝐺𝐺�𝜎𝜎11 + 𝐻𝐻�𝜎𝜎22� − 𝐾𝐾�/ 2(𝐺𝐺 + 𝐻𝐻), from Eq. 322 
(33), is used. The isotropic Drucker-Prager and the orthotropic Hoffmann and Tsai-Wu criteria are 323 
depicted for ratios κ = 𝑓𝑓𝑐𝑐/ 𝑓𝑓𝑡𝑡 = 1.5 𝑎𝑎𝑎𝑎𝑎𝑎 3.0 and 𝑓𝑓2𝑐𝑐  /𝑓𝑓2𝑡𝑡 = 𝑓𝑓3𝑐𝑐  /𝑓𝑓3𝑡𝑡 = 1; all tensile strengths are taken 324 
equal to 1. For plane stress, the intersected quadratic curves are ellipses; for plane strain, they are 325 
parabolas. They are more stretched for higher ratios κ.  326 

In Figure 5, the projection of the plastic flow vector, normal to the yield surface, for uniaxial 327 
tension and compression in the 2-direction, is also plotted. See the next Section for the analytical 328 
values. 329 
 330 
Remark 3.7: The angle 𝜃𝜃� between this projected flow vector and the 2-axis is related to the strain 331 
localization angle 𝜃𝜃cr, because 332 

tan𝜃𝜃� = −
𝛬𝛬22
𝛬𝛬11

= tan2 𝜃𝜃cr (34) 

3.5. Uniaxial tension and compression: Analytical strain localization angles 333 
In the following, the analytical values of the strain localization angle are obtained for the 334 

uniaxial tension and compression cases illustrated in Figure 5. Material strengths are those indicated 335 
in the previous Section; with those, the coefficients for matrix 𝐏𝐏 and vector 𝐐𝐐 are computed for the 336 
three different criteria (Drucker-Prager, Hoffmann and Tsai-Wu) and listed in Table 1.  337 

 338 
Table 1. Material coefficients for matrix 𝐏𝐏 and vector 𝐐𝐐 339 

𝛋𝛋 = 𝟏𝟏.𝟓𝟓 𝑭𝑭 𝑮𝑮 𝑯𝑯 𝑭𝑭� 𝑮𝑮� 𝑯𝑯�  𝑰𝑰 𝑱𝑱 𝑲𝑲 
DP 1/3 1/3 1/3 F G H 1/3 1/3 1/3 

Hoffman 1/3 1/3 2/3 F G H 1/3 0 0 
Tsai-Wu 1/3 1/3 2/3 �1/6  �1/6  0.5 1/3 0 0 

 340 
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(a) Plane Stress with κ = 1.5 

 
(b) Plane Strain with κ = 1.5 

 
(c) Plane Stress with κ = 3.0 

 
(d) Plane Strain with κ = 3.0 

 

Figure 5. Cross sections of the yield criteria and strain localization angle under uniaxial tension  341 
and compression in plane stress and plane strain. 342 

3.5.1. Plane Stress 343 
For uniaxial tension in plane stress, the stress state is: 344 

𝜎𝜎11 = 0, 𝜎𝜎22 = 𝜎𝜎 > 0, 𝜎𝜎12 = 0, 𝜎𝜎33 = 0   

Therefore, the kinematical condition 𝛬𝛬33 = 0 (25b) needs not be considered, and no extra 345 
constraint imposes on the stress state upon strain localization. Therefore, once the initial yield 346 
surface, Φ(𝛔𝛔, ζ) = 0, is reached, strain localization occurs at the same instant, with the orientation 347 
determined from the corresponding flow tensor. 348 

A stress 𝜎𝜎22 = 𝜎𝜎 = 1 is taken so that the point [0, 𝜎𝜎, 0] is on yield surface, see Figure 5a. 349 
As 𝛬𝛬12 = 0, 350 

tan𝜃𝜃slip = (tan 𝜃𝜃cr)−1 = ±�−
𝛬𝛬11
𝛬𝛬22

= ±�
2𝐹𝐹�𝜎𝜎22 − 𝐼𝐼

2(𝐹𝐹 + 𝐻𝐻)𝜎𝜎22 + 𝐽𝐽
 351 

 352 
The obtained values for 𝜃𝜃slip  are given in Table 2. Results corresponding to uniaxial 353 

compression are also given in the Table. Note that the localization angles under tension and 354 
compression are very different and for the various yield criteria, as depicted graphically in Figure 5. 355 

 356 
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Table 2. Plane Stress: stress state and slip-lines angles for uniaxial tension and compression 357 

𝛋𝛋 = 𝟏𝟏.𝟓𝟓 
Tension Compression 

𝝈𝝈𝟐𝟐𝟐𝟐 𝝈𝝈𝟑𝟑𝟑𝟑 𝜽𝜽𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝝈𝝈𝟐𝟐𝟐𝟐 𝝈𝝈𝟑𝟑𝟑𝟑 𝜽𝜽𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 
DP 1.0000 0.0000 ±24.0948° −1.0000 0.0000 ±41.8103° 

Hoffman 1.0000 0.0000 ±22.2077° −1.0000 0.0000 ±35.2644° 

Tsai-Wu 1.0000 0.0000 ±26.1746° −1.0000 0.0000 ±37.1705° 

 358 
Remark 3.8: Note that for 𝐼𝐼 = 2𝐹𝐹�  the localization angle 𝜃𝜃cr = 0 𝑓𝑓or tension, as 𝜎𝜎22 = 𝜎𝜎 = 1. This 359 
happens if the compressive strength is sufficiently larger than the tensile strength; for instance, it 360 
happens for the ratio κ = 2 for the Drucker-Prager criterion. For larger ratios, there is no real value 361 
for the localization angles. In compression, for 𝜎𝜎22 = 𝜎𝜎 = −1, this happens reciprocally, that is, if 362 
the compressive strength is sufficiently smaller that the tensile strength.  363 

3.5.2. Plane Strain 364 
In the plane strain case, the kinematical condition 𝛬𝛬33 = 0 (25b) needs to be enforced. From 365 

this,  366 

𝜎𝜎33 =
2�𝐺𝐺�𝜎𝜎11 + 𝐻𝐻�𝜎𝜎22� − 𝐾𝐾

2(𝐺𝐺 + 𝐻𝐻)
 367 

A stress 𝜎𝜎22 = 𝜎𝜎 is found so that the point [0, 𝜎𝜎, 𝜎𝜎33] is on the corresponding yield surface, see 368 
Figure 5a. 369 

Then,  370 

tan𝜃𝜃slip = (tan𝜃𝜃cr)−1 = ±�−
𝛬𝛬11
𝛬𝛬22

= ±�
2𝐹𝐹�𝜎𝜎22 + 2𝐺𝐺 �𝜎𝜎33 − 𝐼𝐼

2(𝐹𝐹 + 𝐻𝐻)𝜎𝜎22 − 2𝐻𝐻�𝜎𝜎33 + 𝐽𝐽
 371 

The obtained values for 𝜃𝜃slip  are given in Table 3. Results corresponding to uniaxial 372 
compression are also given. Note that the angles under tension and compression are distinct and 373 
they are also different for the various yield criteria, as shown in Figure 5.  374 

 375 
Table 3. Plane Strain: stress state and slip-lines angles for uniaxial tension and compression 376 

𝛋𝛋 = 𝟏𝟏.𝟓𝟓 
Tension Compression 

𝝈𝝈𝟐𝟐𝟐𝟐 𝝈𝝈𝟑𝟑𝟑𝟑 𝜽𝜽𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝝈𝝈𝟐𝟐𝟐𝟐 𝝈𝝈𝟑𝟑𝟑𝟑 𝜽𝜽𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 
DP 1.0275 0.2638 ±30.4411° −2.0275 −1.2638 ±52.1384° 

Hoffman 1.3416 0.8944 ±41.3843° −1.3416 −0.8944 ±47.8857° 
Tsai-Wu 1.1547 0.5774 ±38.3075° −1.1547 −0.5774 ±45.1276° 

 377 

4. Numerical Verification 378 
In this Section, FEM analyses are performed to numerically verify the analytical results 379 

obtained in Section 3 and derived from the strain localization analysis in Section 2. 380 
It is emphasized that the numerical verification is totally independent from the analytical 381 

results. That is, the numerical analyses follow the standard procedure for solving the nonlinear 382 
mechanical problem and plastic behavior appears and evolves into the formation of slip lines; and 383 
the analytical results are not by any means used.  384 

In previous works [38], it has been demonstrated that the strain localization angle is 385 
independent from the elastic properties. Therefore, the argument is not pursued here. Similarly, the 386 
localization angle does not depend on the softening behavior [40], so perfect plasticity is assumed in 387 
the following. 388 
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Although pressure dependent plasticity models are to be investigated, they are compared to the 389 
isochoric von Mises model. To avoid volumetric locking in nearly incompressible situations, B-bar 390 
finite elements [42] are used in 2D and 3D. 391 

4.1. B-bar Finite Element 392 
The B-bar element is a particular implementation of the mixed displacement/pressure Q1P0 393 

element in which the constant pressure has been eliminated at element level at the expense of 394 
renouncing the incompressible limit. This is accomplished by evaluating the constant mean stress in 395 
terms of the mean volumetric strain, the latter computed from the nodal displacements. 396 

The standard discrete strain-displacement 𝑩𝑩 matrix, computed at each integration point from 397 
the Cartesian derivatives of the nodal shape functions, is split into its volumetric and deviatoric 398 
parts 399 

𝑩𝑩 = 𝑩𝑩vol + 𝑩𝑩dev  (34) 

A mean volumetric sub-matrix 𝑩𝑩�vol is computed as 400 

𝑩𝑩�vol =
1
ng
�𝑩𝑩𝑘𝑘

vol

ng

𝑘𝑘=1

 (35) 

where ng is the number of integration points in the element. 401 
The B-bar discrete strain-displacement matrix is obtained as 402 

𝑩𝑩� = 𝑩𝑩�vol + 𝑩𝑩dev  (36) 

The B-bar element has some zero-energy modes that may show as spurious hour-glassing in 403 
some instances. This may be avoided by using  404 

𝑩𝑩�𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑩𝑩� + (1 − τ)�𝑩𝑩vol − 𝑩𝑩�vol� (37) 

For τ = 1, then 𝑩𝑩�𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑩𝑩�vol + 𝑩𝑩dev = 𝑩𝑩� is identical to the B-bar formulation. For τ = 0, then 405 
𝑩𝑩�𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑩𝑩vol + 𝑩𝑩dev is identical to the standard formulation. 406 

 407 

4.2. Uniaxial tension and compression: Numerical verification 408 
In this section, the above B-bar finite element is used to perform benchmark verifications in 409 

strain localization analysis. The benchmark example is a strip loaded in uniaxial tension and 410 
compression via imposed vertical displacements at the top and bottom ends; the horizontal 411 
movement is not restrained. As shown in Figure 6, the strip has dimensions 10m × 20m (width × 412 
height). A sharp horizontal slit (2 m) is inserted in the center of strip to introduce the perturbation 413 
necessary to trigger strain localization.  414 

In this problem the stress field is known a-priori. Plane strain and plane stress conditions are 415 
investigated. In both cases, the far field stress state corresponds exactly to those assumed for the 416 
analytical results in Section 3  417 

𝜎𝜎11 = 0, 𝜎𝜎22 = 𝜎𝜎 > 0, 𝜎𝜎12 = 0   

The sharp horizontal slit causes a stress concentration that triggers the onset of plastic behavior and 418 
strain localization; subsequently, straight slip lines stem from these and cross the strip at 419 
well-defined slopes that must follow the angles analytically predicted in Sections 2 and 3.  The 420 
numerical results obtained in the FE analysis are used to validate the strain localization analysis in 421 
Section 2 and the analytical results in Section 3 that follows from it. 422 

 423 
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Figure 6. Geometry of a strip under vertical stretching. 424 

The following material properties are used: Young’s modulus 𝐸𝐸 = 1.0 × 107 MPa, Poisson’s 425 
ratio ν = 0.2. Several orthotropic elasto-plastic criteria are compared; the different plastic yield 426 
strengths along the material axes are detailed for each case. Perfect plasticity is assumed. 427 

Structured meshes of regular quadrilateral are employed. Square elements (0.05 m × 0.05 m) are 428 
arranged 200 horizontally and 400 vertically, with a total of 80,000 elements used for plane strain 2D 429 
simulations. Plane stress cases are simulated in 3D, with as many hexahedral elements arranged in a 430 
mesh 1 element thick. In all cases, 500 time steps are performed to complete the analyses. The 431 
constitutive laws and finite elements used have been implemented in the COMET finite element 432 
program, developed by the authors at the International Center for Numerical Methods in 433 
Engineering (CIMNE). Pre and post-processing is done with GiD, also developed at CIMNE. 434 

4.2.1. Isotropic Incompressible and Cohesive-Frictional Models 435 
In this subsection, strain localization is first investigated for isotropic incompressible and 436 

pressure sensitive models.  437 
Isotropic von Mises J2 plasticity with yield strength 𝑓𝑓 = 1.0 × 104 MPa is used as reference case. 438 

Insensitive to pressure, under plane strain, tensile and compression tests show the same localization 439 
angles (±45°), while under plane stress, the localization angles are ±35.26° from horizontal axis, 440 
measured in a counter-clockwise manner.  441 

Isotropic Parabolic Drucker-Prager models are also considered. A tensile strength 𝑓𝑓𝑡𝑡 = 1.0 ×442 
104 MPa  and different compressive strengths according to the ratio κ =  𝑓𝑓𝑐𝑐/ 𝑓𝑓𝑡𝑡   are used, κ =443 
1.25, 1.50 for tension, κ = 2, 3 for compression; the isotropic shear strength is �𝑓𝑓𝑐𝑐𝑓𝑓𝑡𝑡  / 3.  444 

Some of the corresponding analytical results are given in Section 3.5. Here, the analytical and 445 
numerical results are presented for comparison in Figures 7 to 10 and Tables 4 to 7. Plane stress and 446 
plane stress results are shown both for tension and compression. For the numerical results, the 447 
numerical Lode angle is measured at the point in the slip line located 1 m to the right from the right 448 
end of the slit. The angle of the slide slip line is measured counter-clockwise from the x-axis. 449 

For all cases, the numerical results are coincident with the analytical results. Correct angles of 450 
the slip lines are depicted in Figures 7, 8, 9, and 10. Also, the coincidence between analytical and 451 
numerical results is shown in Tables 4, 5, 6 and 7. The strain localization angle decreases with 452 
increasing ratios κ in the tensile tests (Figures 7 and 9), while the strain localization angle increases 453 
with κ in the compressive tests (Figure 8 and 10). The coincidence of the analytical and numerical 454 
Lode angles in the plane strain cases indicates that the kinematical constraint imposed by the 𝛬𝛬33 =455 
𝛬𝛬𝑧𝑧𝑧𝑧 = 0 condition is verified. 456 

 457 
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 458 
 459 

 
(a) 

 
(b) 

 
(c) 

Figure 7. Strip under vertical plane stress tension (Parabolic Drucker-Prager): 460 
(a) κ = 1, identical to von Mises; (b) κ = 1.25; (c) κ = 1.5. 461 

 
(a) 

 
(b) 

 
(c) 

Figure 8. Strip under vertical plane stress compression (Parabolic Drucker-Prager): 462 
(a) κ = 1, identical to von Mises; (b) κ = 2; (c) κ = 3. 463 

Table 4. Analytical and numerical Lode and strain localization angles 464 
for isotropic models under plane stress tension 465 

𝛋𝛋 𝝑𝝑𝐚𝐚𝐚𝐚𝐚𝐚 𝝑𝝑𝐧𝐧𝐧𝐧𝐧𝐧 𝜽𝜽𝐚𝐚𝐚𝐚𝐚𝐚
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽𝐧𝐧𝐧𝐧𝐧𝐧

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  
VM 1.0  0.0000° 0.6459° 35.2644° 35.4699° 
DP 1.25 0.0000° 0.3803° 30.0000° 30.4342° 
DP 1.5 0.0000° 0.7800° 24.0948° 24.2277° 

 466 
Table 5. Analytical and numerical Lode and strain localization angles 467 

for isotropic models under plane stress compression 468 

𝛋𝛋 𝝑𝝑𝐚𝐚𝐚𝐚𝐚𝐚 𝝑𝝑𝐧𝐧𝐧𝐧𝐧𝐧 𝜽𝜽𝐚𝐚𝐚𝐚𝐚𝐚
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽𝐧𝐧𝐧𝐧𝐧𝐧

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  
VM 1.0 60.0000° 59.3541° 35.2644° 35.4699° 
DP 2.0 60.0000° 59.6989° 45.0000° 45.0000° 
DP 3.0 60.0000° 59.6006° 48.1897° 48.8141° 

 469 
 470 
 471 
 472 
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 473 
 474 

 
(a) 

 
(b) 

 
(c) 

Figure 9. Strip under vertical plane strain tension (Parabolic Drucker-Prager): 475 
(a) κ = 1 identical to von-Mises; (b) κ = 1.25; (c) κ = 1.5. 476 

 
(a) 

 
(b) 

 
(c) 

Figure 10. Strip under vertical plane strain compression (Parabolic Drucker-Prager): 477 
(a) κ = 1 identical to von-Mises; (b) κ = 2; (c) κ = 3. 478 

 479 
Table 6. Analytical and numerical Lode and strain localization angles 480 

for isotropic models under plane strain tension 481 

𝛋𝛋 𝝑𝝑𝐚𝐚𝐚𝐚𝐚𝐚 𝝑𝝑𝐧𝐧𝐧𝐧𝐧𝐧 𝜽𝜽𝐚𝐚𝐚𝐚𝐚𝐚
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽𝐧𝐧𝐧𝐧𝐧𝐧

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  
VM 1.0  30.0000° 30.1669° 45.0000° 45.0000° 
DP 1.25 22.3378° 23.6244° 38.2626° 39.0939° 
DP 1.5 14.3077° 15.9519° 30.4411° 31.4875° 

 482 
Table 7. Analytical and numerical Lode and strain localization angles 483 

for isotropic models under plane strain compression 484 

𝛋𝛋 𝝑𝝑𝐚𝐚𝐚𝐚𝐚𝐚 𝝑𝝑𝐧𝐧𝐧𝐧𝐧𝐧 𝜽𝜽𝐚𝐚𝐚𝐚𝐚𝐚
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽𝐧𝐧𝐧𝐧𝐧𝐧

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  
VM 1.0 30.0000° 30.1669° 45.0000°  45.0000° 
DP 2.0 19.1066° 19.6359° 54.7356° 54.2934° 
DP 3.0 17.1330° 17.6788° 56.6531° 57.5289° 

 485 
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4.2.2. Isotropic and Orthotropic Cohesive-Frictional Models 486 
In this subsection, the formation of slip lines is now investigated for orthotropic Hoffman and 487 

Tsai-Wu pressure sensitive models and compared to the isotropic counterpart. The orthotropy 488 
material axes (1,2,3) are coincident with the global axes (x,y,z); relative tilting is investigated in 489 
Appendix B. 490 

For the comparison, a ratio of compressive to tensile strengths κ = 1.5 is taken for the tension 491 
tests and κ = 3.0  for the compression tests. For the orthotropic models, all the yield strengths are 492 
taken as 𝑓𝑓 = 1.0 × 104 MPa, except the compressive 𝑓𝑓𝑥𝑥𝑐𝑐, which is taken to the κ ratio; shear strength 493 
𝑓𝑓𝑥𝑥𝑥𝑥 =  �𝑓𝑓𝑥𝑥𝑐𝑐𝑓𝑓𝑦𝑦𝑐𝑐  / 3. 494 

Some of the corresponding analytical results are given in Section 3.5. In the following, the 495 
analytical and numerical results are presented for comparison in Figures 11 to 14 and Tables 8 to 11.  496 

As previously, for all cases, the numerical and analytical results are coincident. Note that 497 
Hoffman and Tsai-Wu models produce different outcomes for the same material properties, as they 498 
use different 𝐹𝐹�, 𝐺𝐺� and 𝐻𝐻� parameters. Lode angles in plane stress are 0° under tensile loading and 499 
60° under compressive loading; they vary in plane strain.  500 
  501 
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 502 

 
(a) 

 
(b) 

 
(c) 

Figure 11. Strip under vertical plane stress tension (Cohesive-frictional models, κ = 1.5): 503 
(a) Parabolic Drucker-Prager; (b) Hoffman; (c) Tsai-Wu. 504 

 
(a) 

 
(b) 

 
(c) 

Figure 12. Strip under vertical plane stress compression (Cohesive-frictional models, κ = 3.0): 505 
(a) Parabolic Drucker-Prager; (b) Hoffman; (c) Tsai-Wu. 506 

 507 

Table 8. Analytical and numerical Lode and strain localization angles 508 
for frictional-cohesive models under plane stress tension, κ = 1.5 509 

𝛋𝛋 = 𝟏𝟏.𝟓𝟓 𝝑𝝑𝐚𝐚𝐚𝐚𝐚𝐚 𝝑𝝑𝐧𝐧𝐧𝐧𝐧𝐧 𝜽𝜽𝐚𝐚𝐚𝐚𝐚𝐚
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽𝐧𝐧𝐧𝐧𝐧𝐧

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  
Drucker-Prager  0.0000° 0.7800° 24.0948° 24.2277° 
Hoffman  0.0000° 0.5258° 22.2077° 22.1355° 
Tsai-Wu  0.0000° 0.3457° 26.1746° 26.5651° 

 510 
Table 9. Analytical and numerical Lode and strain localization angles 511 

for frictional-cohesive models under plane stress compression, κ = 3.0 512 

𝛋𝛋 = 𝟑𝟑.𝟎𝟎 𝝑𝝑𝐚𝐚𝐚𝐚𝐚𝐚 𝝑𝝑𝐧𝐧𝐧𝐧𝐧𝐧 𝜽𝜽𝐚𝐚𝐚𝐚𝐚𝐚
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽𝐧𝐧𝐧𝐧𝐧𝐧

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  
Drucker-Prager  60.0000° 59.6006° 48.1897° 48.8141° 

Hoffman  60.0000° 58.6061° 35.2644° 35.4699° 
Tsai-Wu  60.0000° 59.8503° 38.2620° 37.7757° 

 513 
 514 
 515 
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 516 
 517 
 518 

 
(a) 

 
(b) 

 
(c) 

Figure 13. Strip under vertical plane strain tension (Cohesive-frictional models, κ = 1.5): 519 
(a) Parabolic Drucker-Prager; (b) Hoffman; (c) Tsai-Wu. 520 

 
(a) 

 
(b) 

 
(c) 

Figure 14. Strip under vertical plane strain tension (Cohesive-frictional models, κ = 3.0): 521 
(a) Parabolic Drucker-Prager; (b) Hoffman; (c) Tsai-Wu. 522 

 523 

Table 10. Analytical and numerical Lode and strain localization angles 524 
for frictional-cohesive models under plane strain tension, κ = 1.5 525 

𝛋𝛋 = 1.5 𝝑𝝑𝐚𝐚𝐚𝐚𝐚𝐚 𝝑𝝑𝐧𝐧𝐧𝐧𝐧𝐧 𝜽𝜽𝐚𝐚𝐚𝐚𝐚𝐚
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽𝐧𝐧𝐧𝐧𝐧𝐧

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  
Drucker-Prager  14.3077° 15.9519° 30.4411° 31.4875° 

Hoffman  40.8934° 42.5043 41.3843° 41.5891° 
Tsai-Wu  30.0000 ° 30.7240° 38.3075° 38.2204° 

 526 
Table 11. Analytical and numerical Lode and strain localization angles 527 

for frictional-cohesive models under plane strain compression, κ = 3.0 528 

𝛋𝛋 = 3.0 𝝑𝝑𝐚𝐚𝐚𝐚𝐚𝐚 𝝑𝝑𝐧𝐧𝐧𝐧𝐧𝐧 𝜽𝜽𝐚𝐚𝐚𝐚𝐚𝐚
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽𝐧𝐧𝐧𝐧𝐧𝐧

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  
Drucker-Prager  17.1330° 17.6788° 56.6531° 57.5288° 

Hoffman   8.9483°  7.8626° 51.6975° 50.7106° 
Tsai-Wu  30.0000° 29.4419° 44.4488° 44.6397° 

 529 
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4.3. Prandtl's punch test 530 
The second example is Prandtl's Punch test, a 2-D plane problem in which a flat rigid die 531 

punches into an elasto-plastic semi-infinite medium. Classical solutions to this problem for 532 
rigid-plastic materials are well-known. 533 

As shown in Figure 15, the computational domain of the elasto-plastic medium is 10 m × 3 m 534 
(width × height). Boundary conditions consist of a fixed bottom edge, left and right edges 535 
horizontally restrained. Punching is applied by imposing an increasing vertical displacement at the 536 
base of the rigid die; the horizontal movement is restrained at this base.  537 

Material properties are the same as for the strip under vertical loading. A regular mesh of 538 
192,000 (800 × 240) square B-bar elements (0.0125 m × 0.0125 m) is used. In all cases, 1,000 time steps 539 
are performed to complete the analyses.  540 

The mechanics of the failure are as follows. Plastic yielding starts at the singular points at the 541 
extreme ends of the rigid die. From here, two slip lines dig into the supporting elasto-plastic 542 
medium at diverging angles. Further loading causes the formation of a collapse mechanism in which 543 
the triangular wedge of material immediately under the punch moves vertically, causes the outward 544 
lateral displacement of adjoining material and the upwards displacement of the material located in 545 
the triangular wedges close to the surface and next to flat punch. 546 

Figure 16 shows the numerically obtained failure mechanisms for the four different cases 547 
studied, depending on the plastic criterion used in each one: (a) isotropic pressure-independent von 548 
Mises; (b) isotropic pressure-dependent Parabolic Drucker-Prager, κ = 3.0; (c) orthotropic Hoffman, 549 
κ = 3.0 in the horizontal direction; and (d) orthotropic Tsai-Wu, κ = 3.0, in the horizontal direction. 550 
Associated perfect plasticity is used, so that the plastic potential coincides with the described yield 551 
criteria. The plots are zoomed in the region of interest, with identical magnification. 552 

 553 

 
Figure 15.  Geometry Prandtl's Punch test.  The bottom edge is fixed in both directions, while the 554 

left and right edges are constrained along the horizontal direction. 555 

 556 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 16. Prandtl's Punch test: (a) von Mises; (b) Parabolic Drucker-Prager, κ = 3.0; 557 
(c) Hoffman, κ = 3.0; (d) Tsai-Wu, κ = 3.0. 558 
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As can be observed, similar but notably different failure mechanisms form depending on the 559 
plastic potential that applies. Although the process of the formation of the slip lines and the failure 560 
mechanism is analogous in all cases, the observed discrepancies in the slopes of the slip lines, and 561 
the corresponding amounts of mobilized material, depend on the plastic material properties. 562 

 Contrariwise to the case studied in the previous Section, here the stress field is known a-priori. 563 
Furthermore, substantial stress redistribution happens in the transition between the initial elastic 564 
stage and the final elasto-plastic state in which the failure mechanism is completely formed and 565 
yielding. This can be observed in Figure 17, where the distribution of the principal stresses in the 566 
elastic (initial) and plastic (stationary) states in the region below the punch are compared for the 567 
Drucker-Prager case (b). It can be seen that the stress state in the elastic range consists mainly of 568 
vertical stress 𝜎𝜎𝑦𝑦𝑦𝑦  and the corresponding out of plane 𝜎𝜎𝑧𝑧𝑧𝑧  (not shown in the Figure), due to 569 
Poisson’s ratio ν = 0.2 . In contrast, in the stationary plastic stress state, in-plane horizontal 𝜎𝜎𝑥𝑥𝑥𝑥 570 
have noticeably developed. 571 

The extension and nature of this stress redistribution is further investigated in Figure 18, where 572 
the evolution of the normal stress components 𝜎𝜎𝑥𝑥𝑥𝑥 ,𝜎𝜎𝑦𝑦𝑦𝑦 ,𝜎𝜎𝑧𝑧𝑧𝑧 against the vertical displacement of the 573 
die is plotted for the four cases. The stresses are sampled at the corresponding crossing point of the 574 
slip lines, in the symmetry axis below the center of the punch. Figure 19 further summarizes the 575 
comparison of stress evolution by plotting the evolution of the stress Invariant 𝐼𝐼1 and the Lode 576 
angle 𝜗𝜗. 577 

 
(a) 

 
(b) 

 

Figure 17. Directions of principal stresses below the rigid footing of Prandtl's Punch test  578 
(Parabolic Drucker-Prager, κ = 3.0): (a) Elastic stage; (b) Final plastic stage. 579 

 580 
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Several remarks are in order: (a) the extension of the transition phase largely differs from one 581 
case to the other; it is shorter for von Mises and longer for Drucker-Prager; (b) due to increasing 582 
vertical loading, the out of plane 𝜎𝜎𝑧𝑧𝑧𝑧  develops due to the plane strain constraint; (c) concurrently, 583 
the in-plane horizontal 𝜎𝜎𝑥𝑥𝑥𝑥 also develop, very much depending on the yield criterion; this later 584 
development shows the frictional and/or orthotropic nature of the plastic behavior. 585 

It can be verified that this stress redistribution during the formation of the slip lines occurs 586 
precisely as dictated by the strain localization condition. This is done in Table 12 by comparing the 587 
value 𝜃𝜃num

slip , measured directly from Figure 16, with the value 𝜃𝜃ana
slip , obtained by applying the 588 

analytical condition (Section 3.2.2 and 3.5.2) to the numerically obtained values for the stresses. The 589 
correspondence between both value is remarkable. 590 

 591 
Table 12. Stresses and localization angle in Prandtl's Punch test 592 

𝛋𝛋 = 𝟑𝟑 𝝈𝝈𝒙𝒙𝒙𝒙 𝝈𝝈𝒚𝒚𝒚𝒚 𝝈𝝈𝒛𝒛𝒛𝒛 𝝑𝝑𝐧𝐧𝐧𝐧𝐧𝐧 𝜽𝜽𝐧𝐧𝐧𝐧𝐧𝐧
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  𝜽𝜽𝐚𝐚𝐚𝐚𝐚𝐚

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 
VM −18286 −29832 −24061 29.9902° 45.0000° 45.0000° 

Drucker-Prager −104260 −220560 −171920 24.6035° 50.1944° 49.9512° 
Hoffman −57783 −97541 −92394  6.8372° 48.9909° 48.4646° 
Tsai-Wu −72007 −69365 −56219  8.9246° 41.1859° 40.6354° 

 593 
 594 

(a) (b) 

(c) (d) 
 

Figure 18. Stresses where the slide lines of Prandtl's Punch test (Plane Strain, κ = 3.0):  595 
(a) von Mises; (b) Parabolic Drucker-Prager; (c) Hoffman; (d) Tsai-Wu. 596 

 597 
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 (a)  (b) 
Figure 19. Results comparison where the slide lines cross (Plane Strain, κ = 3.0):  598 

(a) Stress Invariant 𝐼𝐼1; (b) Lode angle 𝜗𝜗. 599 
 600 

5. Conclusions 601 
In this work, the strain localization analysis of cohesive-frictional elasto-plastic materials is 602 

addressed which applies to both strong and regularized slip lines and surfaces. Maxwell kinematics, 603 
stress boundedness and plastic consistency are invoked to derive the necessary strain localization 604 
conditions. Contrariwise to the usually studied conditions for strain bifurcation, these proffer 605 
requirements that do not depend on the elastic properties of the medium, but only on the plastic 606 
flow provided by the adopted plastic potential. 607 

Expanding on previous works, application of the above localization conditions to isotropic and 608 
orthotropic cohesive-frictional plastic models derives analytical solutions for the strain localization 609 
angle and the slopes of the ensuing slip lines. The distinct effects of compressive and tensile loading 610 
are also evaluated. 611 

The analytical results are validated independently by 2-D plane stress and plane strain FE 612 
simulations using the B-bar element; namely, a strip under vertical tension and compression tests 613 
and Prandtl's punch problem are investigated. In the first problem, the far field stress state is 614 
known and the analytical results can be verified directly from the numerical simulations. In the 615 
second problem, once the failure mechanism and the corresponding stress field are computationally 616 
evaluated, these are shown to conform precisely with those anticipated by the strain localization 617 
condition. 618 
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Appendix A. Stress Invariants and Lode angle 633 
The first, second, and third invariants of the stress tensors are  634 

𝐼𝐼1 = 𝜎𝜎11 + 𝜎𝜎22 + 𝜎𝜎33 (A1a) 
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𝐼𝐼2 = 𝜎𝜎11𝜎𝜎22 + 𝜎𝜎22𝜎𝜎33 + 𝜎𝜎11𝜎𝜎33 − 𝜎𝜎122 − 𝜎𝜎232 − 𝜎𝜎312  (A1b) 

𝐼𝐼3 = 𝜎𝜎11𝜎𝜎22𝜎𝜎33 + 2𝜎𝜎12𝜎𝜎23𝜎𝜎31 − 𝜎𝜎122 𝜎𝜎33 − 𝜎𝜎232 𝜎𝜎11 − 𝜎𝜎312 𝜎𝜎22 (A1c) 

The second and third invariants of the deviatoric stress tensors are  635 

𝐽𝐽2 =
1
3
𝐼𝐼12 − 𝐼𝐼2 (A2a) 

𝐽𝐽3 =
2

27
𝐼𝐼13 −

1
3
𝐼𝐼1𝐼𝐼2 + 𝐼𝐼3 (A2b) 

Lode Angle (positive cosine) �0 ≤ 𝜗𝜗 ≤ 𝜋𝜋
3
� is defined from these deviatoric stress invariants as 636 

𝜗𝜗 =
1
3

arccos�
𝐽𝐽3
2
�

3
𝐽𝐽2
�
3/2

� (A3) 

Appendix B. Tilting of the material axes with respect the global axes 637 
In this Appendix, the effect of the tilting of the orthotropy material axes with respect the global 638 

axes and the orientation of the loading is demonstrated. The tilt angle α is measured 639 
counter-clockwise between the global x and the material 1 axes. The rotation transformation matrix 640 
was introduced in Remark 3.6. 641 

Figure B1 and Table B1 show the results for the trip under vertical plane strain tension 642 
(Parabolic Drucker-Prager, κ=1.5) and different tilting; as the model is isotropic, the results are 643 
insensitive to the rotation of the material axes.  644 

 645 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 

 
 

Figure B1. Strip under vertical plane strain tension (Parabolic Drucker-Prager, κ = 1.5): 646 
(a) α = 0°; (b) α = 30°; (c) α = 45°; (d) α = 60°. 647 

Table B1. Analytical and numerical Lode and strain localization angles 648 
for Parabolic Drucker- Prager under plane strain tension, κ = 1.5  649 

𝛂𝛂 𝝑𝝑𝐚𝐚𝐚𝐚𝐚𝐚 𝝑𝝑𝐧𝐧𝐧𝐧𝐧𝐧 𝜽𝜽𝐚𝐚𝐚𝐚𝐚𝐚
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽𝐧𝐧𝐧𝐧𝐧𝐧

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  
𝟎𝟎° 14.3077° 15.9519° 30.4411° 31.4875° 
𝟑𝟑𝟑𝟑° 14.3077° 15.9519° 30.4411° 31.4875° 
𝟒𝟒𝟒𝟒° 14.3077° 15.9519° 30.4411° 31.4875° 
𝟔𝟔𝟔𝟔° 14.3077° 15.9519° 30.4411° 31.4875° 

 650 
 651 



 27 of 30 

 

Figure B2 and Table B2 show corresponding results for the orthotropic Hoffman model, κ = 1.5. 652 
Here, the effect of the tilting of the material axes is evident. Analytical and numerical results coincide 653 
for all slip lines. 654 

 655 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 

 
 

Figure B2. Strip under vertical plane strain tension (Hoffman, κ = 1.5): 656 
(a) α = 0°; (b) α = 30°; (c) α = 45°; (d) α = 60°. 657 

Table B2. Analytical and numerical Lode and strain localization angles 658 
for Hoffman under plane strain tension, κ = 1.5 659 

𝛂𝛂 𝝑𝝑𝐚𝐚𝐚𝐚𝐚𝐚 𝝑𝝑𝐧𝐧𝐧𝐧𝐧𝐧 𝜽𝜽𝐚𝐚𝐚𝐚𝐚𝐚
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽𝐧𝐧𝐧𝐧𝐧𝐧

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  

𝟎𝟎° 40.8934° 42.5043° 
41.3843°, 
41.3843° 

41.5891°, 
41.5891° 

𝟑𝟑𝟑𝟑° 35.4964° 35.5087° 
39.4100°, 
43.0613° 

39.5226°, 
43.1524° 

𝟒𝟒𝟒𝟒° 30.0000° 30.0031° 
37.4491°, 
45.0000° 

37.7757°, 
45.0000° 

𝟔𝟔𝟔𝟔° 24.5036° 24.8814° 
36.9016°, 
45.7565° 

36.8699°, 
45.7073° 

 660 
 661 
Finally, Figure B3 shows the effect of the tilting of the material axes in Prandtl’s punch test 662 

(Plane Strain, Hoffman model, κ = 3.0). 663 
 664 

 

 
(a) 

 

(b) 

(c) (d) 

Figure B3. Prandtl's Punch test (Plane Strain, Hoffman, κ = 3.0): 665 
(a) α = 0°; (b) α = 30°; (c) α = 45°; (d) α = 60°. 666 
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Abstract

As strain localization is usually prognostics of localized failure in solids and structures, prediction of its occurrence

and quantification its adverse effects are of both theoretical and practical significance. Regarding plastic solids,

onset of strain localization was presumed to be coincident with strain bifurcation, and the discontinuous bifurcation

analysis was usually adopted to determine the discontinuity orientation though it does not apply to rigid-plastic solids.

However, recent studies indicate that strain bifurcation and localization correspond to distinct stages of localized

failure and should be dealt with separately. In this work the mechanics of strain localization is addressed for perfect

and softening plasticity in the most general context. Both isotropic and orthotropic, elasto- and rigid-plastic solids with

associated and non-associated flow rules are analytically considered and numerically validated, extending our previous

work on softening plasticity with associated evolution laws. In addition to Maxwell’s kinematics and continuity of the

traction rate for strain bifurcation, a novel necessary condition, i.e., the stress rate objectivity (independent from the

discontinuity bandwidth), and the resulting kinematic and static constraints, are derived for the occurrence of strain

localization. In particular, the localization angles of the discontinuity band (surface) depend only on the specific stress

state and the plastic flow tensor, relevant neither to the material elastic constants nor to the plastic yield function.

Moreover, it is found that a transition stage generally exists in the case of plane strain during which the orientation of

plastic flow rotates progressively such that strain localization may occur. Back-to-back numerical predictions of some

benchmark problems, involving both perfect and softening plasticity, sufficiently justify the analytical results.

Keywords:

Localized failure, plasticity, strain localization, strain bifurcation, discontinuities.

1. Introduction

As a typical phenomenon of localized failure in solids and structures, strain localization is manifested by highly

non-uniform deformations concentrated within narrow bands of dimensions much smaller than the structural size. It

leads to strain (weak) or even displacement (strong) discontinuities across the localization band, triggering substantial
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loss of integrity and safety or even collapse of structures. Consequently, quantification of strain localization is of both

theoretical and practical significance in the prevention of localized failure for structural designs.

In the context of shear-driven “slip lines” in pressure independent rigid-plastic solids, strain localization was

first studied in the seminal works of Prandtl (1920); Hencky (1923, 1924); Mandel (1942). This problem was later

revisited by Hill (1950) and the “slip lines” were interpreted as the characteristic lines of the underlying governing

equations of hyperbolic type. In these early works, only rigid-plasticity with no elastic deformations was considered,

and incompressible behavior prior to shear-driven plastic yielding was assumed.

Strain localization in elastoplastic solids was later investigated by Hill (1958, 1962); Thomas (1961); Rice (1968)

as a bifurcation problem. Upon the assumption of linear comparison (artificial) solids (i.e., plastic loading both

inside and outside the discontinuity band), a strain bifurcation condition, i.e., singularity of the elastoplastic acoustic

tensor, is derived from the combination of Maxwell’s kinematics and traction rate continuity condition across the

discontinuity band. One noteworthy result is that strain bifurcation always occurs at the hardening stages, i.e.,Hb � 0,

for non-associated plastic materials (Rudnicki and Rice, 1975). Moreover, closed-form results for the discontinuity

orientation and the associated hardening/softening moduli were obtained for the 2-D plane stress and plane strain

conditions (Runesson et al., 1991). In the computational context, the above bifurcation condition with null hardening

modulus was recommended to determine the discontinuity orientation in embedding weak or strong discontinuities

into finite elements (Simó et al., 1993; Oliver, 1996; Oliver et al., 1999).

Though the above bifurcation analysis has been widely adopted, two issues cannot be overlooked. On the one

hand, the strain bifurcation analysis does not apply to rigid-plastic solids since there is no elastic strain and the

stiffness tensor is undetermined. Consequently, the stress cannot be directly given from the elastoplastic constitutive

relation, and the elastoplastic acoustic tensor is no longer well-defined. This makes unseemly the strain bifurcation

analysis in rigid-plastic solids since it cannot be formulated as an equilibrium/stiffness problem.

On the other hand, the elastoplastic acoustic tensor depends on the hardening/softening modulus H , so do the

bifurcation condition and the resulting discontinuity orientation. As clarified in Rice and Rudnicki (1980); Borré and

Maier (1989), for the more frequently encountered incrementally nonlinear (real) material (i.e., inelastic loading inside

the discontinuity band and elastic unloading outside it) the standard bifurcation analysis gives only the upper bound

of strain localization. That is, though the initial bifurcation point corresponding to the largest hardening/softening

modulus Hb can be uniquely determined, strain localization is still indefinite and it can occur at any instant for

H � Hb . Moreover, even if the hardening/softening modulus H is specified a priori in an ad hoc manner, there

may exist several solutions that fulfill the bifurcation condition. For instance, regarding the non-associated Mohr

elastoplastic material, at least two valid solutions, one corresponding to Mohr’s solution (Mohr, 1900) and the other to

Roscoe’s solution (Roscoe, 1970), exist at the peak of the stress – strain relation (H D 0); see Ottosen and Runesson

(1991). Consequently, if the discontinuity orientation is fixed at such detected bifurcation points, it is unavoidable to

get pathological results in the computational context (Oliver et al., 1999). In particular, stress locking occurs due to

the mis-prediction of the discontinuity orientation (Oliver et al., 2012).
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As the standard bifurcation analysis is not sufficient to determine the occurrence of strain localization, a more

stringent condition needs to be introduced. To this end, the authors (Cervera et al., 2012) proposed using the stress

(rate) boundedness condition to determine the discontinuity orientation of associated von Mises (J2) plastic materials.

This condition was extended to isotropic elastoplastic models with general failure criteria (e.g., Rankine, von Mises,

Mohr-Coulomb, Drucker-Prager, and other more complex ones) (Wu and Cervera, 2014, 2015, 2016), to orthotropic

plastic ones (Cervera et al., 2020; Kim et al., 2021), and also to strain-based damage models (Wu and Cervera, 2017).

Not only the discontinuity orientation but also the localized model upon strain localization, i.e., constitutive relations,

evolution equations, traction-based failure criterion, softening functions, etc., can be determined consistently from a

given material model (Wu and Cervera, 2015, 2016).

For the case of inelastic loading inside the discontinuity band and elastic unloading outside it, the stress (rate)

boundedness condition is more constrictive than the traction (rate) continuity adopted in the strain bifurcation one.

Remarkably, for isotropic and orthotropic elasto-plastic materials with associated evolution laws, the discontinuity

orientation predicted from the stress (rate) boundedness condition depends exclusively on the plastic flow tensor, in-

dependent of the elastic properties and the hardening/softening modulus. This is contradicting from the predictions

given by the strain bifurcation condition. Extensive numerical simulations (Cervera et al., 2012, 2015; Li et al., 2018;

Cervera et al., 2020) confirmed the analytical solutions with no a priori known information in the finite element sim-

ulations. These numerical results justify the stress (rate) boundedness condition for strain localization in plastic solids

with associated flow rules and under the loading/unloading scenarios. Nevertheless, the not unusual loading/loading

scenarios and the practically more encountered non-associated plastic flow rules remain to be investigated.

In this work the mechanics of strain localization is addressed in the more general cases. Isotropic and orthotropic,

rigid-plastic or elastoplastic solids with associated or non-associated evolution laws are analytically considered and

numerically validated, extending our previous work on softening plasticity with associated evolution laws. An ex-

tra necessary condition, i.e., the stress rate objectivity (independent of the discontinuity bandwidth), in addition to

Maxwell’s kinematics and continuity of the traction (rate) for strain bifurcation, is postulated for the occurrence of

strain localization in perfectly or softening plastic solids. Both the loading/unloading and loading/loading scenarios

are accounted for. This incorporates the “slip-line” or “zero rate of extension” for rigid-plastic solids (Hill, 1950)

and elastoplastic soils (Roscoe, 1970) as particular cases. And the previously proposed stress rate boundedness con-

dition is also recovered as a particular case of strong discontinuities or regularized ones with a vanishing bandwidth,

respectively, under the loading/unloading scenario.

The remainder of this paper is structured as follows. Section 2 presents briefly the kinematics, constitutive relations

and statics for the analysis of strain localization. Section 3 is devoted the mechanics of strain localization in the

continuum setting. Plastic yielding, strain bifurcation and strain localization are regarded as distinct stages of the

whole failure process of elasto- and rigid-plastic solids. The difference and correlation between stain bifurcation

and strain localization is discriminated. The analytical results for the localization angles in 2-D plane stress and plane

strain conditions are also presented. Numerical validation of the proposed strain localization condition and the derived
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analytical results is addressed in Section 4 using the stabilized mixed u=p finite elements, regarding the von Mises

and Hill models with associated and non-associated plastic flow rules. A horizontal slit under vertical stretch and the

Prandtl punch test, with or without tilt angle between the material local axes and the global ones, are further considered

in Section 5, further justifying the proposed condition for strain localization. The most relevant conclusions are drawn

in Section 6 to close the paper.

2. General setting of discontinuities

Let us consider the reference configuration of an inelastic (elasto- and rigid-plastic in this work) solid ˝ �

Rndim .ndim D 1; 2; 3/. The external boundary is denoted by @˝ � Rndim�1, with n� being the outward unit nor-

mal vector. Deformations of the solid are characterized by the displacement field u.x/ and infinitesimal strain field

�.x/ WD rsymu.x/, for the symmetric gradient operator rsym.�/ with respect to the spatial coordinate x. Prescribed

displacements u�.x/ and tractions t�.x/ are applied to two disjointed parts @˝u and @˝t of the boundary @˝, re-

spectively. The distributed body forces (per unit volume) are denoted by b�.

2.1. Kinematics of discontinuities

Initially both the displacement and strain fields are continuous everywhere in the solid. In this case, the standard

kinematics applies.

Upon a specific condition and thereafter, either a discontinuity band or a discontinuity surface may form, depend-

ing on the width of the localization band. A discontinuity band can be regarded as a geometric regularization of a

discontinuity surface (line) while the latter is recovered as bandwidth of the former vanishes in the limit.

S
S−

S+

B

Ω+

Ω−

∂Ωu

∂Ωt

n∗

xS
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mS

x∗
S

b
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t∗

L

(a) A discontinuity band

x

ε̇

˙̄ε(x)

b

xS

˙̄ε(x)

1
b
(ẇ ⊗ nS )sym

(b) Kinematics of the discontinuity band

Figure 1: An inelastic solid with a discontinuity band.
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2.1.1. Discontinuity band

As shown in Fig. 1(a), let us first consider the discontinuity band B of a finite width b � L, with L being

the structural characteristic length. Note that in the continuum setting the bandwidth b is a numerical regularization

parameter so that its value can be taken as small as possible. In the discrete (finite element) setting, b may be dependent

on the mesh resolution. The discontinuity band B is delimited by two parallel surfaces SC and S�, with the center

one denoted by S, i.e.,˝C[˝�[B D ˝. Let .n;m; t/ be a set of orthogonal local axes, with nS ,mS and tS being

the normal vector, the in-plane and out-of-plane tangential ones of the surface S, respectively.

In this case, the displacement rate (velocity) field Pu.x/ is continuous, with an apparent velocity jump Pw WD Pu.x 2

˝C \ SC/� Pu.x 2 ˝� \ S�/ across the discontinuity band B, where P. / signifies the time derivative. The resulting

strain rate field can be given by

P�.x/ D PN�.x/C PQ�.x/; PQ�.x/ D
1

b

�
Pw� nS

�sym
�B.x/ (2.1)

for the collocation function �B.x/ within the discontinuity band B

�B.x/ D

8̂<̂
:1 x 2 B

0 x 2 ˝nB
(2.2)

Note that the strain rate field PN�.x/ outside the discontinuity band B is independent of the bandwidth b, while the

magnitude of the localized one PQ� is inversely proportional to it: the smaller the bandwidth b is, the larger the localized

strain becomes; see Figure 1(b). Hereafter, the bar-symbols N.�/ are associated with the material points outside the

discontinuity band (surface).

Remark 2.1 Note that in the kinematics (2.1) the collocation function �B.x/ can be replaced by a bell-shaped

continuous function localized within the discontinuity band B. In this case the localized strain rate PQ�.x/ is continuous

across the localization band, but it is still inversely proportional to the bandwidth b. �

2.1.2. Discontinuity surface

As mentioned, the bandwidth b is a numerical parameter that can be made as small as desired. In the limit case

b ! 0, the discontinuity band B becomes a discontinuity surface S. It then follows that

lim
b!0

1

b
�B.x/ D ıS .x/ D

8̂<̂
:C1 x 2 S

0 x 2 ˝nS
(2.3)

for the Dirac-delta ıS .x/ defined at the discontinuity surface S.

Accordingly, the strain rate field becomes singular

P�.x/ D PN�.x/C PQ�.x/; PQ�.x/ D
�
Pw� n

�sym
ıS .x/ (2.4)

Similarly, the strain rate field PN�.x/ outside the discontinuity band B is independent of the bandwidth b, while the

localized one PQ�.x/ is singular. The above kinematics is shown in Figure 2.
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Figure 2: An inelastic solid with a discontinuity surface.

Remark 2.2 As the discontinuity surface can be recovered from the discontinuity band upon a vanishing bandwidth

b ! 0, hereafter only the kinematics of the discontinuity band is considered. �

2.2. Stress-strain relations

For elastoplastic models, the constitutive relation is expressed in rate form as

P� D P�e C P�p; P� D E0 W P�
e
D E0 W

�
P� � P�p

�
(2.5)

where the second-order tensors � and � represent the stress and strain, respectively, with �e and �p being the elastic

and plastic parts of the latter; the fourth-order material elasticity tensor E0 can be either isotropic or orthotropic.

Without loss of generality, the plastic strain rate is given by the following evolution laws

P�p D P��p; P� D P�hp (2.6)

for the plastic multiplier P� satisfying the classical Karush-Kuhn-Tucker conditions

P� � 0; f .� ; q/ � 0; P�f .� ; q/ � 0 (2.7)

where a stress-based yield function f .� ; q/ � 0, with q being the stress-like internal variable (yield stress) conjugate

to the strain-like one � which measure the plastic state, is introduced. The flow tensor �p WD @f p=@� and the

derivative hp WD �@f p=@q are normal to the potential function f p.� ; q/— if the latter is identical (or more generally,

proportional) to the yield function f .� ; q/, the plastic flow is associated, and is non-associated otherwise. In absence

of plastic flow or in the case of elastic unloading, i.e., P� D 0, the yield condition is not activated, i.e., f .� ; q/ < 0;

otherwise, plastic flow occurs. In this work, both perfect plasticity and softening one are addressed.
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2.3. Statics of discontinuities

For elastoplastic solids, the stress rates inside the discontinuity band (surface) and outside it are given by

P� D E0 W
�
P� � P�p

�
D E0 W

�
P� � P��p

�
(2.8a)

PN� D E0 W
�
PN� � PN�p

�
D E0 W

�
PN� �
PN� N�

p�
(2.8b)

where the elastoplastic relations (2.5) and (2.6) have been recalled for both material points inside and outside the

discontinuity band.

Accordingly, the resulting jump in the stress rate, J P� K, is expressed as

J P� K WD P� � PN� D E0 W
�
JP�K � P��p C PN� N�p

�
D E0 W

�
1

b

�
Pw� n

�sym
� P��p C PN� N�

p
�

(2.9)

where the following Maxwell’s kinematic condition has been considered

JP�K WD P� � PN� D
1

b

�
Pw� nS

�sym (2.10)

Equilibrium across the discontinuity band (surface) gives the following continuity condition of the traction rate

nS � J P� K D 0 H) J P� K D P̨mmmS �mS C P̨ t t tS � tS C P̨mt
�
mS � tS

�sym (2.11)

where the scalars P̨mm, P̨ t t and P̨mt can be either dependent on or independent of the bandwidth b, according to the

deformation stage and stress state. Therefore, though stress rate discontinuities may occur, they can take place only

on the plane of the discontinuity surface S.

Remark 2.3 For rigid-plastic solids, the elastic strain �e vanishes such that

P� D P�p D P��p (2.12)

In this case the stress (rate) cannot be directly determined from the constitutive relation (2.5)2. Consequently, only

the compatibility condition, rather than the equilibrium one, applies to rigid-plastic solids. �

3. The mechanics of strain localization: Continuum setting

In this section the mechanics of strain localization in plasticity is addressed in the continuum setting. The kine-

matics of discontinuities in an inelastic solid is first considered. After the classical concepts of plastic yielding (PY)

and strain bifurcation (SB) are recalled, strain localization (SL) is further elaborated to general plastic models with

associated and non-associated evolution laws.

3.1. Plastic yielding (PY)

Plastic yielding implies termination of linear elastic behavior. Plastic yielding occurs when the yield condition

f .� ; q/ D 0 is activated, i.e. P� > 0. It then follows from the consistency condition Pf D 0 that

P� D
� W E0 W P�

� W E0 W �
p
C h �H � hp

(3.1)
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for the derivatives � WD @f=@� and h WD �@f=@q of the yield function f .� ; q/. Note that the hardening/softening

modulus H WD @q=@� is null for perfect plasticity and negative for softening one. Internal snap-back is ruled out a

priori with satisfaction of the condition H > Hc WD �� W E0 W �
p=.h � hp/.

The corresponding constitutive relation in rate form then reads

P� D E0 W
�
P� � P�p

�
D Eep W P� (3.2)

where the fourth-order elastoplasticity tangent Eep is expressed as

Eep D E0 �
E0 W �

p �� W E0
� W E0 W �

p
C h �H � hp

(3.3)

For non-associated plasticity, i.e., �p ¤ �, the material tangent is not of major symmetry.

3.2. Strain bifurcation (SB)

Upon strain bifurcation, the strains inside and outside a small subdomain starts deviating from each other,

resulting in a discontinuity band with the strain rate jump given by Maxwell’s kinematics (2.10).

In this case, the material points inside the discontinuity band are in plastic loading, whereas those outside it can

be either in plastic loading or elastic unloading, leading to the following continuous and discontinuous bifurcation

scenarios, respectively:

� Loading–loading (i.e., the material is in loading both inside and outside the discontinuity band) or continuous

bifurcation, i.e., P� > 0 and PN� > 0. Maxwell’s kinematics (2.10) and the traction (rate) continuity (2.11) give

the following continuous bifurcation condition (Rice, 1976)

detQep.nS / D 0 (3.4)

for the elastoplastic acoustic tensorQep
WD nS � E

ep � nS related to some normal vector nS .

� Loading–unloading (i.e., the material is in loading inside the band and in elastic unloading outside it) or discon-

tinuous bifurcation, i.e., P� > 0 and PN� D 0. Discontinuous strain bifurcation may occur provided the following

condition holds (Rice and Rudnicki, 1980; Borré and Maier, 1989)

detQep.nS / � 0 (3.5)

for some normal vectors nS .

Note that the condition (3.4) of continuous bifurcation is the upper bound for that of discontinuous one (3.5).

Accordingly, for incrementally nonlinear (real) materials, strain bifurcation is possible for any hardening/softening

modulusHc < H � Hb where the maximum valueHb is determined from the criterion (3.4) for incrementally linear

comparison (artificial) solids Benallal and Comi (1996); see (Runesson et al., 1991) for the 2-D case of plane stress

and plane strain.
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As the hardening/softening modulus H evolves with ongoing inelastic deformations, bifurcation first occurs as

a continuous one at a point in the body where conditions are locally favorable. Once the continuous bifurcation

is surpassed, deformations and strain concentrate further so that the discontinuous one becomes possible (Rice and

Rudnicki, 1980).

Remark 3.1 Regarding rigid-plastic solids, Young’s modulus goes to infinity, such that the elastoplastic acoustic ten-

sor cannot be defined. The concept of strain bifurcation does not apply and the bifurcation analysis is unseemly. For

isotropic elastoplastic models with associated or non-associated flow rules, Runesson et al. (1991) derived the analyt-

ical results for the bifurcation angle and the corresponding hardening/softening modulus Hb in 2-D plane stress and

plane strain conditions. It is found that the material under plane stress is more prone to strain localization compared

to that under plane strain, and the bifurcation angle in the later case generally depends on Poisson’s ratio. More-

over, the occurrence of strain bifurcation depends on the hardening/softening modulus and is thus usually indefinite.

Sometimes, multiple solutions exist at a given moment (with the hardening/softening modulus Hb specified a priori)

as discussed in Ottosen and Runesson (1991). The above facts imply that a more stringent condition is needed to

determine the discontinuity band, motivating the strain localization criterion introduced in the next section. �

3.3. Strain localization (SL)

After strain bifurcation occurs, deformations within the discontinuity band become more and more localized,

affecting the stress rate (2.8a). Compared to the strain rate PN� outside the band that is independent of the bandwidth b,

the strain rate jump (2.10), inversely proportional to b, is much larger. Consequently, if it were not to cancel out by

the third term, the stress rate P� would become unbounded for a vanishing bandwidth b ! 0, which is physically not

allowable due to the plastic yielding condition f .� ; q/ � 0.

Therefore, additionally to Maxwell’s kinematics (2.10) and continuity of the traction rate (2.11), for the occur-

rence of strain localization, the stress rate within the discontinuity band has to be independent of the bandwidth

whatever the localized strain rate is.

Remark 3.2 As the strain rate PN� and stress rate PN� outside the discontinuity band are always independent of the

bandwidth b, the above strain localization condition implies that the stress rate jump J P� K across the band has also to

be independent of it. �

3.3.1. Kinematic conditions

Now let us consider the kinematic conditions upon which the afore-defined strain localization occurs. As the strain

rate PN� outside the discontinuity band does not localize, for the stress rate (2.8a) inside the band to be independent of

the bandwidth b, the plastic multiplier P� > 0 has to admit the following additive expression

P� D P�0 C
1

b

PQ� H) P� D E0 W

�
PN� � P�0�

p
C
1

b

�
Pw� n

�sym
�
1

b

PQ��p
�

(3.6)

where the regular part P�0 � 0 and the localized one PQ� > 0 are both independent of the discontinuity bandwidth b.
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Accordingly, for the stress rate (3.6) to be physically meaningful, the localized terms inversely proportional to the

bandwidth b have to cancel out upon strain localization, i.e.,�
Pw˝ nS

�sym
D
PQ��p ” JP�K D

1

b

�
Pw˝ nS

�sym
D
1

b

PQ��p (3.7)

That is, upon strain localization all the strain rate jump, which is inversely proportional to the bandwidth b, has

to be inelastic (plastic in this work). Note that the above kinematic condition depends only on the specific plastic

flow tensor �p regardless it is associated or non-associated.

Remark 3.3 For rigid-plastic solids, the strain rate within the discontinuity band is purely plastic, such that

P� D PN�C
1

b

�
Pw� n

�sym
D P��p D P�0�

p
C
1

b

PQ��p (3.8)

where the identity Eq. (3.6)1 has been considered. As the strain rate PN� does not localize, it follows that

1

b

�
Pw� n

�sym
D
1

b

PQ��p H)
�
Pw� n

�sym
D
PQ��p (3.9a)

as well as

PN� D P�0�
p
D P�0

PQ��1
�
Pw� n

�sym (3.9b)

where the localized plastic multiplier PQ� > 0 does not vanish by definition. As can be seen, the strain rate (3.9b) outside

the discontinuity is compatible with the assumed rigid behavior, if and only if the following condition is fulfilled

P�0 D 0 ” PN� D 0 (3.10)

That is, in this case strain localization occurs only for the loading/unloading scenarios, which is consistent with the

classical result for rigid-plastic solids (Hill, 1950). Note that there is no need to consider the equilibrium equation for

strain localization in rigid-plastic solids. �

3.3.2. Stress rate constraints

Upon satisfaction of the strain localization condition (3.7), the stress rate jump (2.9) is independent of the band-

width b as expected

J P� K D E0 W
h
PN� N�

p
� P�0

PQ��1
�
Pw˝ nS

�sym
i

(3.11)

Similarly to strain bifurcation, the material points outside the discontinuity band can be in plastic loading or elastic un-

loading/neutral loading, while those interior points are in plastic loading all along, i.e., PQ� > 0 and PN� � 0. Accordingly,

the following two cases are distinguished:

� Loading–loading case (i.e., P� > 0 and PN� > 0). In this case, the stress rate jump is either null or orthogonal to

the normal vector nS , i.e.,

J P� K D PN̨mmmS �mS C
PN̨ t t tS � tS C PN̨mt

�
mS � tS

�sym (3.12)
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where the scalars PN̨mm, PN̨ t t and PN̨mp are all independent of the discontinuity bandwidth b. This is a particular

case of Eq. (2.11)2 for strain bifurcation.

� Loading–unloading/neutral loading case (i.e., P� > 0 and PN� D 0): It then follows that

J P� K D �P�0
PQ��1E0 W

�
Pw˝ nS

�sym
H) nS � J P� K D �P�0

PQ��1Q0 � Pw D 0 (3.13)

As the elastic acoustic tensor Q0 WD nS � E0 � nS is symmetric and strictly positive-definite, this condition is

fulfilled if and only if

P�0 D 0 ” J P� K D 0 (3.14)

Namely, in the loading-unloading/neutral loading case, the stress rate is continuous upon strain localiza-

tion, even though the stress itselft might be discontinuous due to the accumulation ever since strain bifurcation.

This is the case we previously considered for strain softening solids with associated inelastic laws (Cervera

et al., 2012; Wu and Cervera, 2015, 2016); see Wu and Cervera (2014).

Note that the above condition for strain localization, i.e., independence of the stress rate jump of the bandwidth b,

applies to strain discontinuity bands and, in the limit of a vanishing bandwidth b, to strain localization surfaces.

3.3.3. Localization angles: Analytical 2-D results

The strain localization condition (3.7) determines the structure of the flow tensor. More specifically, it implies the

existence of a plastic flow vector 
 satisfying (Oliver, 2000; Wu and Cervera, 2015, 2016)

Pw D
PQ�
 H) �p D

�

 � nS

�sym (3.15)

or in component form of the local axes system .n;m; t/ defined at the discontinuity surface S

�pnn D 
n; �pnm D
1

2

m; �

p
nt D

1

2

t (3.16a)

�pmm D 0; �
p
tt D 0; �

p
mt D 0 (3.16b)

From the kinematic constraint (3.15) or (3.16), the orientation of the discontinuity surface can be determined.

Regarding the 2-D case of plane stress and plane strain, the localization angle �` can be determined from the

condition (3.16b). Interestingly, our previous analytical results for isotropic (Wu and Cervera, 2014, 2015, 2016) and

orthotropic (Cervera et al., 2020) plasticity with associated evolution laws also applies to the non-associated case.

Here these results are summarized for the sake of later validations.

� Orthotropic plasticity. As shown in Figure 3(a), let us consider the problem in the material axes .1; 2; 3/.

The orientation of the discontinuity band is characterized by the inclination angle (counter-clockwise) �` 2

Œ��=2; �=2� between the normal vector nS and the material axis 1.
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Figure 3: Definitions of the discontinuity angle � in isotropic and orthotropic plastic solids

In this case, the condition (3.16b)2 gives (Cervera et al., 2020)

tan �` D �
�
p
12

�
p
11

˙

s�
�
p
12

�
p
11

�2
�
�
p
22

�
p
11

(3.17)

As can be seen, the discontinuity angle �` depends on the stress state upon strain localization.

� Isotropic plasticity. In this case, it is more convenient to define the discontinuity angles in the principal axes

of the flow tensor �p (coincident with those of the stress tensor � ) as shown in Figure 3(b). The in-plane

components along these principal axes are defined as .�p1 ; �
p
2 /, while �p3 are associated with the out-of-plane

principal direction. The discontinuity angle (counter-clockwise) �` 2 Œ��=2; �=2� between the normal vector

nS and the principal vector v1 of the stress tensor � is determined by (Wu and Cervera, 2015, 2016)

tan �` D ˙

s
�
�
p
2

�
p
1

(3.18)

which corresponds exactly to the case of �p12 D 0 for the orthotropic result (3.17). Here axes are labeled so

that �p1 � �
p
2 , and the magnitude of the out-of-plane components �p3 is not related directly to the magnitude

of those in-plane.

For the plane stress case, Eq. (3.16b)2 is automatically satisfied and thus Eq. (3.17) or Eq. (3.18) alone determines

the localization angle �`. Contrariwise, in the plane strain condition, the localization angle given by Eq. (3.17) or

Eq. (3.18) is further constrained by the out-of-plane stress �3 that satisfies (Wu and Cervera, 2016)

�
p
33.�`/ D 0 (3.19)

upon strain localization.
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Remark 3.4 The out-of-plane stress satisfying (3.19) is in general different from the elastic value

�3 D �0
�
�1 C �2

�
(3.20)

Therefore, in the case of plane strain, except for very particular cases, strain localization does not occur at the onset of

plastic yielding. Rather, substantial plastic flows have to occur after plastic yielding (and possibly, strain bifurcation),

until the out-of-plane stress fulfills Eq. (3.19). �

Remark 3.5 As the localization angle �` is not affected by the elastic constants like Young’s modulus and Poisson’s

ratio, the above results also apply to orthotropic elasticity. �

3.4. Discussion

From the above analyses, the following comments can be made:

(1) For both strain bifurcation and localization, the strain (rate) field exhibits discontinuities and the corresponding

jump across the discontinuity band is given by Maxwell’s kinematics. Moreover, the material inside the band is

in plastic loading, but the one outside it can be either in plastic/neutral loading or elastic unloading.

(2) For both strain bifurcation and localization, continuity of the traction rate implies that stress rate discontinuities

can take place only on the plane parallel to the discontinuity surface.

(3) Strain bifurcation is only a necessary condition for strain localization, while the latter is more demanding with the

extra condition that the stress rate within the discontinuity band has to be independent of the bandwidth.

(4) In the plane strain condition there is a transition stage between plastic yielding (and possibly, strain bifurca-

tion) and strain localization. During this stage the stress rate within the discontinuity band may depend on the

bandwidth.

(5) The occurrence of strain localization depends only on the plastic potential function, regardless of the flow rule is

associated or non-associated. It depends neither on the plastic yield function (provided it is activated) nor on the

elastic constants like Poisson’s ratio as that for strain bifurcation.

4. The mechanics of strain localization: Discrete setting

In this section the above strain localization condition and the analytical results for the discontinuity angles pre-

sented in 3.3.3 are numerically verified by finite element simulations. In particular, full boundary value problems

(BVPs) are set up, discretized and solved, completed with the corresponding boundary conditions and increasing ap-

plied loading. Consequently, the obtained solutions have spatial variation and time evolution. Also, they are subjected

to approximation errors (discretization in space and time, nonlinear tolerances, etc). Therefore, the comparison of the

analytical results to the discrete solutions has to be interpreted on this regard.

In the numerical simulations, the plastic potential functions of the von Mises and the Hill criteria are considered,

both being pressure independent and producing perfectly isochorich plastic flow by definition. Accordingly, for the
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occurrence of strain localization the plastic flow needs to be well developed and, at that stage, the incompressible

plastic deformation is dominant over the elastic one. Standard displacement-based finite elements are not well suited

to cope with this quasi-incompressibility situation in particular, if low-order finite elements are used. Mixed displace-

ment/pressure (u=p) finite elements are far more suitable (Simó and Hughes, 1998); see our previous works on this

topic (Chiumenti et al., 2002, 2004; Cervera et al., 2003b,a, 2004; Cervera and Chiumenti, 2009; Cervera et al., 2012).

4.1. The stabilized mixed u=p formulation

The strong form of the mixed u=p formulation for mechanical problems is stated as: Given the elastic properties

.G0; K0/ and prescribed body forces b�, find the displacement u and pressure p, such that8̂<̂
:
r � sCrp C b� D 0

r � u �
1

K0
p D 0

(4.1)

where s D 2G0
�
e � ep

�
is the deviatoric stress tensor, with e and ep being the deviatoric strain tensor and its plastic

component; G0 and K0 denote the shear and bulk moduli, respectively.

Standard arguments yield the following discrete form8̂̂̂<̂
ˆ̂:
Z
˝

r
symıuh W sh dV C

Z
˝

�
r � ıuh

�
ph dV D

Z
˝

ıuh � b
� dV C

Z
@˝t

ıuh � t
� dA 8ıuhZ

˝

ıph
�
r � uh

�
�

Z
˝

ıph
1

K0
ph dV D 0 8ıph

(4.2)

where .uh; ph/ and .ıuh; ıph/ 2 Vh �Qh denote the discrete displacement and pressure fields and their variations.

In mixed formulations, it is challenging to construct appropriate interpolating finite element spaces that satisfy

the stability requirements on the spaces Vh and Qh (Brezzi and Fortin, 1991). For instance, standard mixed elements

with continuous equal-order linear/linear interpolation for both fields are not stable. Fortunately, stabilization methods

(Hughes, 1995; Hughes et al., 1998) can be developed to attain global stability with the desired choice of interpolation

spaces. An appealing stabilization method is the orthogonal sub-grid scale method (Codina and Blasco, 1997; Codina,

2000), previously applied to the problem of incompressible elasto-plasticity (Chiumenti et al., 2002, 2004; Cervera

et al., 2003b,a, 2004; Cervera and Chiumenti, 2009; Cervera et al., 2012).

The basic idea of the orthogonal sub-grid scale approach is to split the continuous displacement field into a coarse

scale component and a fine one, corresponding to different scales or levels of resolution, i.e.,

u D uh C u? (4.3)

where uh 2 Vh is the displacement field of the (coarse) finite element scale; u? is the enriched displacement field

corresponding to the fine sub-grid scale, located in the space orthogonal to the finite element space and given by

u? D �e
�
rh � Ph.rh/

�
with rh D r � sh Crph C b

� (4.4)
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where Ph is the L2-projection onto Vh; the stabilization parameter is determined by �e D ch2e=.2G0/ with he being

the characteristic length of the element and c D O.1/ being a constant.

Accordingly, the resulting stabilized mixed system of equations is expressed as8̂̂̂<̂
ˆ̂:
Z
˝

r
symıuh W sh dV C

Z
˝

�
r � ıuh

�
ph dV D

Z
˝

ıuh � b
� dV C

Z
@˝t

ıuh � t
� dA 8ıuhZ

˝

ıph
�
r � uh

�
�

Z
˝

ıph
1

K0
ph dV �

Z
˝

ıph�e
�
rph � �h

�
dV D 0 8ıph

(4.5)

where the nodal variable �h D Ph.rph/ is the L2-projection of the pressure gradient.

4.2. Benchmark verification

The above mixed stabilized u=p element is then applied to the strain localization analysis. The benchmark exam-

ple is a 2-D strip loaded in uniaxial tension by stretching via imposed vertical displacements at the top and bottom

ends; horizontal movement is not restrained. Figure 4(a) depicts the geometry of the problem with dimensions 10 m

� 20 m �1 m (width � height � thickness). A sharp horizontal slit of length 2 m is inserted in the strip to introduce

the perturbation necessary to trigger strain localization. As the plane stress condition has been previously numerically

studied in Cervera et al. (2012) for isotropic plasticity and in Cervera et al. (2020) for orthotropic one, only the plane

strain condition is considered in this work. The remote stress state corresponds to

�xx D 0; �yy D �; �xy D 0 (4.6)

The numerical results are then used to validate the proposed strain localization criterion and verify the analytical

results for the discontinuity orientation.

10m

2m

20m

(a) Geometry (b) Finite element mesh and material points inside and outside the discontinuity band

Figure 4: A plane strain strip under vertical stretching: Dimensions and finite element mesh. The bottom and top edges are vertically stretched

along opposite directions but with equal magnitude.
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Several elastoplastic models, i.e., the isotropic von Mises model and the orthotropic Hill model with associated

flow rules, and the von Mises model with the non-associated Hill evolution law, all being isochoric, are considered for

the material. Without loss of generality, the yield function is of the following form

f .� ; q/ WD �.� / � q � 0 (4.7)

for the loading function �.� / and the yield strength q

�.� / D

r
3

2
� T P � ; q D

3

2

�
F CG CH

��1 (4.8)

where � WD
˚
�11; �22; �33; �12; �13; �23

	T represents the stress vector in the Voigt notation, with �11; �22; �33; �12; �13

and �23 denoting the stress components in the material axes (1; 2; 3). Regarding the orthotropic Hill model, the pro-

jection matrix P is given by

P D
1

F CG CH

26666666666664

F CG �F �G 0 0 0

�F F CH �H 0 0 0

�G �H G CH 0 0 0

0 0 0 2L 0 0

0 0 0 0 2M 0

0 0 0 0 0 2N

37777777777775
(4.9)

for the following material parameters F;G;H;L;M and N

F D
1

2

"�
1

�Y;11

�2
C

�
1

�Y;22

�2
�

�
1

�Y;33

�2#
; L D

1

2

�
1

�Y;12

�2
(4.10a)

G D
1

2

"�
1

�Y;11

�2
C

�
1

�Y;33

�2
�

�
1

�Y;22

�2#
; M D

1

2

�
1

�Y;13

�2
(4.10b)

H D
1

2

"�
1

�Y;22

�2
C

�
1

�Y;33

�2
�

�
1

�Y;11

�2#
; N D

1

2

�
1

�Y;23

�2
(4.10c)

where those entities embellished by subscripts “Y ” representing the corresponding yield strengths. The isotropic von

Mises model is recovered with �Y;11 D �Y;22 D �Y;33 D
p
3�Y;12 D

p
3�Y;13 D

p
3�Y;23 D �Y and q D �Y .

The following material properties are assumed in the numerical simulations: Young’s modulus E0 D 10MPa, the

yield strength �Y D 10 KPa for isotropic plastic models and �Y;11 D 15 KPa with all the others equal to 10 kPa for

orthotropic ones (no tilt is considered such that the material axes coincide with the global ones). It then follows that8̂<̂
:F D G D H D

1
2

�
1
�Y

�2
; M D N D L D 3

2

�
1
�Y

�2
the von Mises yield function

F D G D 2
9

�
1
�Y

�2
; H D 7

9

�
1
�Y

�2
; L DM D N D 3

2

�
1
�Y

�2
the Hill yield function

(4.11)

The double symmetry of the problem and the solution allows to discretize a quarter of the domain. Various Poisson’s

ratio �0 are discussed for comparison purposes.

16



(a) Mesh M1 (b) Mesh M2 (c) Mesh M3

Figure 5: Localization angles for the finite element meshes with various sizes.

As the identity�p12 D 0 holds for the von Mises potential function and the Hill one with no tilt, it follows from

Eq. (4.16) that the localization angles are both �` D 45ı; see Remark 4.1. Accordingly, structured triangular meshes

are used in all the simulations to optimize the capacity of the linear triangles to represent a pure sliding mode, in

parallel to one of the element sides; see Figure 4(b). In each example, three meshes of various sizes, i.e., he D 0:02

m, 0:01 m and 0:005 m, are considered. As can been shown in Figure 5, for all cases the deformations are localized

into narrow discontinuity bands of one single row of elements along˙45ı directions, with the bandwidth proportional

to the mesh size, i.e., b D
p
2 he .

Calculations are performed with an enhanced version of the finite element program COMET (Cervera et al.,

2002), developed by the authors at the International Center for Numerical Methods in Engineering (CIMNE). Pre-

and post-processing is done with GiD, also developed at CIMNE (CIMNE, 2009). Loading is applied by imposed

vertical displacements at both ends of the strip. The Newton–Raphson method is used to solve the nonlinear system

of equations arising from the spatial and temporal discretization of the problem. An automatic procedure is used to

adjust the step size, and about 200 steps are necessary to complete the analyses. Convergence of a time step is attained

when the ratio between the norms of the residual and the total forces is smaller than 10�3.

The purpose of these benchmark examples is two-fold: (i) to validate the proposed strain localization condition by

comparing the mesh size (or, equivalently, bandwidth) independence of the stress (rate) inside the discontinuity band,

and (ii) to identify plastic yielding (PY), strain bifurcation (SB) and strain localization (SL) by monitoring stress and

strain evolution of two neighboring points inside and right outside of the discontinuity band (see Figure 4(b)):

� Plastic yielding (PY): PY is identified as the linear elastic limit of the stress – strain curves of the material
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point inside the discontinuity band. It can be determined by the change of slope observed in the evolution

of the stresses and the Lode angle as plastic strains start to develop. For the current stress state and material

parameters, it occurs when the vertical stress reaches

�yy D

8̂̂̂̂
<̂̂
ˆ̂̂̂:

�Yq
1 � �0 C �

2
0

the von Mises yield function

�Yq
1 � 14

9
�0 C �

2
0

the Hill yield function
(4.12)

� Strain bifurcation (SB): SB is identified by definition as the moment right after the curves of the strain com-

ponents of the material points inside and outside the discontinuity band start deviating. However, as the cor-

responding strains are small, the onset of strain bifurcation is not always easy to determine by inspection: it

comes soon after plastic yielding and it triggers the transition phase into strain localization.

Regarding the current example involving perfectly plasticity, SB is identified as the moment when the discon-

tinuity band is passing through the material point, manifested by a local peak of the stress curves. After that,

rotation of the discontinuity orientation occurs until the SL condition is activated.

� Strain localization (SL): SL is identified as the moment upon which the Lode angle corresponding to the strain

localization condition �p33.�`/ D 0 is fulfilled at the material point inside the discontinuity band. This is

feasible because plastic flow depends only on the deviatoric stresses and the strain localization condition is

determined also by the corresponding Lode angle Q� . More specifically, for the von Mises and Hill potential

functions, the out-of-plane stress �3 fulfilling the condition (3.19) is given by

�3 D

8̂̂<̂
:̂
1

2
� the von Mises potential function

7

9
� the Hill potential function

(4.13)

Regarding the stress state (4.6) and (4.13), the Lode angle (positive cosine) Q� 2 Œ0; �=3� is determined as

Q� D
1

3
arccos

�
J3

2

� 3
J2

�3=2�
D

8̂<̂
:30

ı the von Mises potential function

47:78ı the Hill potential function
(4.14)

where J2 and J3 denote the second and third invariants of the deviatoric stress tensor s.

Perfect plasticity is considered in Section 4.2.1 � Section 4.2.4, while the results presented in Section 4.2.5

indicate that the proposed strain localization condition also applies to softening plasticity (Wu and Cervera, 2016).

Remark 4.1 For the plastic models with Eqs. (4.8)�(4.10) being the potential functions, in the plane strain cases

(�3 D 0) the condition (3.19) gives the following out-of-plane stress

�33 D
G�11 CH�22

G CH
; �

p
11 C�

p
22 D ��

p
33 D 0 (4.15)
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Accordingly, Eq. (3.17) becomes

tan �` D �
�
p
12

�
p
11

˙

s�
�
p
12

�
p
11

�2
C 1 (4.16)

for the ratio

�
p
12

�
p
11

D

�
G CH

�
L

FG C FH CGH
�

�12

�11 � �22
(4.17)

It follows from Eq. (4.16) that

tan �`1 � tan �`2 D �1 H)
ˇ̌
�`1 � �`2

ˇ̌
D 90ı (4.18)

Accordingly, in the plane strain condition the discontinuity bands are perpendicular to each other. For the particular

case of isotropic von Misese model, it follows from �
p
12 D 0 that �` D ˙45ı. �

4.2.1. The associated von Mises model with Poisson’s ratio �0 D 0:0

Let us first consider the associated von Mises model with Poisson’s ratio �0 D 0:0. For the material point within

the discontinuity band, the evolution curves of the vertical strain, the vertical and out-of-plane stresses, and the Lode

angle given by various mesh sizes are shown in Figure 6.

As expected, the vertical strain �yy depends on the discontinuity bandwidth (or, equivalently, the mesh size): the

less the bandwidth b is, the larger strain it reaches. Moreover, except during the intermediate transition stage, the stress

components �yy and �zz , and the Lode angle Q� , are all independent of the bandwidth b, validating the assumption

postulated before: for the occurrence of strain localization, the stress rate inside the discontinuity band is independent

from the mesh size and the resulting discontinuity bandwidth. Accordingly, termination of the transition stage can be

identified as the strain localization point.

In order to identify plastic yielding (PY), strain bifurcation (SB) and strain localization (SL), the evolution curves

of stress and strain at two neighboring points inside and right outside of the discontinuity band are considered in

Figure 7. Here only the results given by the mesh size he D 0:005 m are presented. In Figure 7(a) the evolution

curves of the stress �yy is shown. Plastic yielding is identified as the loss of linearity. For this case of vanishing

Poisson’s ratio �0 D 0:0, another signal of plastic yielding is the occurrence of non-vanishing out-of-plane stress �zz

as depicted in Figure 7(b).

The evolution curves of the strain �yy are depicted in Figure 7(c). Though strain bifurcation is defined as the

deviation of the strains inside and outside of the band, it corresponds to the peak points of the stress curves. The

evolution curves of Lode angle Q� are shown in Figure 7(d). Strain localization is identified as the moment upon which

the Lode angle Q� D 30ı for the material point inside the discontinuity band. Compared to strain bifurcation, strain

localization occurs much later and there is a transition stage between them allowing the out-of-plane stress (3.19) to

be attained.
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Figure 6: Strain, stresses and Lode angle of the von Mises model with Poisson’s ratio �0 D 0:0: Effect of the bandwidth (mesh size)
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Figure 7: Evolution curves of the von Mises model with Poisson’s ratio �0 D 0:0.
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As can be seen from the evolution curves of �yy and �zz , upon strain bifurcation the stresses inside and outside

the discontinuity band start deviating from each other. This stress jump that evolves during the transition phase from

strain bifurcation to straing localization, remains constant, i.e., J P� K D 0, after strain localization, validating the stress

rate continuity condition (3.14). This is because the material point outside the discontinuity band is in neutral loading.

4.2.2. The associated von Mises model with Poisson’s ratio �0 D 0:5

Let us next consider the associated von Mises model with Poisson’s ratio �0 D 0:5. As shown in Figure 8, except

for the vertical strain �yy , the vertical and lateral stresses .�yy ; �zz/ as well as the Lode angle Q� are all independent

of the discontinuity bandwith b almost during the whole deformation process. The observed very minor deviations

are caused by stress perturbations during the formation of the discontinuity band and its passing through the sampling

point.

PY
SB
SL

PY
SB
SL

PY
SB
SL

PY
SB
SL

Figure 8: Strain, stresses and Lode angle of the von Mises model with Poisson’s ratio �0 D 0:5: Effect of the bandwidth (mesh size)

As shown in Figure 9 , in this case plastic yielding (PY), strain bifurcation (SB) and strain localization (SL) are

very close to each other. This is because the out-of-plane stress (3.19) for �0 D 0:5 is coincident with the elastic

value (3.20) and no transition stage exists. The minor differences in-between them is caused by the crossing of the

discontinuity band through the material point. As there is no transition stage allowing stress discontinuities to develop,

the stresses are continuous across the discontinuity band and the stress continuity holds together with the stress rate

continuity, i.e., J� K D J P� K D 0.
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Figure 9: Evolution curves of the von Mises model with Poisson’s ratio �0 D 0:5.
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Figure 10: Strain, stresses and Lode angle of the associated Hill model with Poisson’s ratio �0 D 0:2: Effect of the bandwidth (mesh size)
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4.2.3. The associated Hill model with Poisson’s ratio �0 D 0:2

Next the associated Hill model with Poisson’s ratio �0 D 0:2 is considered. Again, Figure 10 confirms that the

strain field inside the discontinuity band is dependent of the bandwidth b as expected, but the non-vanishing stress

components �yy and �zz as well as the Lode angle Q� are all independent of it except during the intermediate transition

stage between strain bifurcation and localization.

In this case, plastic yielding (PY) and strain bifurcation (SB), which are identified from the evolution curves of �yy

and �zz shown in the Figure 11(a, b) as the loss of linearity of these curves and from Figure 11(c, d) as the deviation

of the strains inside and outside the discontinuity band, respectively. The latter is more easily identified as the peak

points of the stress curves. As the out-of-plane stress (4.13)2 cannot be attained at the onset of plastic yielding, there

is a transition stage until the plane strain localization occurs with a Lode angle Q� D 47:78ı; see Figure 11(d).

PY

SLSB

PY

SL

SB

PY SB

SL

PY

SLSB

Figure 11: Evolution curves of the Hill model with Poisson’s ratio �0 D 0:2.

Moreover, though the gaps between the stresses inside and outside the discontinuity band vary during the transition

stage, the stress rate continuity condition J P� K D 0 holds upon strain localization (SL) and thereafter. That is, the

postulated assumption of stress (rate) objectivity upon strain localization also applies to orthotropic plastic solids.

4.2.4. The non-associated von Mises/Hill model with Poisson’s ratio 0.2

Finally, let us consider the non-associated plastic model with the von Mises yield function and the Hill potential

function. Poisson’s ratio �0 D 0:2 is assumed. Figure 12 depicts the evolution curves of the vertical strain, the non-
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Figure 12: Strain, stresses and Lode angle of the non-associated von Mises/Hill model with Poisson’s ratio �0 D 0:2: Effects of the bandwidth
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Figure 13: Evolution curves of the non-associated von Mises/Hill model with Poisson’s ratio �0 D 0:2.
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vanishing stresses and the Lode angle inside the discontinuity band. As can be seen, for this non-associated plastic

solid the stresses are also independent of the bandwidth upon strain localization and thereafter, though the strain

becomes larger as the mesh size decreases.

Plastic yielding and strain bifurcation are easily identified from the loss of linearity and the peak load of the stress

curves shown in Figure 13(a). Similarly, as the out-of-plane stress (4.13)2 upon strain localization is not equal to

the elastic one upon plastic yielding and strain bifurcation, a transition stage presents in Figure 13(d) during which

substantial deviatoric plastic flow occurs until the stress state inside the band corresponds to a Lode angle Q� D 47:78ı.

Again, as can be seen from the evolution curves of �yy and �zz , upon strain localization the stress discontinuities

inside and outside the band stop increasing and the stress gaps maintain constant, i.e., J P� K D 0.

4.2.5. Localization in softening plasticity

In this subsection, the four cases studied in the preceding subsections for perfect plasticity are computationally

re-analyzed for softening plasticity. For each case, three meshes of various sizes, i.e., he D 0:02 m, 0.01 m and 0.005

m, respectively, are considered as in the case of perfect plasticity.

Exponential softening is considered for the yield-stress q in Eq. (4.7). Dissipation in the discrete problem is

controlled by relating the softening parameters to the fracture energy (Wu and Cervera, 2016), with the bandwidth b

proportional to the mesh size, i.e., b D
p
2he . A fracture energy Gf D 1; 250 J/m2 is used in all cases.(a) 

  

(b) 

  

(c) 

 

(d) 

(a) Associated von Mises model with �0 D 0:0

(a) 

  

(b) 

  

(c) 

 

(d) 

(b) Associated von Mises model with �0 D 0:5
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(a) 

  

(b) 

  

(c) 

 

(d) (c) Associated Hill model with �0 D 0:2

(a) 

  

(b) 

  

(c) 

 

(d) 

(d) Non-associated von Mises/Hill model with �0 D 0:2

Figure 14: Evolution curves of Lode angle and vertical reaction for softening plasticity

For all the considered cases, the discontinuity bands form along as shown in Figure 5, along the 45ı direction.

Figure 14 shows the corresponding results. In the left column, the computed Lode angles for the elements inside the

localization band are shown, corresponding exactly to the stress states that stem from satisfaction of the localization

condition, i.e., 30ı for the isotropic von Mises potential function and 47:78ı for the Hill potential function. Note the

resemblance to the corresponding results for the case of perfect plasticity shown in Figure 6, 8, 10 and 12, respectively.

In the right column, the global vertical reaction — displacement curves are shown; in all cases, the softening responses

and the convergence upon mesh refinement are observed.

5. Numerical examples

In this section, two extra numerical examples are presented to further validate the obtained strain localization

condition under more general conditions.

5.1. The plane strain strip under uniaxial stretching

Firstly, the plane strain strip under uniaxial stretching presented in Section 4.2 is re-analyzed. Different from the

previous simulations, here quadrilateral u=p elements are used to discretize the full computational domain. The mesh
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size is adopted as h D 0:005 m. In this way, two discontinuity bands that both satisfy the strain localization condition

may form. Additionally, mesh alignment independence is also demonstrated for the discrete solution.

Four different models, i.e., the associated von Mises and Hill models, and the non-associated Hill/von Mises model

(with the Hill criterion as the yielding function and the von Mises criterion as the potential one) and von Mises/Hill

model (vice versa), are adopted in the simulation.

(a) von Mises model (b) Hill/von Mises model (c) Hill model (d) von Mises/Hill model

Figure 15: A plane strain strip under uniaxial stretching: Localization angles for various models with no tilting

(a) u� D 0:010 m (b) u� D 0:015 m (c) u� D 0:030 m

Figure 16: Snapshots of the equivalent plastic strain at various applied displacements, showing rotation of the discontinuity orientation for the

non-associated von Mises/Hill model.

Let us first consider perfect plasticity. As mentioned before, for the case of no tilting, i.e., ˛ D 0ı, the analytical
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results predict discontinuity bands of ˙45ı directions for plastic models with either the von Mises or Hill potential

function, and the yielding function does not alter the localization angle. The above results are exactly reproduced

by the numerical simulations shown in Figure 15. It is worthy to note that even if the four final snapshots may

look identical, they are not. The localization condition is identical for the four models, but the transition phases

are different; distinct plastic strains accumulate during these phases. Minor differences can be observed around the

horizontal slit, where plastic flows start.

Figure 16 presents three snapshots of the equivalent plastic strain at various applied displacements for the last

model with the von Mises yielding function and the Hill potential one. The transition from plastic yielding/strain bi-

furcation to strain localization is evident, with the plastic strain evolving with increasing loading and the discontinuity

angle eventually fixed at �` D 45ı. Let us recall that for the von Mises model, the strain bifurcation angle �b depends

on Poisson’s ratio, and �b > 45ı for �0 < 0:5 (Runesson et al., 1991).

Let us now consider the tilt angle ˛ D 60ı. For the von Mises potential function, the flow tensor is isotropic

and the same localization angles �` D ˙45ı apply. As shown in Figure 17(a) and Figure 17(b), the non-associated

Hill/von Mises model shows the same localization as the associated von Mises model. The yield function does not

alter the localization angle. Comparatively, for the Hill potential function, it follows from Eq. (4.16) that

�` D �8:5
ı
I 81:5ı; �` C ˛ D 51:5

ı
I 141:5ı (5.1)

where �`C˛ denotes the slopes of the upper discontinuity bands. As can be seen from Figure 17(c) and Figure 17(d),

the above analytical results are correctly predicted by the numerical simulations. Moreover, the non-associated von

Mises/Hill model exhibits a localization pattern similar to that of the associated Hill model. Dependence of the

localization angles only on the plastic potential function regardless the yield one is again confirmed.

(a) von Mises model (b) Hill/von Mises model (c) Hill model (d) von Mises/Hill model

Figure 17: A plane strain strip under uniaxial stretching: Localization angles for various models with tilting angle ˛ D 60ı.
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(a) u� D 0:010 m (b) u� D 0:015 m (c) u� D 0:030 m

Figure 18: Snapshots of the equivalent plastic strain at various applied displacements, showing rotation of the discontinuity orientation for the

non-associated von Mises/Hill model (with tilt angle ˛ D 60ı).

Figure 18 presents three snapshots of the equivalent plastic strain at various applied displacements for the non-

associated von Mises/Hill model. In this peculiar instance, the four initial symmetric plastic bands rotate during the

transition phase until two of them eventually localize at an angle compatible with the localization condition while

the other two, orthogonal to the former, progressively fade into desactivation. As mentioned previously, even if

the localization conditions of cases (a) and (b), and cases (c) and (d), are identical respectively, the corresponding

transition phases are not. This accounts for the slight curvature of the sliding lines in cases (b) and (d) around the slits.

(a) u� D 0:010 m (b) u� D 0:015 m (c) u� D 0:030 m

Figure 19: Snapshots of the equivalent plastic strain at various applied displacements, showing rotation of the discontinuity orientation for the

softening non-associated von Mises/Hill model (with tilt angle ˛ D 0ı).
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(a) u� D 0:010 m (b) u� D 0:015 m (c) u� D 0:030 m

Figure 20: Snapshots of the equivalent plastic strain at various applied displacements, showing rotation of the discontinuity orientation for the

softening non-associated von Mises/Hill model (with tilt angle ˛ D 60ı).

Finally, let us consider softening plasticity. Figure 19 and Figure 20 show the discontinuity bands obtained for the

non-associated von Mises/Hill model, for tilting angles (a) ˛ D 0ı, (b) ˛ D 60ı, respectively. The adopted softening

properties are the same as in Section 4.2.5. The resemblance with the corresponding results for perfect plasticity,

Figure 15(d) and Figure 17(d), respectively, is evident.

5.2. A plane strain punch test: Elasto- and rigid-plastic models

The second example is the punch indentation test by a flat rigid die shown in Figure 21. This is a well-known 2-D

plane strain problem often used in the literature to test the ability of plastic models in capturing the failure modes.

The problem was first studied by Prandtl (1920) for rigid-plastic bodies and then by Hill (1950) and Rice (1973) for

elasto-plastic materials.

4m 2m 4m

3m

F

Figure 21: Indentation by a flat rigid die: Dimensions and loading. The bottom edge is fixed in both direction, while the left and right edges are

constrained horizontally.

As the non-associated models have been discussed in the previous sections, only the associated von Mises and Hill

models are considered. The reference material parameters adopted in the simulations are: Young’s modulus E0 D 10
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MPa, Poisson’s ratio �0 D 0:2 and the yield strength �Y D 10 kPa for isotropic plasticity and �Y;11 D 15 KPa with

all the others equal to 10 kPa for orthotropic ones (a tilt angle 60ı is assumed for the material axes). Perfect plasticity

is used.

Figure 22: Indentation by a flat rigid die: Directions of principal stresses around the rigid footing.

Note that the material right under the rigid die is almost under uniaxial vertical loading in the global axes, i.e.,

�xy D 0; similarly, the material around the top surface (not under the die) is subjected to uniaxial horizontal stresses;

see Figure 22. Therefore, the analytical results given in Eq. (5.1) apply here, with the localization angle depending

only on the tilt of the material axes and the potential function.

5.2.1. Rough punch: Prandtl’s solution

A rough punch is first studied; that is, the material directly under the punch is not allowed to move horizontally,

corresponding to so-called Prandtl’s solution.

We first consider the associated elasto-plastic models. As shown in Figure 23, the localization angle under the

footing and close to the free surface is fixed � cr D ˙45ı with respect to the material axes, whatever the plastic yield

function is. It is worth noting that the failure modes correspond to the claimed Prandtl’s solution for rigid-plastic

models. This coincidence confirms the the analytical prediction that rigid-plastic and elasto-plastic failure follow

similar mechanics.

As demonstrated in Hill (1950), the failure mode is completely independent from the elastic constants. In the

following, independence from the magnitude of the elastic modulus is shown. To this end, the analysis are performed

with various values of Young’s modulus, ranging three orders of magnitude. The computed load – displacement curves

are shown in Figure 24. As can be seen, the global response is progressive stiffer, but the failure loads are identical as

predicted analytically. The corresponding failure modes are exactly identical. Moreover, the stiffer the material, the
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(a) Associated von Mises model (b) Associated Hill model

Figure 23: Indentation by a flat rigid die (rough punch): Localization angles for the associated von Mises and Hill models with tilting angle

˛ D 60ı.

(a) Associated von Mises model (b) Associated Hill model

Figure 24: Indentation by a flat rigid die: Load – displacement curves for the associated von Mises and Hill models with tilting angle ˛ D 60ı.

shorter the transition phase appears to be.

Finally, Figure 25 shows the discontinuity bands obtained for the associated von Mises and Hill models with the

tilting angle ˛ D 60ı, when softening plasticity is considered. The same softening properties as in Section 4.2.5

are adopted. The failure mechanisms are identical to those corresponding to perfect plasticity. Figure 26 shows the

computed load–displacement curves for progressively increasing Youngs moduli. As can be seen, the global response

is stiffer, but failure mechanisms and the softening branches are unaffected.

(a) Associated von Mises model (b) Associated Hill model

Figure 25: Indentation by a flat rigid die (rough punch): Localization angles for the softening associated von Mises and Hill models with tilting

angle ˛ D 60ı.
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(a) Associated von Mises model (b) Associated Hill model

Figure 26: Indentation by a flat rigid die: Load – displacement curves for the softening associated von Mises and Hill models with tilting angle

˛ D 60ı.

Remark 5.1 For the von Mises rigid-plastic model, the limit load is given by (Hill, 1950)

F D 2a
�Y
p
3

�
� C 2

�
D 59370 N (5.2)

for a D 1 m here, coincident with the numerical predictions. �

5.2.2. Smooth punch: Hill’s solution

A smooth punch is now investigated; that is, the material points locating directly under the punch are allowed to

move horizontally. The only difference from the previous rough case is the boundary conditions at the base of the

punch.

The corresponding failure patterns for the associated von Mises and the Hill models are shown in Figure 27. The

former one corresponds to so-called Hill’s solution for the punch problem (Hill, 1950).

(a) Associated von Mises model (b) Associated Hill model

Figure 27: Indentation by a flat rigid die (smooth punch): Localization angles for the associated von Mises and Hill models with tilting angle

˛ D 60ı.

It can be seen that in these new solutions, the localization angles under the footing and close to the free surface

are also fixed as � cr D ˙45ı with respect to the material axes.

Remarkably, the analytical and numerical load capacities of these solutions are exactly the same as those obtained

for the rough punch. Additionally, the failure modes and load are independent from the elastic moduli and apply both
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to elasto-plastic and rigid-plastic materials.

This last example illustrates that the localization condition applies locally, but the formation of global failure

modes depends crucially on the global equilibrium and the kinematic boundary conditions. These are the basis of

classical plastic limit analyses.

6. Conclusions

In this work the mechanics of strain localization is addressed both analytically and numerically for isotropic

and orthotropic, elasto- and rigid-plastic solids with associated or non-associated flow laws. More specifically, we

postulated the stress (rate) objectivity (i.e., independent of the discontinuity bandwidth) as the necessary condition

for the occurrence of strain localization, in addition to Maxwell’s kinematics and continuity of the traction (rate) for

strain bifurcation. Consequently, strain localization is more demanding than the classical continuous/discontinuous

strain bifurcation, though both accounts for the plastic loading/unloading and loading/loading scenarios. For the

plane strain condition, there generally exists a transition stage between plastic yielding/strain bifurcation and strain

localization. Moreover, regarding the stress (rate) within the discontinuity band, the boundedness condition (Oliver,

1996, 2000; Cervera et al., 2012) and the continuity condition (Wu and Cervera, 2014, 2015, 2016), both assuming

plastic loading/unloading with associated evolution laws in strain softening solids, are recovered as particular cases

of strong discontinuities with a vanishing bandwidth and of regularized ones with a finite bandwidth, respectively.

The concept of “slip-line” or “zero rate of extension” is also incorporated for rigid-plastic solids (Hill, 1950) and soils

(Roscoe, 1970).

The kinematic and static constraints upon strain localization were then derived analytically. In particular, the

localization angles of the discontinuity band (surface) depend only on the specific stress state and the plastic flow

tensor, relevant neither to the elastic material constants nor to the plastic yield function. During the transition stage

the orientation of the discontinuity band (surface) rotates progressively to the localization angle. For the plane strain

condition, the yield function affects evolution process upon which the out-of-plane stress for strain localization is

achieved and consequently the transition stage, but not the localization angle.

The above strain localization condition and analytical results for the localization angle are validated numerically

by several benchmark examples. The stabilized mixed finite element formulation is adopted to deal with the quasi-

incompressible deformations resulting from the von Mises and Hill potential functions. It is found that for perfectly

and softening plastic solids with either associated or non-associated evolution laws, upon strain localization and

thereafter the stresses inside the discontinuity band are indeed independent of the bandwidth, validating the postu-

lated assumption. Moreover, similarly to our previous work on plastic or damaging solids, the numerically predicted

localization angles are coincident with those given by the analytical results, further justifying the proposed strain

localization condition.

As it applies to isotropic and orthotropic rigid-/elasto-plastic solids with associated or non-associated flow rules,
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the proposed strain localization condition can be used to determine the discontinuity orientation in the numerical

modeling of localized failure in solids. In particular, it would be very helpful to track crack propagation paths, which

is a challenging and open issue in the discontinuous approach like extended or enriched finite element methods (i.e.,

XFEM, EFEM); see Feist and Hofstetter (2006); Dumstorff and Meschke (2007); Jäger et al. (2008); Wu (2011); Wu

et al. (2015); Wu and Li (2015). This will be explored in forthcoming jobs.
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